Math 405/538 Differential Geometry
Final Exam

January 20, 2009

1) (10 pts) LetS be a regular surface agd: U — S be a parametrization
with ¢(p) = ¢. Let the coefficients of the first fundamental form foat g
arel = 3, F = —2andG = 7. Letay, a, be two regular curves iti ¢ R?
with a4 (0) = a»(0) = p anda/(0) =< 1,0 > anda4(0) =< 1,1 >.
Computecos 0, whered is the angle between the images of these two curves
in S atq.



2) (20 pts) Lety : R? — R3 be a parametrization of the torus.

o(u,v) = ((2 4 cosu) cos v, (2 4 cosu) sin v, sin )

a. Compute the first and second fundamental form of the torusg for
b. Compute the Gaussian curvatukéu, v) for any pointp = ¢(u, v).

c. Decide whether: = 0 andu = § curves are geodesic or not.



3) (20 pts) LetS be a surface iR?, anda is a regular curve which is a
line of curvature inS. Then show that,

a. N'(t) = \(t)d/(t) for anyt whereN (t) = N(«a(t)) with N is the unit
normal ofS.

b. If o is also a geodesic i, thena is a plane curve. (Hint: Use part a)



4) (15 pts) LetS be the unit sphere centered at origifdA, andP be the
plane{z = ;}. Leta be the curve which is the intersection®fndP, i.e.
oa=SNP.Then,

a. Compute the curvature, geodesic curvature and normal curvatare of
at any poinfp € a.
b. Compute the holonomy af.



5) (15 pts) Prove or give a counterexampleSls a surface with Gauss-
ian curvatureK > 0, then the curvature of any regular curveC S is
everywhere positive.



6) a. (10 pts) Write the statements of Global and Local Gauss-Bonnet
Theorems. Write the definition of holonomy.

b. (10 pts) LetS be a regular surface iR? which is homeomorphic to
a disk. Show that for any two poinisq € S, the parallel transport of a
vector in7,S to a vector inT,S is independent of the path fromto ¢ if
and only if the Gaussian curvatureligverywhere inS.

(Hint: Use the relation between holonomy and Gaussian curvature)



