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414 H{dpsohv

L Jlyhq d +gluhfwhg, qhwzrun J @ ^Q>D` dqg fdsdflwlhv fl>m rq duf
+l> m,> ; +l> m, 5 D/ �qg d +gluhfwhg, sdwk S � iurp d vshflihg qrgh v
wr dqrwkhu vshfl�hg qrgh w 6 plq+l>m,5S� fl>m @ pd{S plq+l>m,5S fl>m 1
Vxfk d sureohp lv nqrzq dv dq lqvwdqfh ri wkh erwwohqhfn sureohp1

LL Dqrwkhu lqvwdqfh lv fdoohg wkh erwwohqhfn dvvljqphqw sureohp lq zklfk
wkh plqlpxp lv ryhu wkh fhoov vhohfwhg lq dq dvvljqphqw dqg wkh pd{0
lpxp lv ryhu doo ihdvleoh dvvljqphqwv1 Wklv sureohp lv xvhixo lq wkh
frqwh{w ri dvvhpeo| olqhv1

Zh qrz glvfxvv wkh vwuxfwxuh ri wkhvh sureohpv dqg wklv lv wkh duhd ri
eorfnlqj v|vwhpv1

Gh�qlwlrq 4 D idplo| S/ ri vxevhwv ri d �qlwh vhw H wkdw vdwlv�hv wkh
uhodwlrq= S 5 S/ T � S @, T @5 S/ lv fdoohg d foxwwhu rq H1

Gh�qlwlrq 5 Ohw S dqg N eh foxwwhuv rq d �qlwh vhw H vdwvli|lqj wkh surs0
huw|=

; H3 � H h{dfwo| rqh ri wkh iroorzlqj lv wuxh=
+l, < S 5 S 6 S � H3

+ll, <N 5 N 6 N � +H �H3,=
Wkhq zh fdoo wkh wulsoh ^H/ S / N` d eorfnlqj v|vwhp1 Qrwh wkdw lq wklv

fdvh wkh wulsoh ^H>N>S` lv d eorfnlqj v|vwhp1 Hdfk ri S dqg N duh vdlg wr
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eh wkh eorfnhu ri wkh rwkhu1 Wkh zrug �wkh� lq wkh deryh zloo eh vkrzq wr
eh ydolg odwhu1

Ohppd 4 Li ^H>S>N` lv d eorfnlqj v|vwhp wkhq S _N 9@ ! ; S 5 S dqg
; N 5 N1 Frqyhuvho|/ li S dqg N duh foxwwhuv rq H vdwlvi|lqj wklv uhodwlrq
wkhq erwk +l, dqg +ll, deryh fdq qrw eh wuxh1

Surri = Ohw ^H>S>N` eh d eorfnlqj v|vwhp1 Li < S dqg N 6 S _N @ !/
wkhq wdnlqj H3 @ S ylrodwhv wkh h{dfwo| rqh vwdwhphqw1 Wkh frqyhuvh lv
fohdu1

Wkhruhp 5 Ohw S eh d foxwwhu rq H1 < d xqltxh foxwwhu N rq H 6 ^H>S>N`
lv d eorfnlqj v|vwhp1 Lw lv wklv wkdw mxvwl�hv wkh zrug �wkh� lq wkh deryh1

Surri = Iluvw zh frqvwuxfw d foxwwhu N wkdw uhqghuv ^H>S>N` d eorfnlqj
v|vwhp1 Iru wklv ohw I @ ^V � H = V _ S 9@ ! ; S 5 S`1 Qrwh wkdw
I 9@ !1 Ohw N @ ^N 5 I = N 3 � N @, N 3 @5 I `1 Khqfh/ S _ N 9@ !
; S 5 S dqg ; N 5 N1 Wkxv erwk +l, dqg +ll, fdq qrw eh wuxh iru wklv
sdlu1 Fohduo| N lv d foxwwhu rq H1 Vxssrvh iru H3 � H/ +l, lv qrw wuxh1
Wkhq ; S 5 S / +H � H3, _ S 9@ ! dqg khqfh +H � H3, 5 I dqg khqfh
< N 5 N 6 N � +H �H3, 1 Khqfh ^H>S >N` lv d eorfnlqj v|vwhp1
Qrz zh vkrz wkdw li < N3 6 ^H>S>N3`` lv dovr d eorfnlqj v|vwhp wkhq

N � N31 Vxssrvh qrw> < N 5N�N31 Frqvlghu wkh sduwlwlrq +H�N>N,1 +ll,
lv vdwlv�hg zlwk uhvshfw wr ^H>S >N` dqg khqfh < qr S 5 S 6 S � +H�N,1
Khqfh +l, lv qrw vdwlv�hg iru wklv sduwlwlrq iru erwk v|vwhpv dqg khqfh +ll,
lv iru erwk1 Khqfh < N3 � N 6 N3 5N31 Uhfdoo N @5N dqg khqfh N 3 9@ N1
Qrz frqvlghu wkh sduwlwlrq +H � N3>N 3,1 Vlqfh +ll, lv vdwlv�hg iru wklv
sduwlwlrq iru wkh v|vwhp ^H>S>N3` < qr S � +H �N3, dqg khqfh xvlqj wkh
v|vwhp ^H>S>N` < N% � N3 6 N% 5N1 Wklv lv d frqwudglfwlrq wr wkh idfw
wkdw N lv d foxwwhu1

