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Uhihuhqfh= R1O1 Pdqjdvduldq= Qrqolqhdu surjudpplqj
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Wkhruhp 4 Ohw D eh d p� q pdwul{1 Wkh v|vwhp=

D{ � 3
Dw| @ 3> | � 3
D4>={. |4 A 3

kdv d vroxwlrq1 +Qrwh= { lv qrw uhtxluhg wr eh qrqqhjdwlyh lq wklv,1

Surri=E| lqgxfwlrq rq p1

Iru p @ 4>ohw { @ D4=> dqg |4 @

�
4
3

D4>= @ 3
D4>= 9@ 3

1 Qrz dvvxph wkdw wkh

uhvxow lv wuxh iru p � n> dqg vkrz lw krogv iru p @ n . 41 Iru wklv sxusrvh ohw

D @
aD

Dn.4>=
1 E| lqgxfwlrq k|srwkhvlv/ zh kdyh a{> a| vdwlvi|lqj=

Da{ � 3
aDwa| @ 3> a| � 3
aD4>=a{. a|4 A 3
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Li Dn.4>=a{ � 3/ wkhq wdnh { @ a{> | @ +a|> 3,1 Li Dn.4>=a{ ? 3/ wkhq zh dsso|
lqgxfwlrq k|srwkhvlv wr wkh n � q pdwul{ E=

E @

5
997

E4>=

=
=

En>=

6
::8 @

5
997

D4>= . �4Dn.4>=

=
=

Dn>= . �nDn.4>=

6
::8

zkhuh �m @ � Dm>=a{

Dn.4>=a{
� 31

Ez � 3
Ewy @ 3> y � 3
E4>=z . y4 A 3

Ohw { @ z � Dn.4>=z

Dn.4>=a{
a{1 wkhq aD{ @ Ez � 3>Dn.4>={ @ 31 Ohw | @

+y>
Sn

m@4 �mym,>D
w| @ Ewy @ 3> | � 31 D4>={. |4 @ E4>=z . y4 A 31�

Fruroodu| 5 Ohw D eh dv ehiruh1 Wkhq wkh v|vwhp=

D{ � 3
Dw| @ 3> | � 3
D{. | A 3

kdv d vroxwlrq1

Fruroodu| 6 Ohw D eh d p4 � q pdwul{ dqg E d p5 � q pdwul{1 Wkhq=

D{ � 3>E{ @ 3
Dw|4 .Ew|5 @ 3> |4 � 3

D{. |4 A 3

kdv d vroxwlrq1

Surri=Dsso| wkh �uvw fruroodu| wr

5
7 D

E
�E

6
81

Fruroodu| 7 D p4 � q>E p5 � q>F p6 � q>G p7 � q1 Wkhq wkh v|vwhp=

D{ � 3>E{ � 3>F{ � 3>G{ @ 3
Dw|4 .Ew|5 .Fw|6 .Gw|7 @ 3> |l � 3> 4 � l � 6

D{. |4 A 3>E{. |5 A 3>F{. |6 A 3

kdv d vroxwlrq1
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Wkhruhp 8 +Vodwhu,=Hlwkhu

D{ A 3>E{ � 3>E{ 9@ 3>F{ � 3>G{ @ 3

kdv d vroxwlrq ru

Dw|4 .Ew|5 .Fw|6 .Gw|7 @ 3
^|4 � 3> |4 9@ 3> |5 � 3> |6 � 3` ru

^|4 � 3> |5 A 3> |6 � 3`

kdv d vroxwlrq1

Wkhruhp 9 +Prw}nlq,=Hlwkhu

D{ A 3>F{ � 3>G{ @ 3

kdv d vroxwlrq ru
Dw|4 .Fw|6 .Gw|7 @ 3
^|4 � 3> |4 9@ 3> |6 � 3` ru

^|4 � 3> |6 � 3`

kdv d vroxwlrq1

Wkhruhp : +Wxfnhu,=Hlwkhu

E{ � 3>E{ 9@ 3>F{ � 3>G{ @ 3

kdv d vroxwlrq ru
Ew|5 .Fw|6 .Gw|7 @ 3

|5 A 3> |6 � 3`

Wkhruhp ; Hlwkhu

^D{ � 3>D{ 9@ 3>E{ � 3> >F{ � 3>G{ @ 3` ru
D{ � 3>E{ A 3>F{ � 3>G{ @ 3

kdv d vroxwlrq ru

Dw|4 .Ew|5 .Fw|6 .Gw|7 @ 3
^|4 A 3> |5 � 3> |5 9@ 3> |6 � 3`

kdv d vroxwlrq1

Wkhruhp < +Jrugrq,Hlwkhu
D{ A 3

kdv d vroxwlrq ru
Dw| @ 3> | � 3> | 9@ 3

kdv d vroxwlrq1
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Wkhruhp 43 +Idundv,Hlwkhu

