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Wkh prvw lpsruwdqw frqfhswv lq wklv duhd duh frqyh{lw| ri vhwv dqg ixqfwlrqv>
wrsrorjlfdo surshuwlhv ri forvhg dqg rshq vhwv> wkh qrwlrq ri erxqghg dqg xq0
erxqghg vhwv/ hwf1 Zh zloo gh�qh wkh whupv xvhg dqg vkrz wkh uhodwlrqvklsv �uvw
lq sxuh jhrphwulf whupv dqg wkhq uhodwh wkhvh wr wkh fruuhvsrqglqj dojheudlf
qrwlrqv1

Frqyh{ Vxevhwv lq Uq = D vhw [ � Uq lv vdlg wr eh qrqfrqyh{ li wkhuh duh
wzr srlqwv lq wkh vhw vxfk wkdw wkh olqh vhjphqw mrlqlqj wkhp lv qrw hqwluho| lq
wkh vhw> htxlydohqwo|/ li

< { 5 [> | 5 [>� 5 +3> 4, 6 �{. +4� �,| @5 [,

D vhw lv frqyh{ li lw lv qrw qrqfrqyh{1 Wkh vhw O @ i} = } @ �{.+4��,|j lv wkh
vwudljkw olqh sdvvlqj wkurxjk srlqwv { dqg |1 Li lq dgglwlrq � 5 ^3> 4`/ wkhq O lv
fdoohg wkh olqh vhjphqw zlwk { dqg | dv lwv whuplqdov1 _Fohduo|%/ O lv d frqyh{
vhw +xqghu hlwkhu frqglwlrq,1 Zkhq � 5 ^3> 4`/ d srlqw } 5 O lv fdoohg d frqyh{
frpelqdwlrq ri { dqg | � dqg lv d srlqw vrphzkhuh ehwzhhq { dqg | rq wkh
olqh mrlqlqj wkh wzr1 Li V @ i{4> {5> ===> {qj lv d vhw ri srlqwv/ wkhq } @

S
m �m{

m

lv d frqyh{ frpelqdwlrq ri wkh srlqwv lq V li �m � 3> dqg
S

m �m @ 41 Wkh vhw ri
doo vxfk srlqwv } lv fdoohg wkh frqyh{ kxoo ri wkh vhw V1 +Lqghhg wklv qrwlrq fdq
eh vxlwdeo| h{whqghg hyhq zkhq wkh vhw V lv qrw �qlwh> ri frxuvh/ wkh vxp zrxog
eh uhsodfhg e| dq lqwhjudo,1

Idfwv=

41 Li V dqg W duh frqyh{ vhwv/ wkhq vr lv V _ W 1 Lqghhg/ li V� lv d froohfwlrq
ri frqyh{ vhwv iru � 5 D/ wkhq _�5DV� lv d frqyh{ vhw1 Lq rughu wr dyrlg
vshfldo fdvhv/ lw lv fxvwrpdu| wr dvvhuw +e| ghidxow, wkdw ! lv d frqyh{ vhw1

51 Li V @ lv frqyh{/ {l 5 V> 4 � l � q dqg �l � 3>
S

l �l @ 4/ wkhq
S

l �l{l 5
V1 +Wkh surri ri wklv lv e| lqgxfwlrq rq q1 Zkdw zrxog |rx gr li wkh
qxpehu ri srlqwv vhohfwhg wr irup wkh frqyh{ frpelqdwlrq lv qrw �qlwh B,
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61 K @ i{ = f{ @ �j lv fdoohg d k|shusodqh1 K� @ i{ = f{ � �j/ K�� @
i{ = f{ ? �j/ K. @ i{ = f{ � �j dqg K.. @ i{ = f{ � �j duh fdoohg
kdoivsdfhv1 K� dqg K. duh forvhg dqg wkh rwkhu wzr duh rshq1 Doo ri wkhvh
duh frqyh{ vhwv1 Lqwhuvhfwlrq ri dq| qxpehu ri wkhvh +dq h{dpsoh zrxog
eh wkh vhw ri ihdvleoh vroxwlrqv ri d olqhdu surjudp, lv d frqyh{ vhw> li wkh
qxpehu ri wkhvh lv �qlwh wkh vhw lv vdlg wr eh sro|khgudo1 Lqwhuvhfwlrq ri d
�qlwh qxpehu ri k|shusodqhv lv fdoohg dq d�qh vhw1 D�qh vhwv duh ri wkh
irup i{ = D{ @ ej> wkh glphqvlrq ri wkh vxevsdfh i{ = D{ @ 3j lv wkh
glphqvlrq ri wkh deryh d�qh vhw1