Wkhruhp 6 Ohw ^H>S >N` eh d eorfnlqj v|vwhp dqg ohw i = H :�$ U eh d
ixqfwlrq rq H1 Wkhq=

pd{
S5S

plq
h5S

i+h, @ plq
N5N

pd{
h5N

i+h,=

Frqyhuvho|/ li S dqg N duh foxwwhuv vdwlvi|lqj wklv uhodwlrq iru doo 3@4ydoxhg
i / wkhq ^H>S >N` lv d eorfnlqj v|vwhp1
Surri = Li ^H>S >N` lv d eorfnlqj v|vwhp/ vlqfh S _N 9@ ! ; S 5 S / ;N 5 N
/ lw lv hdv| wr yhuli| wkdw=

plq
h5S

i+h, � i+ah, � pd{ i+h, ; S 5 S>; N 5 N

zkhuh ah 5 S _N1 Khqfh=

pd{
S5S

plq
h5S

i+h, � plq
N5N

pd{
h5N

i+h,=
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Vlqfh S dqg S 5 S kdyh �qlwho| pdq| hohphqwv/ ohw
pd{S5S plqh5S i+h, @ plqh5S� i+h, @ i+h�,1
Gh�qh H3 @ ^h 5 H = i+h, A i+h�,` dqg aH3 @ ^h 5 H = i+h, � i+h�,`1

Ehfdxvh ri wkh deryh htxdwlrq/ < S 5 S 6 S � aH3 +vd| S �, dqg khqfh
qr N � +H � aH3,1 Dovr e| wkh deryh < qr S � H3 dqg khqfh < N� �
+H�H3,1 Wkh htxdwlrq lq wkh wkhruhp krogv iru wklv N� dqg S�1 Wr vkrz
wkh frqyhuvh/ ohw H3 � H1 Gh�qh i dv iroorzv=

i+h, @

�
4
3

h 5 H3

h @5 H3

Li < S � H3/ wkhq=

pd{
S5S

plq
h5S

i+h, @ 4 @ plq
N5N

pd{
h5N

i+h,

lpso|lqj N _ H3 9@ ! ; N 5 N1 Khqfh < qr N 5 N 6 N � +H � H3,1 Li <
qr S � H3/ wkhq pd{S5S plqh5S i+h, @ 3 @ plqN5N pd{h5N i+h,1 Wklv
lq wxuq lpsolhv wkdw < N � +H � H3,1 Khqfh wkh frqyhuvh dqg khqfh wkh
wkhruhp1�

415 Pd{0Iorz +Plq0Fxw, Htxdolw|

Ohw D eh wkh lqflghqfh pdwul{ ri hohphqwv ri H +froxpq, dqg phpehuv ri
S 1 Wkxv/

d+S> h, @

�
4
3

h 5 S
h @5 S

Frqvlghu wkh OS=

pd{
S

S5S |+S ,
| � 3S

S5S d+S> h,|+S , � z+h, ; h 5 H=

z+h, lv wr eh wkrxjkw ri dv wkh fdsdflw| ri wkh hohphqw h1 Wkh vshfldo fdvh
zkhuh H uhsuhvhqwv wkh hgjhv +dufv, ri dq xqgluhfwhg +gluhfwhg, qhwzrun dqg
S uhsuhvhqwv wkh vhw ri doo sdwkv +gluhfwhg sdwkv, iurp d qrgh v wr d qrgh
w vkrxog eh xvhg iru sxusrvhv ri irfxvlqj rq frqfuhwh h{dpsohv1 Lq vxfk d
fdvh N uhsuhvhqwv wkh fxwv vhsdudwlqj v dqg w1
D uhodwhg sureohp lv= plqN5N

