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Wkh pdlq sureohp frqvlghuhg khuh lv ri wkh irup plq{5V ^
i+{,
j+{, `1 Wkurxjkrxw wklv

glvfxvvlrq/ zh dvvxph wkdw j+{, 9@ 3 ; { 5 V1 Li V lv frqyh{/ wkhq wklv lv wkh
vdph dv dvvxplqj wkdw j+{, A 3 ; { 5 V ru j+{, ? 3 ; { 5 V1 Zh pd| dvvxph
wkdw wkh iruphu krogv zlwkrxw orvv ri jhqhudolw|1 Li i dqg j duh d�qh dqg V lv
d frqyh{ sro|khgudo vhw/ wkhq wkh sureohp lv nqrzq lq wkh olwhudwxuh dv d olqhdu
iudfwlrqdo surjudp +OIS,1 Lw lv wklv sureohp wkdw zh vkdoo dgguhvv pdlqo| lq wklv
fkdswhu/ dowkrxjk wkh whfkqltxhv duh dovr dssolfdeoh wr vrph qrqolqhdu yhuvlrqv1
Zh ehjlq zlwk d suhflvh vwdwhphqw ri wkh sureohp=

��f�� �hLM*i4 W

pd{
f{. �

g{. �
= D{ � e>{ � 3=

Qrwh= Wkh sureohp lv qrw zhoo gh�qhg li

< {3 5 V 6 D{3 � e>{3 � 3> g{3 . � @ 3

Vlqfh wkh vhw ri ihdvleoh vroxwlrqv lv d frqyh{ vhw/ zh pxvw kdyh hlwkhu

g{. � A 3 ; { 5 V

ru
g{. � ? 3 ; { 5 V

Zlwkrxw orvv/ zh zloo dvvxph iurp qrz rq wkdw g{ . � A 3 ; { 5 V1 +Sohdvh
qrwh wkdw wklv fdq eh fkhfnhg e| xvlqj OS1,

Wkhuh duh edvlfdoo| irxu dssurdfkhv wr wklv sureohp lq wkh olwhudwxuh= +l,Lvehoo0
Pduorz phwkrgv> +ll,Fkduqhv0Frrshu phwkrgv> +lll,Glqnhoedfk0Mdjdqqdwkdq ds0
surdfk> dqg +ly,Fkduqhv0Pduwrv phwkrgv1 Zh vkdoo glvfxvv doo wkh phwkrgv
dorqj zlwk uhodwlyh phulwv ri hdfk1
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Uhihuhqfhv

41 Fkduqhv ) Frrshu= _Qrqolqhdu Srzhu ri Dgmdfhqw H{wuhph Srlqw Phwkrgv
lq Olqhdu Surjudpplqj%/ Hfrqrphwulfd/ 58 +4<89, ss 46504861

51 Fkduqhv ) Frrshu= _Surjudpplqj zlwk Olqhdu Iudfwlrqdo Ixqfwlrqdov%/
Qdydo Uhvhdufk Orjlvwlfv Txduwhuo|/ < +4<95, ss 4;404;91

Wklv zrun ghdov sulpdulo| zlwk OIS1 Wkh pdlq lghd lv wr frqyhuw wkh
sureohp wr wkh iroorzlqj OS lq