D{ � 3> e{ A 3

kdv d vroxwlrq ru
Dw| @ e> | � 3

kdv d vroxwlrq1

Wkhruhp 44 +Vwlhpnh,= Hlwkhu

E{ � 3>E{ 9@ 3

kdv d vroxwlrq ru
Ew| @ 3> | A 3

kdv d vroxwlrq1

Wkhruhp 45 +Jdoh,= Hlwkhu
D{ @ f

kdv d vroxwlrq ru
Dw| @ 3> f| @ 4

kdv d vroxwlrq1

Wkhruhp 46 +Jdoh,= Hlwkhu
D{ � f

kdv d vroxwlrq ru
Dw| @ 3> f| @ �4> | � 3

kdv d vroxwlrq1
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Mhdq Edswlvwh Mrvhsk Irxulhu lv frqvlghuhg e| pdq| wr eh wkh ruljlqdwru ri
olqhdu surjudpplqj1 Kh jdyh wzr phwkrgv wr vroyh olqhdu surjudpv= d jhrphwulf
rqh wkdw zh qrz fdoo wkh vlpsoh{ phwkrg dqg dq dojheudlf rqh wkdw lv fdoohg wkh
Irxulhu holplqdwlrq phwkrg1 Lw lv wkh vhfrqg wkdw zh wdnh xs qrz1 Lw kdv yhu|
srzhuixo xvhv lq surylqj wkhruhpv dqg lv sudfwlfdoo| h�flhqw lq d yhu| olplwhg
qxpehu ri fdvhv1 Lwv dyhudjh frpsoh{lw| lv qrw nqrzq1 Wr looxvwudwh wkh phwkrg
ohw xv wdnh d vlpsoh h{dpsoh=

pd{5{4 . {5
{4 . 5{5 � 9
{
4
. {

5
� 5

{
4
� {

5
� 6

{
4
� 3>{

5
� 3

Uhzulwlqj wklv dv d plqlpl}dwlrq sureohp dqg xvlqj } wr lqglfdwh wkh ixqfwlrq
wr eh plqlpl}hg zh jhw wkh v|vwhp ri lqhtxdolwlhv=

�5{4 � {5 � }
{4 . 5{5 � 9
{
4
. {

5
� 5

{
4
� {

5
� 6

{
4
� 3>{

5
� 3

Wklv lv wkh vdph dv wkh v|vwhp=

�+}@5,� +{5,@5 � {4
5� {5 � {4
6 . {5 � {4

3 � {4

+514,

{4 � 9� 5{5 +515,
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{5 � 3 +516,

Zh fkrrvh {4 dv wkh �uvw yduldeoh wr holplqdwh +dq| rqh h{fhsw } zloo gr,1
Wkh vhw ri lqhtxdolwlhv lq 514 jlyh d orzhu erxqg rq wkh yduldeoh {4> wkrvh lq
515 |lhog dq xsshu erxqg dqg wkrvh lq 516 gr qrw lqyroyh wklv yduldeoh1 Zh jhw
d qhz lqhtxdolw| iru hdfk frpelqdwlrq ri dq lqhtxdolw| lq 514 zlwk rqh lq 5151
Grlqj wklv zh jhw wkh v|vwhp=

�+}@5,� +{5@5, � 9� 5{5
5� {5 � 9� 5{5
6 . {5 � 9� 5{5

3 � 9� 5{5
{5 � 3

Uhduudqjlqj wklv zh jhw=
{5 � 7 . +}@6,

{5 � 7
{5 � 4
{5 � 6
3 � {5

Qrz zh holplqdwh {5 dqg jhw wkh v|vwhp +Zh frxog uhpryh wkh uhgxqgdqw lq0
htxdolwlhv ehiruh grlqj wklv dqg lw zloo vdyh xv d orw ri zrun odwhu,=

3 � 7 . +}@6,
3 � 7
3 � 4
3 � 6

Wkh odvw wkuhh ri wkhvh duh ydfxrxv dqg fdq eh wkurzq dzd|1 Wkh �uvw lv wkh
vdph dv= } � �451 Khqfh wkh rswlpxp ydoxh ri } lv �45 +vlqfh zh zdqw wr
plqlpl}h },1 Wklv uhtxluhv {5 wr eh htxdo wr }hur1 Wklv lq wxuq phdqv wkdw {4
pxvw htxdo 91 Khqfh zh kdyh wkh rswlpdo vroxwlrq dv zhoo1 Wklv lv wkh phwkrg1

Wkh pdlq gudzedfn lq wkh phwkrg lv wkdw wr holplqdwh d yduldeoh iurp d
v|vwhp zlwk p frqvwudlqwv dqg q yduldeohv wkh qhz v|vwhp pd| kdyh R+p5,
frqvwudlqwv lq rqh ohvv yduldeoh1 Wklv whqgv wr _eorz% wkh v|vwhp xs lq vl}h1 Wkh
rqh fdvh zkhuh wklv grhv qrw kdsshq lv zkdw lv nqrzq dv wkh 50VDW sureohp lq
orjlf1 Khuh dw hdfk vwdjh wkh rqo| frqvwudlqwv duh ri wkh irup=

{l � {m � �
{m � {l � �
{l . {m � �
�{l � {m � �

Wkxv/ wkhlu qxpehu lv dw prvw 7+q5,1 Qrwh= Li hyhu| frqvwudlqw kdv dw prvw
wzr yduldeohv/ wkhq wklv frqglwlrq lv pdlqwdlqhg wkurxjkrxw wkh surfhvv1 Rq wkh
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rwkhu kdqg/ lw pd| eh srvvleoh wr xvh wklv surfhvv lq wkh uhyhuvh wr uhgxfh wkh
vl}h ri wkh sureohp ~ zh nqrz ri yhu| olwwoh zrun lq wklv gluhfwlrq1

Wkh dgydqwdjh ri wklv phwkrg lv wkdw lw fdq eh xvhg wr suryh wkhruhpv1 Zh
jlyh ehorz vrph h{dpsohv=

:
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