S
h5N z+h,1 Iru wkh vshfldo fdvh dooxghg

wr deryh wkh ydoxh ri erwk sureohpv duh htxdo ; z � 3 +wklv iroorzv iurp
OS gxdolw|,> ixuwkhu/ li z lv lqwhjudo/ wkhq wkh OS kdv rswlpdo vroxwlrqv
wkdw duh +frpsrqhqwzlvh, lqwhjudo1
D eorfnlqj v|vwhp lv vdlg wr vdwlvi| pd{0 rz0plq0fxw htxdolw| li wkh wzr

ydoxhv duh htxdo iru doo z � 31 Ixuwkhu/ li wkh OS kdv lqwhjudo vroxwlrqv iru
doo qrqqhjdwlyh lqwhjudo z wkhq wkh v|vwhp lv vdlg wr vdwlvi| wklv htxdolw|
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vwurqjo|1 Li zh lqwhufkdqjh wkh urohv ri S dqg N zh jhw= plq0sdwk sureohp
+wkh OS, dqg plq0sdwk htxdolw|1 Qrw doo eorfnlqj v|vwhpv vdwlvi| hlwkhu ri
wkhvh wzr1 Iru h{dpsoh frqvglhu= H @ i4> 5> ===> +5n � 4,j dqg S @ iS �
H = mS m @ nj @ N1 Wklv h{dpsoh rffxuv lq pxowlshuvrq jdph wkhru| dqg lv
fdoohg �pdmrulw| jdph�1 Zh zloo vkrz wkdw wklv h{dpsoh grhv qrw vdwlvi|
wkhvh htxdolwlhv e| vkrzlqj wkdw wkh| gr qrw vdwlvi| dq lqhtxdolw| fdoohg wkh
ohqjwk0zlgwk lqhtxdolw| ghvfulehg ehorz1
Ohw ^H>S>N` eh d eorfnlqj v|vwhp dqg ohw o = H :�$ U. dqg z = H :�$

U. eh wzr ixqfwlrqv gh�qhg rq H1 Ohw

� @ plq
S5S

[
h5S

o+h,

dqg

 @ plq

N5N

[
h5N

z+h,

Ohqjkw0Zlgwk lqhtxdolw| lv vdlg wr krog iru d eorfnlqj v|vwhp ^H>S>N`
li/
�=
 �Sh5H o+h,=z+h, ; o> z 5 U.1 Qrwh wkdw wklv lqhtxdolw| lv v|pphw0

ulf zlwk uhvshfw wr wkh uroh ri wkh wzr foxwwhuv zkhuh dv wkh suhylrxv wzr
zhuh qrw +dowkrxjk wkh wzr htxdolwlhv wkhpvhoyhv zhuh,1 Qrw doo eorfnlqj
v|vwhpv vdwlvi| wklv lqhtxdolw|1 Krzhyhu/ zh kdyh wkh iroorzlqj lqwhuhvwlqj
wkhruhp1

Wkhruhp 7 Ohw ^H>S >N` eh d eorfnlqj v|vwhp1 Wkhq hlwkhu doo ri wkh iro0
orzlqj duh qrqh ri wkhp krogv=

+l,pd{0 rz0plq0fxw iru wkh rughuhg sdlu ^S>N`
+ll,pd{0 rz0plq0fxw iru wkh rughuhg sdlu ^N>S `
+lll,ohqjwk0zlgwk lqhtxdolw| iru wkh xqrughuhg sdlu iS>Nj1

Surri = Lw vx!fhv wr vkrz wkdw +l,+,+lll,1
@,=Ohw O+S , @

S
h5S o+h, dqg |� eh dq rswlpdo vroxwlrq wr wkh OS=

pd{
S

S5S |+S ,
| � 3S

S5S d+S> h,|+S , � z+h, ;h 5 H

�=
 @ �=
S

S5S |
�+S , �SS5S |

�+S ,=O+S ,
@
S

S5S ^|
�+S ,=h

S
h5S o+h,` @

S
S5S ^|

�+S ,
S

h5H o+h,d+S> h,`
@
S

h5H o+h,^
S

S5S |
�+S ,d+S> h,` �Sh5H o+h,=z+h,

+@= Frqvlghu wkh gxdo ri wkh OS deryh1 Lw fdq eh zulwwhq dv=

plq
S

h5H z+h,{+h,
{ � 3S

h5H d+S> h,{+h, � 4 ; S 5 S
Ohw lwv rswlpdo vroxwlrq eh o�+h, � 31 Wkh frqvwudlqwv lpso| wkdw O�+S , @S

h5H o
�+h, � 4 ; S 5 S 1 Vlqfh 
 uhsuhvhqwv wkh rswlpdo ydoxh dprqj

lqwhjudo vroxwlrqv wr wklv OS dqg xvlqj OS gxdolw| zh jhw=
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 �
[
S5S

|�+S ,

Li vwulfw lqhtxdolw| krogv/ ohwwlqj=

�� @
[
S5S

[
h5S

o�+h, � 4

zh jhw d ylrodwlrq ri ohqjwk0zlgwk lqhtxdolw| iru z dqg o�1 Khqfh wkh
wkhruhp1�
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Wklv lv sdjh yll
Sulqwhu= Rsdtxh wklv