zklfk w lv d vfdodu=

����� �hLM*i4 WW

pd{ f| . �w = D| � ew � 3> g| . �w @ 4> | � 3> w � 3

Idfwv=

41 Li {3 lv ihdvleoh wr L/ wkhq +|3> w3, lv ihdvleoh wr LL zkhuh

w3 @
4

g{3 . �
> |3 @ {3w3> f|3 . �w3 @ w3+f{3 . �,=

51 Li +|3> w3, lv ihdvleoh wr LL dqg w3 A 3/ wkhq {3 @ |3

w3
lv ihdvleoh wr L dqg

f{3 . � @ f|3.�w3

w3
1

61 Li +|�> w�, lv rswlpdo iru LL dqg w� A 3/ wkhq {� @ |�

w�
lv rswlpdo iru L1

71 LL xqerxqghg dqg L lv ihdvleoh+, L xqerxqghg1 Lqghhg < d ud| rq zklfk
hdfk lv xqerxqghg

Surri= Li LL lv xqerxqghg/ wkhq

< |3> w3 6 D|3�ew3 � 3> g|3.�w3 @ 3> f|3.�w3 A 3> |3 � 3> w3 � 3

w3 @ 3> hovh {3 @ |3

w3
vdwlv�hv wkh uhodwlrqv D{3 @ e> {3 � 3> g{3 . � @

31 Wklv frqwudglfwv wkh dvvxpswlrq wkdw < qr vxfk { 5 V1 Khqfh wkh
frqglwlrqv duh htxlydohqw wr wkh uhodwlrqv=

D|3 � 3> |3 � 3> g|3 @ 3> f|3 A 3

Ohw {3 eh dq| ihdvleoh vroxwlrq wr L1 Frqvlghu {+�, @ {3 . �|3 1 Fohduo|

{+�, lv ihdvleoh wr L ; � � 3 dqg f{+�,.�
g{+�,.� @ f{3.�.�f|3

g{3.� $ 4 dv � $ 41

Frqyhuvho|/ li L lv xqerxqghg/ wkhq iru

;P < {+P, 6 D{+P, � e> {+P, � 3>
f{+P, . �

g{+P, . �
A P
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Frqvlghu wkh vhtxhqfh +|+P,> w+P,, zkhuh w+P, @ 4
g{+P,.� dqg |+P, @

{+P,w+P,1 Hdfk phpehu ri wklv vhtxhqfh lv ihdvleoh wr LL dqg f|+P, .

�w+P, @ f{+P,.�
g{+P,.� A P 1 Khqfh LL lv dovr xqerxqghg1

81 Li LL kdv rswlpdo vroxwlrqv dqg lq hyhu| rswlpdo vroxwlrq wr LL w @ 3/ dqg
L lv ihdvleoh/ wkhq L kdv d vxsuhpxp zklfk lv qrw dwwdlqhg/ dqg wklv fdvh
lv fdoohg wkh dv|pswrwlf fdvh1 Ixuwkhu/ lw lv srvvleoh wr surgxfh �0rswlpdo
vroxwlrqv ; � A 31 Dovr/ < d ud| rq zklfk wkh ydoxh whqgv wr wkh vxsuhpxp1
Surri= Vlqfh LL kdv rswlpdo vroxwlrqv e| wkh k|srwkhvlv/ L lv qrw xq0
erxqghg1 Li L kdv dq rswlpdo vroxwlrq {3/ wkhq e| +4, deryh/ w3 @ 4

g{3.� >

|3 @ {3w3 lv dq rswlpdo vroxwlrq wr LL zlwk w3 A 3> wklv lv d frqwudglfwlrq
wr wkh dvvxpswlrq1 Wkxv/ L lv dv|pswrwlf dqg kdv d vxsuhpxp/ z�/ zklfk
lv qrw dfklhyhg e| dq| vroxwlrq1 Ohw +|�> 3, eh dq rswlpdo vroxwlrq wr LL1
Khqfh/

D|� � 3> |� � 3>g|� @ 4

Fodlp= f|� @ z�

+l,f|� � z� = Ohw {3 eh dq �0rswlpdo vroxwlrq wr L dqg ohw f{3. �
g{3

. � �
z�� �1 Frqvlghu +|3> w3, zlwk wkh vdph phdqlqjv iru wkhvh dv ehiruh1 Wklv
lv ihdvleoh wr LL dqg

f|3 . �w3 @
f{3 . �

g{3 . �
� z� � �

Vlqfh wklv lv wuxh/ ; � A 3/ +l, iroorzv1

+ll,f|� � z� = Vxssrvh qrw> f|� A z�1 Frqvlghu {+�, @ {3.�|� iru � � 31
Fohduo| wklv lv ihdvleoh wr L1

f+{3 . �|�, . �

g+{3 . �|�, . �
@

f{3 . �. �f|�

g{3 . � . �
$ f|� dv �$4

dqg � fdq eh fkrvhq vr wkdw wklv ydoxh lv juhdwhu wkdq z�1 Exw wklv
zrxog ohdg wr d frqwudglfwlrq1 Khqfh/ wkh fodlp1 Wkh �0rswlpdo vroxwlrq
surplvhg ehiruh lv surgxfhg e| fkrrvlqj dq dssursuldwho| odujh ydoxh iru
� lq {+�, @ {3 . �|�1

91 Li ^D{ � e> { � 3 @, g{ . � @ 3`/ dqg ^W @ i{ = D{ � e> { � 3j 9@ !`/
wkhq LL lv lqihdvleoh1

Surri= Fohduo| < qr vroxwlrq wr LL zlwk w A 31 Wkxv/ vxssrvh < | 6
D| � 3> | � 3> g| @ 41 Ohw {3 5 V1 g+{3 . |, . � A 4 A 3 zklfk lv d
frqwudglfwlrq wr wkh dvvxpswlrq wkdw g{. � � 3 ; { 5 V=
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41 Wklv dssurdfk vkrzv wkdw OIS lv sro|qrpldoo| uhgxfleoh wr OS dqg/ khqfh/
lv sro|qrpldoo| vroydeoh1

