Math 405/538 Differential Geometry
Final Exam

January 7, 2013

1a) (3 pts) Define torsion of a regular curve in R3.

1b) (3 pts) Define Gaussian Curvature of a surface in R3.
1c¢) (3 pts) State the Fundamental Theorem of Curves.
1d) (3 pts) State the Fundamental Theorem of Surfaces.
1e) (3 pts) State the Gauss-Bonnet Theorem.

2) (3 pts each) TRUE-FALSE.

a. For any given smooth functions x(s) > 0 and 7(s), there exists a
regular curve a(s) in R? with curvature (s) and torsion 7(s).

b. For any given smooth functions E, F',G and e, f, g, there exists a
regular surface S with Ig = E2?4+2Fxy+Gy? and I Is = ex®+2fy*+gy?.

c. Let L be a straight line in a surface S in R3. Then, for any p € L the
direction given by L is principal direction.

d. Let S be a disk in R? with Gaussian curvature K < 0 everywhere.
Then, any two different geodesics starting at the same point cannot meet
againin S.

e. Let S; and .S, are two surfaces which are tangent to each other along a
curve «. If o is a geodesic of Sy, then it is a geodesic of Sy, too.

3a) (10 pts) Calculate the Frenet apparatus (T, N, B, s, 7) for
a(t) = (cost,sint,t) te (—1,1)

3b. (6 pts) Let S be the cylinder {2 + y? = 1} in R3. Then, the curve
above o« C S. Compute the normal curvature x,,(t) and geodesic curvature
Ky(t) of au.

4) Let S be a surface of revolution with parametrization

o(u,v) = (Pp(u) cosv, ¢p(u) sinv, u)

4a. (8 pts) Find the principal directions, and compute the Gaussian curva-
ture K (u,v) for any point p = p(u,v).

4b. (8 pts) Show that any meridian curve (v = v,,) is a geodesic.

Show that a parallel curve (u = u,) is a geodesic if and only if ¢'(u,) = 0.

5) For ¢ > 0, define the map F' : R® — R? with F'(p) = 3p.
5a. (8 pts) Let a(s) be a regular curve in R3, and let &(s) = F(s). Compute
k(s) and 7(s) in terms of k(s) and 7(s).



Sh. (8 pts) Let .S be a regular surface, and let S=F (S). Compute Gaussian
curvature K (p) in terms of K (p).

6a) (10 pts) Let S be a smooth, closed, orientable surface in R. Show that
the Gauss Map N : S — S? is surjective.
6b) (8 pts) Let K (p) = max{0, K'(p)}. Show that [ K, dA > 4.

7) (24 pts) Show that if all geodesics of a connected surface .S are plane
curves, then S is contained in a plane or a sphere.

[Hint: You can use the following steps.]
Step 1. If a geodesic is a plane curve, then it is a line of curvature.
Step 2. If all geodesics of a connected surface S are plane curves, then every
point of S is an umbilical point (principal curvatures are same, k; = k).
Step 3. If every point of S is an umbilical point, then S is contained in a
plane or a sphere.



2) (3 pts each) For each of (a)-(d) below: If the proposition is true, write

TRUE. If the proposition is false, write FALSE. No explanations are re-
quired for this problem.

a. For any given smooth functions x(s) > 0 and 7(s), there exists a
regular curve a(s) in R?® with curvature £(s) and torsion 7(s).
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b. For any given smooth functions E, F, G and e, f, g, there exists '1
regular surface S with [¢ = Fx” +2F1JiGg and I [g = ex®+2fy> + gy
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¢. Let L be a straight line in a surface S in R?. Then, for any p € L the
direction given by L is principal direction.
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d.Let Sbeas ,u-k{*ﬁ: in R3 with Gaussian curvature &' < 0 everywhere.
Then, any two different geodesics starting at the same point cannot meet
again in 5. A
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e. Let Sy and S, are two surfaces which are tangent to each other along a
curve av. If ais a geodesic of Sy, then it is a geodesic of Sy, too.

({7 T WA VIR B (Ve




3a) (10 pts) Calculate the Frenet apparatus (T, N, B, x, 7) for
a(t) = (cost,sint,t) te(—1,1)
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3b. (6 pts) Let S be the cylinder {a? 4+ y* = 1} in R3. Then, the curve

above o C \S. Compute the normal curvature #,(t) and geodesic curvature
rg(t) of a.
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4) Let S be a surface of revolution with pa1a1net1ization

(u,v) P(u cos v)é sinw, u)

da. (8 pts) Find the p1111C1pal directions, and compute the Gaussian curva-
ture K (u, v) for any point p = @(u, v).
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4b. (lgpts) Show that any meridian curve (v = v,) is a geodesic.
Show that a parallel curve (u = u,) is a geodesic if and only if ¢'(u,) = 0.
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5) For ¢ > 0, define the map I : R® — R® with F'(p) = 3p.

5a. (8 pts) Let a(s) be a regular curve in R?, and let a(s) = F'(s). Compute
#(s) and 7(s) in terms of «(s) and 7(s).
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5b. (8 pts) Let S be a regular surface, and let S—F (.5). Compute Gaussian

curvature K (p) in terms of K (p). A
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6a) (10 pts) Let S be a smooth, closed, orientable surface in R*. Show that
the Gauss Map N : S — S? is surjective.
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6b) (8 pts) Let I, (p) = max{0, K(p)}. Show that [ I, dA > dm.
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Bonus) (ZLiﬂpts) Show that if all geodesics of a connected surface S are
plane curves, then S is contained in a plane or a sphere.
[Hint: You can usc the following steps.]

Step 1. If a geodesic is a plane curve, then it is a line of curvature.

Step 2. If all geodesics of a connected surface S are plane curves, then ev-
ery point of .S is an umbilical point (principal curvatures are same, k; = k).

Step 3. If every point of S is an umbilical point, then 5 is contained in a
plane or a sphere.
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