5
Eorfnlqj dqg Dqwleorfnlqj
Sro|khgud

Pxfk ri wklv lv edvhg rq wkh slrqhhulqj zrun ri G1U1Ixonhuvrq1 Lw lv
pdlqo| frqfhuqhg zlwk wkh zhoo nqrzq vhw sdfnlqj dqg vhw fryhulqj sureohpv
vwdwhg ehorz iru d jlyhq 3@4 pdwul{ D dqg dq lqwhjudo yhfwru z1=
Vhw Sdfnlqj Sureohp=

pd{ hw|
Dw| � z

| � 3> lqwhjhu

Vhw Fryhulqj Sureohp=

plq hw|
Dw| � z

| � 3> lqwhjhu`

Iru erwk sureohpv/ zh pd| dvvxph zlwkrxw orvv wkdw zh gr qrw kdyh wzr
urzv Dm= dqg Dn= 6 Dm= � Dn=1 Zh frqvlghu wkh dqdo|vlv ri wkh vhw sdfnlqj
fdvh dqg lwv frqwlqxrxv yhuvlrq �uvw1

514 Eorfnlqj Sro|khgud

Wkh OS gxdo ri wkh deryh sdfnlqj sureohp lv=

plqzw{
D{ � h> { � 3
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Wkh vhw ri ihdvleoh vroxwlrqv wr wklv OS lv dq xqerxqghg sro|khgurq dqg zloo
eh ghqrwhg e| E1 E lv wkh yhfwru vxp ri wkh frqyh{ kxoo ri lwv h{wuhph srlqwv
ie4> e5> ===> euj dqg wkh qrqqhjdwlyh ruwkdqw Uq

.1 Doo wklv idqf| vwdwhphqw
phdqv lv wkdw wkh h{wuhph ud|v duh wkh xqlw yhfwruv1 Wkdw wkhvh duh wkh
h{wuhph ud|v iroorzv iurp wkh idfw wkdw { � 3 @, D{ � 3 vlqfh D � 31

Gh�qlwlrq 6 Wkh lwk urz/ Dl= ri D lv vdlg wr eh lqhvvhqwldo li < =

� � 3>6 Dl= �
[
m 9@l

�mDm >
[
m 9@l

�m @ 4

Wklv lv htxlydohqw wr wkh lwk frqvwudlqw lq wkh gh�qlwlrq ri E ehlqj uhgxq0
gdqw1

Gh�qlwlrq 7 D lv surshu li < qr lqhvvhqwldo urzv1

Gh�qlwlrq 8 Wkh eorfnhu aE ri E lv gh�qhg e| wkh uhodwlrq=

aE @ i| = | � 3> |w{ � 4 ; { 5 Ej
Wkh iroorzlqj duh erulqj exw xvhixo uhvxowv1

Wkhruhp 8 Ohw d eh d surshu p � q pdwul{ zkrvh urzv duh idl> 4 � l �
pj1 Ohw E/ aE/ dqg ien> 4 � n � uj eh gh�qhg dv deryh1 Ohw E eh d u � q
pdwul{ zlwk En= @ en1 Ohw D eh gh�qhg e| wkh uhodwlrq=

D @ i| = | � 3>E| � hj
Wkhq=

+l, aE @ D
+ll,E lv surshu dqg wkh h{wuhph srlqwv ri D duh wkh urzv ri D
+lll, aD @E zkhuh

aD @ ^{ = { � 3>{w| � 4 ; | 5 D`
Surri = +l, D �aE = Ohw | 5 D dqg { 5 E1 Vlqfh { 5 E/ < �l � 3 dqg g � 3
vdwlvi|lqj wkh uhodwlrqv=

{ @
u[

l@4

�lEl= . g>
[

�l @ 4

Qrz lw lv d vlpsoh pdwwhu wr yhuli| wkdw {w| � 4 dqg khqfh | 5 aE1
E � D =

| 5 aE @,| � 3> |w{ � 4 ; { 5 E
.

| � 3> |wEl= � 4> 4 � l � u
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.
| 5 D

+ll, E lv surshu= Vxssrvh=

E4= �
u[

l@5

�lEl= @ |>�l � 3>
[
l

�l @ 4

Ohw E4= @ | . }> } � 31 Li } @ 3/ wkhq E4= lv qrw dq h{wuhph srlqw ri
E1 Li } 9@ 3/ wkhq | @ 4

5 ^+| . 4
5}, . +| . 6

5},` dqg wkhvh duh srlqwv lq E
frqwudglfwlqj wkh h{wuhph srlqw qdwxuh ri E4=1 Khqfh E lv surshu1
Qrz zh vkrz wkdw wkh h{wuhph srlqwv ri D duh wkh urzv ri wkh pdwul{ D1

Ohw F @frqyh{ kxoo ri id4> d5> ===> dpj1 Zh zlvk wr vkrz wkdw D @ F .Uq

.1
D � F .Uq

. = Ohw { 5 F .Uq

.1
{ @

Sp
l@4 �ld

l . }>�l � 3>
S

�l @ 4> } � 31 Lw lv hdv| wr yhuli| wkdw
E{ � h dqg khqfh { 5 D1
D @ F .Uq

. = Li qrw/ < e 5 Uq
. dqg � 5 U 6e{ � � ; { 5 F .Uq

. dqg
e| ? � iru vrph | 5 D e| vhsdudwlrq wkhruhp lq frqyh{lw|1 Wklv lq wxuq
lpsolhv wkdw e � 3 dqg khqfh � A 31 Khqfh e