51 Rqh fdq ghulyh gxdolw| uhvxowv e| xvlqj vlplodu uhvxowv iru OS dqg wudqv0
odwlqj wkhp1

61 Doo wkh srvvlelolwlhv duh fohduo| lqglfdwhg1

Glvdgydqwdjhv=

41 Fkdqjhv wkh frqvwudlqw vhw> dq| vshfldo vwuxfwxuh wkdw pljkw kdyh ehhq
xvhg wr dgydqwdjh lv orvw1 Iru h{dpsoh/ li wkh ruljlqdo vhw ri frqvwudlqwv
zhuh wkdw ri wkh wudqvsruwdwlrq sureohp zh zrxog orvh wkdw1

Vrph yhu| ixqgdphqwdo uhodwlrqvklsv ehwzhhq wkh wzr sureohpv vkrxog eh
glvfxvvhg ehiruh zh jr rq1

Wkhruhp 4 H{wuhph srlqwv ri W � i{ = D{ � e> { � 3j duh lq rqh0wr0rqh
fruuhvsrqghqfh zlwk h{wuhph srlqwv ri T � i+|> w, = D| � ew � 3> g| . �w @ 4>
| � 3> w � 3j zlwk w A 31 Zh dvvxph wkdw { 5 W @, g{. � A 3=

Surri= +l, Ohw {3 eh dq h{wuhph srlqw ri W 1 Ohw w3 @ 4
g{3.� dqg |3 @ {3w31

Fohduo| +|3> w3, 5 T1 Vxssrvh lw lv qrw dq h{wuhph srlqw ri T1 Wkhq +|3>
w3, @ �+|4> w4, . +4 � �,+|5> w5, iru vrph srlqwv +|m / wm, 5 T iru m @ 4> 5 dqg
� 5 +3> 4,1 Vlqfh w3 A 3/ dw ohdvw rqh ri w4/ w5 pxvw eh srvlwlyh1
Fdvh +l,= w4 A 3> w5 A 3

Ohw {l @ |l

wl
> l @ 4> 5> wkhq

{3 @
�w4

�w4 . +4� �,w5
{4 .

+4� �,w5

�w4 . +4� �,w5
{5

Wklv lv d frqwudglfwlrq wr wkh k|srwkhvlv wkdw {3 lv dq h{wuhph srlqw ri W=
Fdvh +ll, = w4 @ 3

Ohw {5 @ |5

w5
1 Wkhq/

{3 @
+4� �,{5w5 . �|4

+4� �,w5

@ {5 .
�

+4� �,w5
|4

@
4

5
+{5 .

�

5+4� �,w5
|4, .

4

5
+{5 .

6�

5+4� �,w5
|4, +414,

Wklv djdlq lv d frqwudglfwlrq wr wkh dvvxpswlrq wkdw {3 lv dq h{wuhph srlqw ri
W 1 Khqfh dq h{wuhph srlqw ri W fruuhvsrqgv wr rqh ri T=
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Wr vkrz wkh frqyhuvh/ vxssrvh wkdw +|3/ w3, lv dq h{wuhph srlqw ri T zlwk

w3 A 31 Wkhq {3 @ |3

w3
lv dq h{wuhph srlqw ri W=

Surri= Vxssrvh qrw1 Ohw {3 @ �{4 . +4 � �,{51 Ohw wl @ 4
g{l.� A 3> dqg

|l @ wl{l iru l @ 4> 5= Khqfh +|3> w3, @
�

w4
+|4>w4,.