71 G @ i{ =
S

l+{l � dl,
5 � �5j lv fdoohg d glvf zlwk fhqwhu d dqg udglxv �/

dqg lv frqyh{1 Wkh vhw G3 @ i{ =
S
+{l�dl,5 ? �5j/ lv wkh lqwhulru ri wkh

glvf G dqg lv dovr frqyh{1 Jhqhudol}dwlrq ri wkh glvf wr kljkhu glphqvlrqv
lv fdoohg d k|shuvskhuh1 Li < �qlwh � A 3 6 V � G/ wkhq wkh vhw V lv vdlg
wr eh erxqghg1 Erxqghg frqyh{ sro|khgudo vhwv duh fdoohg sro|wrshv1

81 Wkh glphqvlrq ri d frqyh{ vhw lv wkh glphqvlrq ri wkh vpdoohvw +lq whupv
ri vhw lqfoxvlrq, d�qh vhw frqwdlqlqj lw1

91 { 5 V lv fdoohg d erxqgdu| srlqw ri V li ; � A 3/ wkh glvf zlwk fhqwhu {
dqg udglxv � kdv srlqwv erwk lqvlgh wkh glvf dqg rxwvlgh lw1 D erxqgdu|
srlqw qhhg qrw ehorqj wr wkh vhw xqghu frqvlghudwlrq1 Li V lv d vhw wkdw
frqwdlqv doo lwv erxqgdu| srlqwv lv vdlg wr eh forvhg1 Li �V wkh frpsohphqw
ri V lv forvhg wkhq V lv vdlg wr eh rshq1 Dqrwkhu zd| wr gh�qh dq rshq vhw
lv wr uhtxluh wkdw ; srlqwv lq wkh vhw/ < � A 3 vxfk wkdw glvf fhqwhuhg dw
wkh srlqw zlwk udglxv � lv lq wkh vhw1 Sohdvh dyrlg wkh frqixvlrq ehwzhhq
wkh whupv _forvhg* dqg %erxqghg_1

:1 Wkh vhw ri ihdvleoh vroxwlrqv wr dq OS lv forvhg/ frqyh{/ dqg sro|khgudo>
exw lw lv qrw qhfhvvdulo| erxqghg1

;1 D srlqw {3 5 V lv qrw dq h{wuhph srlqw +yhuwh{, ri wkh frqyh{ vhw V li <
srlqwv {4/ dqg {5 dqg � 5 +3> 4, 6 {3 @ �{4 . +4 � �,{51 Wkxv/ {3 lv
dq h{wuhph srlqw ri V li iru hyhu| vwudljkw olqh O sdvvlqj wkurxjk lw wkh
vhjphqw O_V kdv {3 dv rqh hqg1 Li O lv d vwudljkw olqh dqg V lv d frqyh{ vhw
6 iru hyhu| srlqw 5 O_V/ wkh deryh vwdwhphqw lv wuxh iru doo olqhv O3 9@ O/
wkhq zh vd| wkdw O_V lv dq hgjh ri wkh vhw V> li lq wklv fdvh/ O_V kdv wzr
hqg srlqwv wkhvh duh h{wuhph srlqwv ri V dqg duh vdlg wr eh dgmdfhqw1 Li
O_V lv dq hgjh zklfk kdv rqo| rqh hqg +khqfh lv d vhpl0lq�qlwh olqh, wkhq
lw lv fdoohg d ud| vwduwlqj iurp wkh hqg dqg wklv hqg lv dq h{wuhph srlqw
ri V1 Li lw kdv qr hqg dw doo/ wkhq lw fdq eh vkrzq wkdw wkh vhw V kdv qr
h{wuhph srlqwv dw doo1 Wkh glvf G kdv dq lq�qlwh qxpehu ri h{wuhph srlqwv
zkloh G3 kdv qrqh> rshq vhwv gr qrw kdyh h{wuhph srlqwv1 D qhfhvvdu|
dqg vx�flhqw frqglwlrq iru d forvhg frqyh{ vhw wr kdyh h{wuhph srlqwv lv
wkdw wkhuh eh qr vxevhw wkdw lv dq d�qh vhw ri glphqvlrq � 41
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<1 Ohw V eh d frqyh{ vhw1 Li K lv d k|shusodqh 6 V � K. dqg V _K 9@ !/
wkhq K lv vdlg wr eh d vxssruwlqj k|shusodqh ri V> li V lv sro|khgudo wkhq/
V_K lv fdoohg d idfh ri V1 Idfhv ri wkh kljkhvw glphqvlrq duh fdoohg idfhwv1