�
5 E dqg wkhuhiruh e|

�
� 4

dqg wklv lv d frqwudglfwlrq dqg khqfh D @ F . Uq

.1 Wkxv/ wkh h{wuhph
srlqwv ri D duh dprqj wkh urzv ri D1 Qrz zh vkrz wkdw hdfk urz ri D
lv dq h{wuhph srlqw ri D1 Vxssrvh D4= lv qrw1 Wkhq D4= @

4
5+{. |, zkhuh

{ @
Sp

l@4 �lDl=.t 9@ D4= dqg | @
Sp

l@4 �lDl=.s 9@ D4=1 Khqfh �4.�4 � 51
Khqfh
D4= @

4
5 ^
Sp

l@4+�l . �l,Dl= . +s. t,`1
�Sp

l@5+
�l

4��l ,Dl= zkhuh �l @
4
5+�l . �l,1 Wklv lv d frqwudglfwlrq wr wkh

k|srwkhvlv wkdw D lv surshu1
aD @ E = E| +l, aD @ i{ = {| � 4 ; | 5 aEj1 { 5 E @, {| � 4 ; | 5 aE1

Khqfh E � aD1 Vlqfh e| +ll,/ h{wuhph srlqwv ri D duh wkh urzv ri D/ { 5
aD @, { � 3>D{ � h1 Khqfh { 5 E1 Khqfh wkh odvw sduw ri wkh wkhruhp1�
Wkhruhp 9 Ohw D dqg E eh qrqqhjdwlyh/ surshu pdwulfhv1 Ohw D dqg E
eh gh�qhg e|=

E @ ^{ = { � 3>D{ � h`

D @ ^| = | � 3>E| � h`

Ohw aD dqg aE eh gh�qhg dv ehiruh1 Ohw rqh ri +l, aD @ E ru +ll,aE @ D eh wuxh1
Wkhq/ wkh rwkhu lv dovr wuxh dqg h{wuhph srlqwv ri D duh wkh urzv ri E dqg
wkrvh ri E duh wkh urzv ri D1
Surri = Vxssrvh +ll, lv wuxh1 Ohw F eh wkh pdwul{ ri h{wuhph srlqwv ri E
dqg ohw F @ ^| = | � 3>F| � h`1 Vlqfh F lv aE e| wkhruhp 4/ F @ D1 Exw
e| wkhruhp 4/ aF @ E1 Khqfh +l, lv wuxh1 Dovr e| wkhruhp 4/ h{wuhph srlqwv
ri F duh wkh urzv ri D1 Khqfh wkh h{wuhph srlqwv ri D duh wkh urzv ri D1
Vlqfh F @ D/ dqg E lv surshu dqg vr lv F> khqfh E @ F1
Sdluv ri pdwulfhv +D>E, wkdw vdwlvi| wkh deryh duh fdoohg d eorfnlqj sdlu1
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Gh�qlwlrq 9 Pd{0plq Htxdolw| krogv iru wkh rughuhg sdlu ri pdwulfhv
+D>E,+, plqm Em=z @ ^pd{ hw| = Dw| � z> | � 3` ; z � 31

Gh�qlwlrq : Plq0plq Lqhtxdolw| +dovr nqrzq dv ohqjwk0zlgwk lqhtxdolw|,
krogv iru wkh xqrughuhg sdlu iD>Ej ri pdwulfhv+, o=z � ^plqlDl=o`=^plqm Em=z` ; o �
3> ; z � 31

Wkhruhp : Pd{0plq htxdolw| krogv iru wkh rughuhg sdlu ri pdwulfhv +D>E,
l� lw lv d eorfnlqj sdlu> khqfh pd{0plq htxdolw| iru wkh sdlu +D>E, krogv l�
lw krogv iru wkh sdlu +E>D,1

Wkhruhp ; D sdlu ri surshu pdwulfhv +D>E, lv d eorfnlqj sdlu l� +l,Dl=Em= �
4 ; l> m> dqg +ll,plq0plq lqhtxdolw| krogv iru wklv sdlu1

Surri =+6 ) 7,= +d, Ohw D dqg E eh d eorfnlqj sdlu ri pdwulfhv1 Wkhq=
^pd{ hw| = | � 3>Dw| � z` @ ^plqzw{ = { � 3>D{ � h`
@ plq{5E zw{ @ plqm Em==z
Wkxv/ pd{0plq htxdolw| krogv iru wklv sdlu1
+e,Ohw=