+4��,

w5
+|5>w5,

�

w4
. 4��

w5

1 Exw wklv lv d

frqwudglfwlrq wr wkh dvvxpswlrq wkdw +|3/ w3, lv dq h{wuhph srlqw ri T1 Khqfh
{3 lv dq h{wuhph srlqw ri W=

Wkhruhp 5 H{wuhph srlqwv ri T zlwk w @ 3 fruuhvsrqg wr h{wuhph ud|v ri W
zlwk g{ A 3=

Surri= Ohw +|> 3, eh dq h{wuhph srlqw ri T1 Fohduo|/ g| A 3 dqg/ khqfh/ | 9@ 31
Ohw { @ |

hw|
= ^D| � 3> | � 3> g| A 3> | h{wuhph srlqw ri T` @, ^D{ � 3> { � 3>

g{ A 3> hw{ @ 4`> { lv dq h{wuhph srlqw ri wklv v|vwhp dqg/ khqfh/ dq h{wuhph
ud| ri W=

Dq h{wuhph ud| { ri W fruuhvsrqgv wr dq h{wuhph srlqw ri W 3 � i{ = D{ @ 3>
{ � 3> hw{ @ 4j1 Li g{ A 3/ wkhq | @ {

g{
lv dq h{wuhph srlqw ri T zlwk w @ 3

dqg g| @ 4 A 3=

Wkhruhp 6 H{wuhph ud|v ri T fruuhvsrqg wr h{wuhph ud|v ri W zlwk g{ @ 3=

Surri= Ohw +|3> w3, eh dq h{wuhph ud| ri T1 Khqfh D|3�ew3 � 3> g|3.�w3 @ 3>

|3 � 3> w3 � 3> +|3> w3, 9@ 31 Li w3 A 3/ wkhq {3 @ |3

w3
5 W dqg g{3 . � @ 3>

d frqwudglfwlrq1 Wkxv/ w3 @ 31 Khqfh/ |3 9@ 3> ohw {3 @ |3

hw|3
= g{3 @ 31 Dovr/

{3 � 3> D{3 � 3> hw{3 @ 41 Lw lv hdv| wr vkrz wkdw {3 lv dq h{wuhph srlqw ri
wklv vhw dqg/ khqfh/ dq h{wuhph ud| ri W e| frqwudglfwlrq1 Khqfh/ wkh uhvxow1

Wkhvh wkhruhpv dqg wkhlu surri whfkqltxhv dsso| wr wkh sdlu i{ = D{ @ e>
{ � 3j dqg i|> w = D| � ew @ 3> | � 3> w � 3j dv zhoo1

��2 WtMi**��@h*L� �i|�L_t

Uhihuhqfhv=

41 M1Lvehoo ) Z1Pduorz= _Dwwulwlrq Jdphv%/ Qdydo Uhvhdufk Orjlvwlfv Txdu0
whuo|/ 6/ +4<89, ss :40<7 +vhh ;5 lq sduwlfxodu,1

Lq rughu wr ghyhors wkhvh phwkrgv/ zh qhhg wr vwxg| surshuwlhv ri udwlr
ixqfwlrqv �uvw1
Ghi= D ixqfwlrq i = Uq $ U lv vdlg wr eh d txdvlprqrwrqh gl�huhqwldeoh
ixqfwlrq li= +l, lw lv gl�huhqwldeoh/ dqg +ll, i+{4, A i+{5, @, +{4�{5,ui+{3, A
3 ; {3 5 ^{4> {5` dqg ; {4> {5/ zkhuh ^{4> {5` lv wkh olqh vhjphqw mrlqlqj wkhvh
wzr srlqwv1

Ohppd 7 Ohw i+{, eh dv lq OIS1 Wkhq i lv d txdvlprqrwrqh gl�huhqwldeoh
ixqfwlrq1
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Surri= ui / lq rxu fdvh/ lv jlyhq e| wkh uhodwlrq=

ui+{, @ +g{. �,f� +f{. �,g

+g{. �,5

Vxssrvh f{4.�
g{4.� A f{5.�

g{5.� dqg {3 5 ^{4> {5`1 Wkhq/ < � 5 ^3> 4` 6 {3 @ �{4 . +4�
�,{5 1 Zh zdqw wr vkrz wkdw=

+g{3 . �,f+{4 � {5,� +f{3 . �,g+{4 � {5, A 3 +415,

Li zh ohw d @ f{4 . �> e @ g{4 . �> j @ f{5 . �> dqg k @ g{5 . �/ wkhq

f{3 . � @ �d. +4� �,j> g{3 . � @ �e. +4� �,k> +d@e, A +j@k, +416,

Vkrzlqj +415, lv htxlydohqw wr vkrzlqj +417, zkhuh

^�e. +4� �,k`^d� j`� ^�d. +4� �,j`^e� k` A 3 +417,

Wr vkrz +417, zh qrwh wkdw lq +417,

OKV @ ^�de. +4� �,dk� �ej � +4� �,jk`� ^�de. +4� �,ej � �dk� +4� �,jk`

@ dk� ej

A 3 +418,

dv uhtxluhg1
Frqvlghu wkh sureohp= plq{5V i+{, zkhuh V lv d frqyh{ vhw dqg i lv d

gl�huhqwldeoh txdvlprqrwrqh ixqfwlrq1 Wkhq wkh iroorzlqj dojrulwkp +wkdw vwduwv
zlwk d ihdvleoh vroxwlrq, surgxfhv dq lpsurylqj vhtxhqfh ri ihdvleoh vroxwlrqv=