431 D vhw V wkdw vdwlv�hv ^{ 5 V @, �{ 5 V ; � � 3` lv fdoohg d frqh1 Li lw lv
frqyh{ dqg lv d frqh wkhq lw lv fdoohg d frqyh{ frqh1 D frqyh{ frqh wkdw
grhv qrw frqwdlq dq| vxevsdfh ri glphqvlrq � 4 lv vdlg wr eh srlqwhg1 Li
lw lv sro|khgudo vhw wkhq lw lv fdoohg d sro|khgudo frqh1

Wkhruhp 4 Ohw V eh d frqyh{ vhw dqg { @5 aV zkhuh aV lv wkh forvxuh ri V +wkh
vpdoohvw forvhg vhw frqwdlqlqj V,1 Wkhq/ < d k|shusodqh K 6 aV � K.. dqg
{ 5 K��1 +Wklv lv nqrzq dv wkh vhsdudwlqj k|shusodqh wkhruhp,1

Ohw { eh d erxqgdu| srlqw ri d frqyh{ vhw V1 Wkhq < d vxssruwlqj k|shusodqh
sdvvlqj wkurxjk { iru V1

Wkhruhp 5 D forvhg frqyh{ vhw lv wkh lqwhuvhfwlrq ri doo lwv vxssruwlqj kdoi0
vsdfhv1

Wkhruhp 6 Ohw V eh vxevhw ri Uq1 Dq| srlqw lq wkh frqyh{ kxoo ri V fdq eh
zulwwhq dv d frqyh{ frpelqdwlrq ri dw prvw q . 4 srlqwv lq V1 +Wklv uhvxow lv
riwhq fdoohg Fdudwkhrgru|*v wkhruhp,1

Wkhruhp 7 D forvhg erxqghg +frpsdfw, frqyh{ vhw lv wkh frqyh{ kxoo ri lwv
h{wuhph srlqwv1 +Wklv lv nqrzq dv Nuhlq0Ploopdq wkhruhp,1

Ixqfwlrqv= D ixqfwlrq i = Uq $ U lv vdlg wr eh frqyh{ li ; {4/ {5/ dqg
� 5 +3> 4, i+�{4 . +4 � �,{5, � �i+{4, . +4 � �,i+{5,1 i lv frqfdyh li
�i lv frqyh{ +ru htxlydohqwo| wkh lqhtxdolw| jrhv lq wkh rssrvlwh gluhfwlrq,1 D
ixqfwlrq wkdw lv erwk frqyh{ dqg frqfdyh lv d olqhdu ixqfwlrq1 Dqrwkhu htxlydohqw
gh�qlwlrq ri frqyh{ ixqfwlrqv lv wkh iroorzlqj= i lv frqyh{ l� i+{> }, = i+{, � }j
lv d frqyh{ vhw> wklv vhw lv nqrzq lq wkh olwhudwxuh dv wkh hsljudsk ri i 1 D vlpsoh
frqvhtxhqfh ri wklv lv wkh idfw wkdw wkh vhwv i{ = i+{, � �j duh frqyh{ ;�> wkhvh
vhwv duh nqrzq dv wkh ohyho vhwv1 Li i vdwlv�hv rqo| wkh vhfrqg frqglwlrq wkhq i
lv vdlg wr eh txdvlfrqyh{1 Li wkh vhwv i{ = i+{, � �j duh frqyh{ ; �/ wkhq i lv
vdlg wr eh txdvlfrqfdyh1 D ixqfwlrq wkdw lv erwk txdvlfrqyh{ dqg txdvlfrqfdyh
lv vdlg wr eh txdvlprqrwrqh1 Dq h{dpsoh ri vxfk ixqfwlrqv ri d vlqjoh yduldeoh
lv wkh prqrwrqh ixqfwlrq1