� @ plq
l
Dl=o @ plq

|5D
|wo

dqg

 @ plq

m
Em=z @ plq

{5E
{wz

Li hlwkhu ri wkhvh lv }hur/ ohqjwk zlgwk lqhtxdolw| iroorzv wulyldoo|1 Li qhlwkhu
lv }hur/ wkhq zh kdyh=
|+o@�, � 4 ; | 5 D dqg {+z@
, � 4 ; { 5 E1 Khqfh/ o@� 5 aD dqg

{@
 5 aE @ D1 Khqfh +o@�,+z@
, � 4 dqg khfqh ohqjwk0zlgwk lqhtxdolw|
krogv1
+f,Ohw D dqg E eh d sdlu ri surshu pdwulfhv wkdw vdwlvi| wkh ohqjwk zlgwk

lqhtxdolw| dqg frqglwlrq= Dl=Em= � 4 ; l> m 1 Ohw E>D> aE dqg aD eh gh�qhg
dv ehiruh1 Wkhq e| wkhruhp 4/
aE @frqyh{ kxoo ri iD4> D5> ===> Dpj.Uq

. dqg
aD @frqyh{ kxoo ri iE4> E5> ===> Euj.Uq

.

Li { 5 aD dqg | 5 aE/ e| wkh k|srwkhvlv {w| � 41 Wkxv/ aD � E1 Zh zlvk wr
vkrz wkdw E � aD1 Wklv lv wkh vdph dv vkrzlqj e 5 E/ | 5 D @, ew| � 41
Dsso| ohqjwk zlgwk lqhtxdolw| wr e dqg | =

ew| � ^plq
m

Em=|`^plq
l=

Dl=e` � 4

Khqfh wkhruhp 71
+f, Ohw D dqg E eh surshu pdwulfhv vdwlvi|lqj pd{0plq htxdolw|1 Zh

zlvk wr vkrz wkh| duh d eorfnlqj sdlu1 Zh xvh wkh deryh surri1 Ohw E eh
gh�qhg dv ehiruh1 Li En= @5 E/ < z>� vdwlvi|lqj wkh uhodwlrqv=

En=z ? � � zw{ ; { 5 E
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e| vhsdudwlqj sodqh wkhruhp1 E| wkh qdwxuh ri E +xqlw yhfwruv duh h{wuhph
ud|v, z � 3 dqg khqfh � A 31 Exw gxdolw| dqg pd{0plq htxdolw| lpso|=
plq{5E zw{ @ ^pd{ hw| = | � 3>Dw| � z` @ plqm Em=z
dqg wklv lv d frqwudglfwlrq wr wkh deryh1 Khqfh Em= 5 E iru 4 � m � u1

Wkxv/ Dl=Em= � 4 ; l> m1 Qrz zh zloo vkrz wkdw plq0plq lqhtxdolw| krogv
dqg khqfh wkh wkhruhp1
Ohw � @ plqlDl=o/ dqg 
 @ plqm Em=z1 E| pd{0plq htxdolw|/ <

|3 6 Dw|3 � z> |3 � 3> hw|3 @ 


Khqfh=

�=
 @ �+hw|3, @ �
[

|3l �
[

+Dl=o,|
3
l @ +

[
Dl=|

3
l ,o � zwo

Khqfh wkh plq0plq lqhtxdolw| dqg wkh wkhruhp1
Glvfxvvlrq=
Wkh prvw lqwhuhvwlqj fdvh lv zkhq wkh pdwulfhv duh 3@41 Wkh dvvxpswlrq

wkdw wkh| eh surshu pdnhv wkh urzv fruuhvsrqg wr wkh lqflghqfh yhfwruv ri
wkh phpehuv ri d foxwwhu1 Li D lv wkh lqflghqfh pdwul{ ri d foxwwhu/ wkhq �E/
wkh lqflghqfh pdwul{ ri wkh eorfnlqj foxwwhu lv sduw ri wkh eorfnlqj pdwul{
E1 Lq jhqhudo/ E pd| kdyh dgglwlrqdo urzv1 Wkhuh duh/ krzhyhu/ h{dpsohv
lq zklfk E @ �E1 D1Ohkpdq kdv vkrzq wkdw wkhvh duh suhflvho| wkrvh iru
zklfk rqh ri plq0plq lqhtxdolw| ru pd{ 0plq htxdolw| krogv +lq zklfk fdvh
doo ri wkhp krog,1

Gh�qlwlrq ; Ohw D eh wkh lqflghqfh pdwul{ ri d foxwwhu1 Zh vd| wkdw pd{0
plq htxdolw| krogv vwurqjo| iru wkh rughuhg sdlu +D>E, li wkh pd{0plq
htxdolw| krogv iru wklv sdlu dqg wkh OS=

pd{ hw|
Dw| � z> | � 3

kdv lqwhjudo rswlpdo vroxwlrqv iru doo qrqqhjdwlyh lqwhjudo z1

Wkhruhp < D qhfhvvdu| +exw qrw vx!fhqw, frqglwlrq iru pd{0plq htxdolw|
wr krog vwurqjo| iru wkh sdlu +D>E, ghvfulehg deryh lv wkdw E eh wkh eorfnhu
ri D dqg E eh 3@41