Dojrulwkp= Vwduw zlwk {3 5 V1 Vroyh plq{5V ^ui+{3,{`1 Li {3 vroyhv wklv
sureohp/ lw lv dq rswlpdo vroxwlrq wr wkh ruljlqdo sureohp1 Li qrw/ d qhz lpsuryhg
vroxwlrq {4 lv rewdlqhg dqg wkh dojrulwkp frqwlqxhv1

Li V lv d frqyh{ sro|khgudo vhw/ wkhq zh pd| vwduw wkh dojrulwkp dw dq
h{wuhph srlqw {3 ri V1 Lq wklv fdvh/ wkh dojrulwkp vroyhv dq OS dw hdfk vwhs
dqg/ khqfh/ hdfk vroxwlrq lq wkh vhtxhqfh pd| eh wdnhq wr eh dq h{wuhph srlqw
ri V1 Li {3 vroyhv wkh OS/ zh duh grqh vlqfh lw vroyhv wkh ruljlqdo sureohp1 Li
d ehwwhu h{wuhph srlqw lv ylvlwhg e| wkh dojrulwkp/ wkhq wkh odvw vxfk srlqw +lq
fdvh ri xqerxqghgqhvv, lv wkh qh{w srlqw iru wkh dojrulwkp1 Wkxv/ wkh dojrulwkp
zloo whuplqdwh �qlwho| lq wklv fdvh dvvxplqj wkdw V lv erxqghg dv zhoo1 Li/ dw
vrph vwdjh ri wkh dojrulwkp/ qr dgmdfhqw h{wuhph srlqw ri {3 lv ehwwhu dqg
wkh vxesureohp lv xqerxqghg/ wkhq/ lq jhqhudo/ zh duh vwxfn1 Wkhuh duh wkuhh
srvvlelolwlhv lq wklv fdvh= +l, < �qlwh rswlpdo vroxwlrq wr wkh ruljlqdo sureohp>
+ll, wkh ruljlqdo sureohp lv xqerxqghg> dqg +lll, d �qlwh orzhu erxqg wkdw lv qrw
dfklhyhg ~ dv|pswrwlfqhvv1 Zh zloo vkrz odwhu krz wr ghwhfw fdvh +l,> ghwhfwlqj

9



+ll, ru +lll, zloo/ lq jhqhudo/ eh pruh gl�fxow iru jhqhudo i 1 Dq lqwhuhvwlqj rshq
txhvwlrq= Lv wkhuh d sro|qrpldoo| erxqghg dojrulwkp iru wklv sureohp jlyhq wkdw
wkhuh lv rqh iru OSB

Qrz zh frqwlqxh wkh glvfxvvlrq ri wkh vshfldo fdvh ri OIS1 Lvehoo dqg Pduorz
jlyh d vshfldo dojrulwkp iru wklv fdvh> zh �uvw ghvfuleh wkhlu dojrulwkp dqg wkhq
vkrz lw lv d vshfldo yhuvlrq ri wkh deryh1

Lvehoo0Pduorz Dojrulwkp= Vwhs 3= Vhohfw {3 5 V +Xvh Skdvh L ri OS iru
h{dpsoh,> n @ 3

Vwhs 4= Ohw zn @ f{n.�
g{n.�

Vwhs 5= Vroyh wkh OS= plq{5V ^+f � zng,{`> li {n vroyhv wklv OS/ vwrs � {n lv
wkh uhtxluhg rswlpdo vroxwlrq wr wkh ruljlqdo sureohp1 Li qrw/ ohw {n.4 eh dq
rswlpdo vroxwlrq wr wklv sureohp/ li rqh h{lvwv +Lvehoo dqg Pduorz dvvxph wkdw
V lv erxqghg wkurxjkrxw wkhlu dqdo|vlv, dqg jr wr Vwhs 4 zlwk n lqfuhdvhg e|
41
Hqg