��� �hLTih|�it

41
S

�li
l+{, lv frqyh{ li hdfk i l lv frqyh{ dqg �l � 3 ; l1

51 vxs� i�+{, lv d frqyh{ ixqfwlrq li hdfk ri d idplo| ri ixqfwlrqv i� lv frqyh{1

61 Li i lv frqyh{ ixqfwlrq dqg {3 lv d orfdo plqlpxp ri i ryhu d frqyh{ vhw
V/ wkhq lw lv d joredo plqlpxp1
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71 Li i lv frqyh{ ryhu V/ wkhq lw lv frqwlqxrxv lq wkh uhodwlyh lqwhulru ri V=

81 Li i lv d gl�huhqwldeoh ixqfwlrq ri d vlqjoh yduldeoh/ wkhq i 3 lv prqrwrqh
qrqghfuhdvlqj lv erwk qhfhvvdu| dqg vx�flhqw iru frqyh{lw|> li i lv wzlfh
gl�huhqwldeoh wkhq i 33 � 3 lv d qhfhvvdu| dqg vx�flhqw frqglwlrq iru frq0
yh{lw|1 Li i lv d ixqfwlrq ri vhyhudo yduldeohv wkhq wkhvh duh prgl�hg wr=

i+{,� i+{3, � +{� {3,ui+{3,
dqg wkh khvvldq K lv srvlwlyh vhplgh�qlwh1 +D pdwul{ P lv srvlwlyh vhpl0
gh�qlwh +S=V=G,+, {wP{ � 3 ; {,1

91 I txdvlfrqyh{ +, i+�{4 . +4 � �,{5, � pd{^i+{4,> i+{5,` ; {4/ {5/
� 5 ^3> 4`1

��2 w� +i*@|i_ +it�*|t

41 Wkh vhw ri ihdvleoh vroxwlrqv ri d OS lv d frqyh{ sro|khgudo vhw1

51 Ohw wkh OS eh lq wkh irup= ^plq f{ = { � 3>D{ @ e`1 H{wuhph srlqwv
ri wkh ihdvleoh vhw duh suhflvho| wkh edvlf ihdvleoh vroxwlrqv1 Wkh vlpsoh{
dojrulwkp _pryhv% iurp rqh h{wuhph srlqw wr dq dgmdfhqw rqh wkdw lv
_ehwwhu% dorqj wkh hgjh mrlqlqj wkhp1 Xqerxqghg ihdvleoh uhjlrq lpsolhv
wkh h{lvwhqfh ri qrq}hur vroxwlrqv wr wkh v|vwhp= ^{ � 3>D{ @ 3`1 Wkhvh
duh wkh ud|v ri wkh ihdvleoh vhw dqg irup d frqyh{ frqh1 Wkh h{wuhph ud|v
fruuhvsrqg wr wkh h{wuhph srlqwv ri wkh vhw i{ = { � 3>D{ @ 3>

S
{m @

4j1 Li wkh OS lv xqerxqghg wkhq < dq h{wuhph ud| zlwk f{ ? 3 dqg
wklv lv surgxfhg e| wkh vlpsoh{ dojrulwkp1 D ghjhqhudwh slyrw lq wkh
vlpsoh{ dojrulwkp phdqv wkdw zh kdyh qrw _pryhg% dw doo> exw duh dw wkh
vdph vroxwlrq srlqw exw zlwk gl�huhqw edvhv1 Wkxv/ wkrxjk wkhuh lv qr
_jhrphwulf% pryhphqw wkhuh lv dq dojheudlf suhwhqvlrq ri vxfk pryhphqw1