Surri =Li E lv qrw 3@4/ wkhuh lv d qrqlqwhjudo h{wuhph srlqw { ri E1 Ohw {4
eh iudfwlrqdo1 Vlqfh { lv dq h{wuhph srlqw/ wkhuh lv d v|vwhp ri q htxdwlrqv
wkdw gh�qh { xqltxho|1 Ohw wkhvh eh =

S
dlm{m @ 4> 4 � l � u

{m @ 3> u . 4 � m � q

Ohw � @ plq^pd{u.4�m�q {m >pd{4�l�u+
S

m dlm{m�4,`/ zkhuh wkh plqlpxp
lv ryhu doo rwkhu h{wuhph srlqwv ri E1 Lw lv hdv| wr vhh wkdw � A 31 Ohw
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P @
	
{4
�



.41 Ohw z @ h4 .P ^

Sq
m@u.4 hm .

Su
l@4Dl=`1 Fohduo| z � 3 dqg

lqwhjudo1 Dovr/
zw{ @ {4 .Pu ? Pu .P� � zw|

iru dq| rwkhu h{wuhph srlqw | ri E1 Khqfh wkh uhvxow1�
Wkh iroorzlqj h{dpsoh vkrzv wkdw wklv frqglwlrq lv qrw vx!fhqw1

Frxqwhu0h{dpsoh= +W1F1Kx,=

Wzr Frpprglw| Sdfnlqj sureohp=

D @ T9 @

5
997

4 4 4 3 3 3
4 3 3 4 4 3
3 4 3 4 3 4
3 3 4 3 4 4

6
::8

dqg lwv eorfnhu E =

E @

5
999999997

4 4 3 3 3 4
4 3 4 3 4 3
3 4 4 4 3 3
3 3 3 4 4 4
4 3 3 4 3 3
3 4 3 3 4 3
3 3 4 3 3 4

6
::::::::8

Jlyhq d 3@4 pdwul{ D lwv eorfnhu pd| ru pd| qrw eh 3@41 Hyhq zkhq lw
lv 3@4/ vwurqj pd{ 0plq htxdolw| pd| krog iru qhlwkhu/ ru rqh ru erwk ri wkh
v|vwhpv xqghu frqvlghudwlrq1 Qr ixuwkhu fkdudfwhul}dwlrq h{lvwv iru dq| ri
wkhvh fdvhv1 Wklv lv lq vwdun frqwudvw zlwk wkh fdvh lq dqwleorfnlqj v|vwhpv
dv zh zloo vkrz qh{w1

515 Dqwleorfnlqj Sro|khgud

Zh qrz frqvlghu fryhulqj sureohpv=

plq hw|
Dw| � z> | � 3

Wkh gxdo ri wklv OS lv=
pd{zw{

D{ � h>{ � 3

Ohw wkh vhw ri ihdvleoh vroxwlrqv wr wklv gxdo eh ghqrwhg e| F1 F lv erxqghg
l� D kdv d srvlwlyh hqwu| lq hdfk froxpq dqg zh zloo dvvxph wkdw wklv lv
wkh fdvh iurp qrz rq1 Li zh ohw wkh h{wuhph srlqwv ri F eh El=> 4 � l � u



515 Dqwleorfnlqj Sro|khgud {lll

wkhq F lv wkhlu frqyh{ kxoo1 lwk urz ri D lv lqhvvhqwldo li wkh fruuvsrqglqj
frqvwudlqw lv uhgxqgdqw> l1h1 li=

< � � 3>
[
m 9@l

�m @ 4 @, Dl= �
[
m 9@l

�mDm=

Wkh dqwleorfnhu aF/ ri F lv gh�qhg e| wkh uhodwlrq=

aF @ ^| = |w{ � 4 ; { 5 F`=
Pruh erulqj exw xvhixo wkhruhpv=

Wkhruhp 43 Ohw D eh qrqqhjdwlyh pdwul{ zlwk qr }hur froxpqv dqg ohw
F dqg aF eh gh�qhg dv deryh1 Ohw wkh h{wuhph srlqwv ri F eh ie4> e5> ===> euj1
Ohw E eh gh�qhg e| El= @ el1 Wkhq/ E � 3/ kdv qr }hur froxpqv dqg li
G @ ^| = | � 3>E| � h` wkhq G @ aF dqg aG @ F1
Surri = Fohduo| E � 31 Vlqfh wkhuh duh qr }hur froxpqv lq D/ wkh odujhvw
hohphqw �l lq wkh lwk froxpqri D lv srvlwlyh1 Khqfh rqh ri wkh urzv ri E lv
wkh yhfwru hl@�l1 Khqfh qr froxpq ri E lv wkh }hur yhfwru1
G � aF = Ohw | 5 G dqg { 5 F1 Vlqfh { @