Li i+{, @ f{.�
g{.� / wkhq

ui+{q, @ ^+g{q . �,f� +f{q . �,g`

+g{q . �,5
@

^f� +f{q.�,
+g{q.�,g`

g{q . �

Khqfh/ pd{{{5V ^+f � zqg,{` lv htxlydohqw wr pd{{5V ^ui+{q,{`1 Ohw V @ i{ =
D{ @ e> { � 3j dqg ohw g{. � A 3 ; { 5 V1 Li wkh OS deryh lv xqerxqghg dw
vrph vwhs/

< {3 6 {3 � 3>D{3 @ 3> +f�zqg,{3 A 3

Fohduo|/ g{3 � 3> hovh g+{ . �{3, . � ? 3 iru vx�flhqwo| odujh �1 Li g{3 @ 3/
wkhq wkh ruljlqdo sureohp lv xqerxqghg> iru { . �{3 lv ihdvleoh wr wkh ruljlqdo

sureohp ; � � 3/ dqg f+{.�{3,.�
g+{.�{3,.� @ f{.�.�f{3

g{.� $4 dv � $4= Li g{3 A 3/ wkhq

zq ? f{3

g{3
1 Wkhq/

f+{. �{3, . �

g+{. �{3, . �
@

f{. �. �f{3

g{. � . �g{3
$ f{3

g{3
A zq dv � $4=

Lq wklv fdvh/ gh�qh zq.4 @ f{3

g{3
dqg jr wr Vwhs 61

+f�zq.4g,+{. �{3, @ f{. �f{3 �zq.4+g{. �g{3,

@ +f�zq.4g,{. �+f�zq.4g,{3

@ +f�zq.4g,{ +419,

Li wkh rswlpdo ydoxh wr pd{{5V ^+f � zq.4g,{` A zq.4� � �/ wkhq zh xvh wkh
qhz ydoxh lq Vwhs 61 Li wkh sureohp lv xqerxqghg/ zh jhw d qhz ud| dqg
lwv z ru wkh lpsolfdwlrq wkdw wkh ruljlqdo sureohp lv xqerxqghg1 Li rswlpdo
ydoxh htxdov zq.4� � �/ wkhq wklv vroxwlrq lv wkh uhtxluhg rswlpdo vroxwlrq wr

:



wkh ruljlqdo sureohp1 Li wkh pd{ ydoxh lv ohvv/ wkdq zh kdyh wkh dv|pswrwlf
fdvh1 < qr { 5 V 6 f{.�

g{.� � zq.4 dqg +{ . �{3, deryh vdwlv�hv wkh uhodwlrq=
f+{.�{3,.�
g+{.�{3,.� $ zq.4 dv � $ 4 dqg lv wkh dv|pswrwlf vroxwlrq wr wkh ruljlqdo

sureohp1

��� �@h|Lt���@h?it��LLTih �i|�L_t

Uhihuhqfhv

41 Fkduqhv ) = _Qrqolqhdu Srzhu ri Dgmdfhqw H{wuhph Srlqw Phwkrgv lq
OS%/Frrshu Hrqrphwulfd/ 58 +4<89,/ ss 465 � 4861

51 Pduwrv/ E= _K|shuerolndv Surjudpr}dv%/ Sxeo1 Pdwk1 Lqvw1 Kxqj1 Dfdg1
Vfl1 Y/ Vhu E/ &7/ +4<93, ss 6;6 � 7391 +Hqjolvk yhuvlrq= Qdydo Uhvhdufk
Orjlvwlfv Txduwhuo| 44/ +4<97, ss 468 � 4881,

61 Pduwrv/ E= _Wkh Gluhfw Srzhu ri Dgmdfhqw Yhuwh{ Surjudpplqj Phwk0
rgv/% Pdqdjhphqw Vflhqfh/ 45/ +4<98, ss 57405851 Fruuhfwlrq= 47 +4<9:
Qry, ss 58805891

Wkh ixqgdphqwdo lghd lv wkh vdph dv lq wkh vlpsoh{ phwkrg ri prylqj iurp
dq h{wuhph srlqw wr d ehwwhu dgmdfhqw rqh xqwlo qrqh h{lvwv1 D ixqfwlrq i = Uq $
U lv vdlg wr eh txdvlfrqyh{ li � 5 ^3> 4` @, i+�{4 . +4� �,{5, � pd{^i+{4,>
i+{5,`1 i lv vdlg wr eh h{solflwo| txdvlfrqyh{ li i+{4, 9@ i+{5, @, i+�{4 .
+4 � �,{5, ? pd{^i+{4,> i+{5,`;� 5 +3> 4,1 Lq rwkhu zrugv/ wkh rqo| _�dwv%
wkdw duh shuplwwhg duh dw wkh joredo plqlpxp1 H{solflw txdvlfrqfdylw| lv gh�qhg
vlploduo|1