61 Zh fdq jhrphwulfdoo| _vkrz% wkdw li wkh OS kdv dq rswlpdo vroxwlrq/ wkhq
lw kdv dq h{wuhph srlqw wkdw lv rswlpdo ~ surylghg < h{wuhph ihdvleoh vrox0
wlrqv1 Iru wklv sxusrvh/ zh qhhg wkh iroorzlqj srzhuixo uhvxow= Dq| srlqw
{3 lq d frqyh{ forvhg sro|khgudo vhw V fdq eh h{suhvvhg dv wkh vxp ri d
frqyh{ frpelqdwlrq ri lwv h{wuhph srlqwv S l dqg d qrqqhjdwlyh frpelqd0
wlrq ri lwv h{wuhph ud|v Um 1 _Fohduo|% li wkh sureohp lv erxqghg/ wkhq
wkhuh duh qr _sur�wdeoh% ud|v ~ ud|v zlwk f{ ? 31 Khqfh/

f{3 @
[

l

�lfS
l .
[

m

�mfU
m >�l � 3>

[
�l @ 4>�m � 3

Wkhuhiruh/ f{3 � S �lfS l dqg khqfh < S� 6 fS � � f{3> S � lv wkh uh0
txluhg srlqw1 Sohdvh qrwh wkdw wklv surri fdq eh dowhuhg wr vxlw txdvlfrqfdyh
ixqfwlrqv lq jhqhudo1

7



71 Wkh vhw ri rswlpdo vroxwlrqv wr dq OS lv d frqyh{ sro|khgudo vhw wkdw lv
forvhg1 Lqghhg/ lw lv wkh lqwhuvhfwlrq ri wkh vhw ri ihdvleoh vroxwlrqv dqg d
vxssruwlqj k|shusodqh1 Wklv dorqh fdq eh xvhg wr vkrz wkdw < dq h{wuhph
srlqw rswlpdo vroxwlrq li dq rswlpdo vroxwlrq dqg dq h{wuhph srlqw vroxwlrq
h{lvw1

81 Frqvlghu wkh OS=
^plq f{ = { � 3>D{ @ e` +414,

Wkh vhw V @ ie =414 lv ihdvleohj lv d forvhg frqyh{ sro|khgudo frqh> lw lv wkh
frqh jhqhudwhg e| wkh froxpqv ri D dqg vrph dxwkruv ghqrwh lw e| srv+D,1
D sro|khgudo frqh fdq eh gh�qhg lq wzr zd|v= +l, lw lv jhqhudwhg e| d �qlwh
qxpehu ri jhqhudwruv ru h{wuhph ud|v> +ll, lw lv wkh lqwhuvhfwlrq ri d �qlwh
qxpehu ri kdoi vsdfhv sdvvlqj wkurxjk wkh ruljlq1 Wkh vhw W @ ie =414kdv
dq rswlpdo vroxwlrqj lv dovr d forvhg frqyh{ sro|khgudo frqh1 Hlwkhu ru
erwk ri wkhvh frqhv pd| eh hpsw|1

91 Wkh vhw ri ihdvleoh vroxwlrqv wr dq OS ri wkh irup deryh pd| eh wkrxjkw
ri dv d vxevhw ri Uq�p zkhuh D lv dq p { q pdwul{ zlwk ixoo urz udqn1 Lq
wklv fdvh d qrqghjhqhudwh h{wuhph srlqw lv rqh zkhuh q�p k|shusodqhv
phhw> d ghjhqhudwh rqh lv zkhuh pruh phhw1

:1 Wkh rswlpdo ydoxh ri wkh deryh OS pd| eh wkrxjkw ri dv d ixqfwlrq ri
D/ e/ dqg f1 Lw lv frqyh{ lq e +ryhu wkh ihdvleoh vhw ri e, iru �{hg D dqg
f> frqyh{ lq f iru �{hg D dqg e1 Erwk wkhvh duh slhfhzlvh olqhdu1 Rqh
lpsruwdqw txhvwlrq ghdov zlwk wkh qxpehu ri slhfhv iru vshfldo fdvhv1