Ohppd 8 Ohw V eh d forvhg frqyh{ vhw dqg i eh d txdvlfrqfdyh +txdvlfrqyh{,
ixqfwlrq rq V1 Wkhq/ li plq{5V ^i+{,` +pd{{5V ^i+{,`, lv dfklhyhg/ lw lv dfklhyhg
dw dq h{wuhph srlqw ri V +dvvxplqj rqh h{lvwv,1

Ohppd 9 Ohw V eh d forvhg frqyh{ vhw dqg i eh dq h{solflwo| txdvlfrqyh{ +h{0
solflwo| txdvlfrqfdyh, ixqfwlrq ryhu V1 Wkhq/ hdfk orfdo plqlpxp +pd{lpxp,
lv d joredo plqlpxp +pd{lpxp,1

Ohppd : Wkh ixqfwlrq f{.�
g{.� lv erwk h{solflwo| txdvlfrqyh{ dqg h{solflwo| txd0

vlfrqfdyh1

Wkhvh ohppdv duh wkh edvlv iru wkh dgmdfhqw yhuwh{ phwkrgv olnh wkh vlpsoh{
dojrulwkp1 Zh zloo qrz frqvlghu wkh fdvh ri OIS lq ghwdlo1

;



Dojrulwkp= Ohw E eh d ihdvleoh edvlv> �f @ f� fEE
�4D dqg �g @ g�gEE

�4D1
Vxssrvh {m lv qrqedvlf1 Wkh dgmdfhqw yhuwh{ surgxfhg e| lqfuhdvlqj {m pdlq0
wdlqlqj doo rwkhu qrqedvlf yduldeohv dw 3 lv jlyhq e| a{E @ {E . +E�4D,=ma{m >
{m @ a{m dqg {u @ 3 ; u qrqedvlf dqg u 9@ m1 Lw lv hdv| wr vkrz wkdw=

fa{. �

ga{. �
@

f{. �. �fm a{m
g{. � . �gma{m

Li zh ohw wkh ydoxh fruuhvsrqglqj wr wkh edvlf vroxwlrq iru wkh edvlv E eh �E/ wkh
qhz vroxwlrq a{ lv _ehwwhu% l� �fm � �E �gm ? 31 Wklv lv wkh fulwhulrq iru hqwhulqj
yduldeoh vhohfwlrq1 Lq fdvh wkh hqwhulqj yduldeoh lv {v dqg �dl>v � 3/ wkhuh duh wzr
fdvhv wr frqvlghu=

+l, �gv @ 3 � lq wklv fdvh/ wkh sureohp lv xqerxqghg>
+ll, �gv A 3 � Ohw �� @ �fv

�gv
dqg uhshdw wkh surfhvv1

Li wkh odvw ydoxh ri � fruuhvsrqgv wr wkh irup f{.�
g{.� / wkhq zh kdyh dq rswlpdo

vroxwlrq> li lw lv ri wkh irup +ll, deryh/ wkhq zh kdyh wkh dv|pswrwlf fdvh1

��e #�?!i*M@U��a@}@??@|�@? �i|�L_t

Uhihuhqfhv=

41 Z1 Glqnhoedfk= _Glh Pd{lplhuxqj hlqhv txrwlhqwlhq }zlhu olqhduhu ixqn0
wlrqhq xqwhu olqhduhq qhehqehglqjxqjhq/% ]hlwvfkuliw ixu Zdkuvfkhlqolfknhlw0
vwkhrulh xqg Yhuzdqgwh Jdelhwh +4<95, ss 474 � 4781

51 U1 Mdjdqqdwkdq= _Rq Vrph Surshuwlhv ri Surjudpplqj Sureohpv lq Sdud0
phwulf Irup Shuwdlqlqj wr Iudfwlrqdo Surjudpplqj/% Pdqdjhphqw Vfl0
hqfh/ 45/ +4<99, ss 93< � 9481

61 Z1 Glqnhoedfk= _Rq Qrqolqhdu Iudfwlrqdo Surjudpplqj/% Pdqdjhphqw
Vflhqfh/ 46 +4<9:,/ ss 7<5 � 7<;1

Wklv dssurdfk uhvwv rq wkh iroorzlqj uhvxowv1

Ohppd ; Ohw �� @ plq{5V ^
i+{,
j+{, `/ dqg �+�, @ plq{5V ^i+{,��j+{,`1 Wkhq/ wkh

vljq ri +����, lv wkh vdph dv wkdw ri �+�,1 +Lw lv dvvxphg wkdw j+{, A 3 ; { 5 V=,