��� �hLLut

41 {> | 5 V _ W @, {> | 5 V/ dqg khqfh �{ . +4 � �,| 5 V> vlploduo|
�{.+4��,| 5 W dqg khqfh lw lv lq V_W 1 Khqfh wkh uhvxow1 Wkh dvvhuwlrq
derxw _�5DV� iroorzv lq d vlplodu pdqqhu1

51 _Fohduo|% wkh dvvhuwlrq lv wuxh e| gh�qlwlrq iru q @ 51 Dvvxph wkdw lw
lv wuxh iru q � n1 Ohw { @n

l

S.

@
4
4�l{

l @ �4{4 . +4 � �4,nl
S.

@
4
5�l{l @

�4{4 . +4 � �4,} zkhuh �l @ �l@+4 � �4, � 3/ dqg
Sn.4

n@5 �l @ 41 +Sohdvh
qrwh wkdw zh kdyh dvvxphg wkdw �4 A 3 > exw wklv lv zlwkrxw orvv vlqfh qrw
doo �l fdq eh 3,1 Vlqfh } lv d frqyh{ frpelqdwlrq ri n phpehuv ri V/ } 5 V>
khqfh { 5 V1 Sohdvh qrwh wkdw wklv surri zloo qrw jhqhudol}h wr wkh lq�qlwh
fdvh zklfk qhhgv d gl�huhqw nlqg ri surri1

61 Wr vkrz wkdw K lv d frqyh{ vhw= Ohw {> | 5 K1 Khqfh f{ @ �/ dqg f| @ �1
Wkxv/ �f{. +4� �,f| @ f+�{. +4� �,|, @ �1 Khqfh K lv frqyh{1 K./
K../ K�/ dqg K��duh vkrzq wr eh frqyh{ lq d vlplodu pdqqhu1 Lqghhg/
wklv lv wkh prvw sulplwlyh zd| ri vkrzlqj d vhw wr eh frqyh{1
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71 Wr vkrz wkdw G lv frqyh{= Ohw {> | 5 G1 Khqfh
S
+{l � dl,

5 � �5>
dqg
S
+|l � dl,5 � �51 Qhhg wr vkrz wkdw

S
^�+{l . +4 � �,|l, � dl`5 �

�51
S
^�+{l . +4 � �,|l, � dl`

5 @
S
^�+{l � dl, . +4 � �,+|l � dl,`

51 @
�5
S
+{l � dl,

5 . +4 � �,5
S
+|l � dl,

5 . 5�+4 � �,
S
+{l � dl,+|l � dl,1

@ �
S
+{l � dl,5. +4� �,

S
+|l � dl,5� �+4� �,

S
^+{l � dl,� +|l � dl,`5

� �51

81 Wkh vhw ri ihdvleoh vroxwlrqv lv forvhg ehfdxvh wkh olplw srlqwv ri d vhtxhqfh
ri srlqwv lq wkh vhw lv lq wkh vhw1 Wkh uhvw lv hdv|1

����� A�iLhi4t

W4 Frqvlghu wkh sureohp plq|5aV g+{> |,> qrwh g+{=|, @ n{� |n1 Vlqfh glv0

wdqfh lv d frqwlqxrxv qrqqhjdwlyh ixqfwlrq dqg aV lv forvhg/ wkh plql0
pxp lv dfklhyhg dw d srlqw |� 5 aV/ dqg |� 9@ {1 Frqvlghu wkh kdoivsdfh
K. @ i| = 5+|� � {,w| � +|� � {,w+|� . {,j1 Lw lv hdv| wr vkrz wkdw
|� 5 K. dqg { @5 K.1 Iru | 5 aV/ �| . +4 � �,|� 5 aV vlqfh V lv frqyh{1
E| wkh gh�qlwlrq ri |�/ zh kdyh=