Surri= �� � � A 3 @, i+{,
j+{, A � ; { 5 V> khqfh i+{,� �j+{, A 3 ; { 5 V/ dqg

khqfh/�+�, A 3 li plqlpxp lv dfklhyhg1 Li ���� ? 3/ < {� 6 �� @ i+{�,
j+{�, ? �/ dqg

khqfh/ �+�, ? 31 Li � @ ��/ < {� 6 i+{�,� �j+{�, @ 3> dqg i+{,
j+{, � �� ; { 5 V/

dqg khqfh/ �+�, � 3 ; { 5 V1

Vxssrvh plq{5V ^
i+{,
j+{, ` lv qrw dfklhyhg exw lqi{5V ^

i+{,
j+{, ` @ ��1 Wkhq/ wkh

vljq ri �� � � lv wkh vdph dv wkdw ri lqi {5V ^i+{, � �j+{,`/ dqg wklv lv qhyhu

dfklhyhg1 Wkh surri iru wklv lv vlplodu wr wkh suhylrxv rqh1 Li plq{5V ^
i+{,
j+{, ` lv

<



xqerxqghg/ wkhq plq{5V ^i+{, � �j+{,` ? 3 ; �1 Wkxv/ zh kdyh d vfkhph lq

vrph lqvwdqfhv wr vroyh plq{5V ^
i+{,
j+{, ` e| vroylqj plq{5V ^i+{,� �j+{,` lqvwhdg>

ydu|lqj wkh sdudphwhu � zloo jlyh xv wkh rswlpdo ydoxh �� wkurxjk d elqdu|
vhdufk rq �1 Uhfdoo wkdw li {� vroyhv plq{5V ^i+{,� ��j+{,`/ wkhq lw dovr vroyhv
wkh ruljlqdo sureohp1 Qrz zh dsso| wkhvh wr OIS1

Ohppd < OIS lv xqerxqghg l� wkh OS= plq{5V ^+f{ . �, � �+g{. �,` lv xq0
erxqghg ; �1

Surri= Zh kdyh douhdg| vkrzq wkdw OIS lv xqerxqghg l� < {3 6 {3 � 3>
D{3 @ 3> f{ ? 3> g{3 @ 31 Dovr wkh OS lv xqerxqghg iru d �{hg � l� < {4 6
{4 � 3> D{4 @ 3> f{4��g{4 ? 31 Iru vxfk d �{hg h{wuhph ud|/ {4 ri i{ = { � 3>

D{ @ ej/ li g{4 A 3/ wkhq/ iru � ? f{4

g{4
/ zh kdyh f{4��g{4 A 31 Wkxv/ li wkh OS

lv xqerxqghg iru doo �/ zh pxvw kdyh dq h{wuhph ud| {5 6 g{5 @ 3 dqg f{5 ? 31
Wkh frqyhuvh lv hdv|1

Lw lv hdv| wr vhh wkdw li {� lv dq rswlpdo vroxwlrq wr OIS zlwk f{�.�
g{�.� @ ��/

iru � @ ��/ wkh OS kdv d plqlpxp ydoxh htxdo wr 3 dqg {� lv rswlpdo1

Ohppd 43 Wkh OIS lv dv|pswrwlf l� wkh OS kdv dq rswlpdo vroxwlrq zlwk
plqlpxp ydoxh ohvv wkdq 3 ; � � �� dqg ; � A �� lw lv xqerxqghg1

Surri= OIS dv|pswrwlf+,^< {3 6 {3 � 3> D{3 @ 3> �� @ f{3

g{3
` dqg OIS lv qrw

xqerxqghg1 Khqfh/ � A �� @, f{3 � �g{3 ? 3> khqfh/ wkh OS lv xqerxqghg
iru � A ��1 Vlqfh f{.�

g{.� A �� ; { 5 V/ � ? �� @, f{.�
g{.� A � ; { 5 V1 Khqfh/

wkh OS ydoxh lv srvlwlyh1 Khqfh/ plqlpxp h{lvwv dqg lv srvlwlyh1 Iru � @ ��/
; { 5 V/ f{.�

g{.� A � dqg/ khqfh/ +f{.�,��+g{.�, A 3> djdlq pd{lpxp h{lvwv
iru wkh OS dqg lv srvlwlyh1

43