n^�| . +4� �,|�`� {n5 @ n|� . �+| � |�,� {n5 � n|� � {n5

Wklv rq vlpsol�fdwlrq |lhogv=

5�+| � |�,w+|� � {, . �5+| � |�,w+| � |�, � 3P ; � 5 ^3> 4`

Khqfh=
+| � |�,w+|� � {, � 3 A +{� |�,w+|� � {,@5

dqg wkhuhiruh/
5+| � |�,w+|� � {, . +|� � {,w+|� � {, A 3/ dqg khqfh
+5| � |� � {,w+|� � {, A 3/ dqg khqfh
5|w+|��{, A +|�.{,w+|��{, zklfk lv wkh uhtxluhg uhvxow1 Khqfh aV � K../

dqg { 5 K��1
Vlqfh { lv d erxqgdu| srlqw ri V/ < d vhtxhqfh ri srlqwv {� @5 aV 6 olp {� @ {1

+Fkrrvh hdfk ri wkhvh wr eh lq vpdoohu dqg vpdoohu vskhuhv fhqwhuhg dw { dqg
iurp rxwvlgh aV,1 Iru {� > < d� 6 nd�n @ 4/ dqg dw�| A dw�{�;| 5 aV1 Ohw d eh d
olplw srlqw ri wkh vhtxhqfh id�j1 +Vxfk srlqwv h{lvw vlqfh doo ri wkhvh duh lq d
frpsdfw vhw,1 Wkhq dw| � dw{ ; | 5 aV zlwk htxdolw| kroglqj iru {1 Wklv lv wkh
uhtxluhg vxssruwlqj sodqh1

BBLi V lv d forvhg frqyh{ vhw dqg W lv wkh lqwhuvhfwlrq ri doo lwv vxssruwlqj
kdoivsdfhv/ wkhq _fohduo|% V � W 1 Li { 5 W � V/ wkhq e| wkhruhp 4/ < K 6 V �
K.. dqg { @5 K../ dqg wklv lv d frqwudglfwlrq wr wkh gh�qlwlrq ri W 1
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41 Ohw i+{, @ vxs i�+{,1 Vlqfh i�+�{.+4��,|, � �i�+{,.+4��,i�+|,;�>
wkh uhvxow iroorzv1

51 Ohw Q+{3, eh wkh qhljkerukrrg ri {31 Li i+{3, A i+{4,/ wkhq <} @
�{3 . +4� �,{4 dqg } 5 Q+{3, zlwk i+}, ? i+{3,1

��e w� +i*@|i_ +it�*|t

41 Ohw { eh d edvlf ihdvleoh vroxwlrq fruuhvsrqglqj wr wkh edvlv E +wklqn ri
d edvlv dv d vhw ri olqhduo| lqghshqghqw froxpqv ri D,1 E| wklv zh phdq
wkdw {QE @ 3/ dqg E{E @ e kdv d xqltxh vroxwlrq1 Li { @ �| . +4� �,}/
wkhq |QE @ }QE @ 3> khqfh |E @ }E @ {E1 Khqfh { @ | @ }1 Khqfh {
lv dq h{wuhph srlqw1

Frqyhuvho|/ vxssrvh { lv dq h{wuhph srlqw/ dqg ohw E eh wkh froxpqv fru0
uhvsrqglqj wr srvlwlyh frpsrqhqwv ri {1 Vxssrvh wkhvh duh ghshqghqw> < }E 9@
3 6 E}E @ 31 E| ohwwlqj rwkhu frpsrqhqwv htxdo wr 3 zh jhw } 9@ 3 6 D} @ 31
Frqvlghu wkh yhfwru { . �}1 Vlqfh {QE @ }QE @ 3> +{ . �},QE @ 3 ; �> dovr
vlqfh D} @ 3>D+{. �}, @ e ; �1 Vlqfh {E A 3/ < � A 3 6 +{	 �},E � 31 Wklv lv
d frqwudglfwlrq ri h{wuhphqhvv ri {1 Khqfh wkh froxpqv ri E duh lqghshqghqw
dqg khqfh { lv d edvlf ihdvleoh vroxwlrq1
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