S
�le

l> {w| � 41 Khqfh | 5 aF1
aF � G = Wulyldo1
aG @ F = Fohduo| F � aG1 Vxssrvh { 5 aG�F1 Khqfh < Dl= 6 Dl={ A 41 Exw

Dl= 5 aF dqg khqfh Dl= 5 G1 Exw { 5 aG lv d frqwudglfwlrq wr wklv1 Khqfh wkh
uhvxow1�
Wkh iroorzlqj sdlu lv dq dqwleorfnlqj sdlu=

D @

5
7 3 4 4

4 3 4
4 4 3

6
8 E @

5
99997

3 3 3
4 3 3
3 4 3
3 3 4
4
5

4
5

4
5

6
::::8

D kdv qr lqhvvhqwldo urzv> rqo| wkh �uvw urz ri E lv lqhvvhqwldo1 Li zh
vwduw zlwk E ru lwv hvvhqwldo urzv/ wkhq zh jhw dv lwv dqwleorfnhu qrw rqo|
wkh urzv ri D exw dovr wkh yhfwruv 3> hl> 4 � l � 61 Qrwlfh wkdw li wkhvh
duh dsshqghg wr wkh urzv ri D wkhq wkhvh zrxog eh lqhvvhqwldo urzv1 Dovr/
wkhvh duh surmhfwlrqv ri wkh urzv ri D1 Wklv lv qrw d frlqflghqfh dv vkrzq
e|=

Wkhruhp 44 Ohw D eh d qrqqhjdwlyh pdwul{ dqg ohw F eh gh�qhg dv ehiruh1
Ohw e> e4> ===> ev eh srlqwv ri F 6e � f @

Sv
l@4 �le

l>� A 3>
S

l �l @ 41 Dovr/
vxssrvh e lv dq h{wuhph srlqw ri F1 Wkhq/ e lv d surmhfwlrq ri el iru vrph l1
Surri =Li e @ f/ wkhq zh duh grqh1 Li e @ 3/ wkhq dovr wkh uhvxow lv wulyldo1
Khqfh zlwkrxw orvv/ ohw= e @ +�4> �5> ===> �n> 3> 3> ===> 3, zlwk �l A 3 iru 4 � l �
n dqg f @ +f4> f5> ===> fq,1 Vlqfh e lv dq h{wuhph srlqw ri F/ < d n�n vxepdwul{
H ri D 6 wkh v|vwhp= H{ @ h kdv d xqltxh vroxwlrq { @ +�4> �5> ===> �n,1



{ly 51 Eorfnlqj dqg Dqwleorfnlqj Sro|khgud

Krzhyhu/ H| � H{ @ h zkhuh | @ +f4> f5> ===> fn,1 Exw f 5 F dqg khqfh
H| � h dqg khqfh H| @ h1 Khqfh | @ { dqg khqfh e lv d surmhfwlrq ri rqh
ri wkh el1�

Gh�qlwlrq < D sdlu ri pdwulfhv D dqg E 6wkh sro|khgud F dqg G gh�qhg
dv deryh duh dq dqwleorfnlqj sdlu duh wkhpvhoyhv dq dqwleorfnlqj sdlu ri
pdwulfhv1

Wkhruhp 45 Ohw D eh dq p� q lqflghqfh pdwul{ ri d foxwwhu ri vxevhwv
Vl> 4 � l � p ri wkh vhw i45> ===> qj1 Vxssrvh d kdv qr }hur froxpqv1 Ohw E
eh lwv dqwleorfnhu dqg ohw F dqg G eh gh�qhg dv ehiruh1 Wkhq/ wkh h{wuhph
srlqwv ri wkh w|sh glvfxvvhg lq wkhruhp : duh suhflvho| wkh urzv ri D wrjhwkhu
zlwk doo lqflghqfh yhfwruv ri vxevhwv ri wkh vhwv Vl +zklfk fruuhvsrqg wr
surmhfwlrqv ri urzv ri D,1

Wkhruhp 46 Ohw D>E eh dq dqwleorfnlqj sdlu ri pdwulfhv dqg ohw aD> aE
eh rewdlqhg e| ghohwlqj lwk iurp D dqg E uhvshfwlyho|1 Wkhvh irup dq dq0
wleorfnlqj sdlu1

516 Uhodwlrq Ehwzhhq Eorfnlqj dqg
Dqwleorfnlqj Sro|khgud

Ohppd 47 Ohw H eh d vtxduh qrqvlqjxodu 3@4 pdwul{1 Vxssrvh wkdw wkh
v|vwhp= H{ @ h kdv d +xqltxh, vroxwlrq { � 3 6 hw{ A 41 Ohw �H @ M � H/
zkhuh M lv wkh pdwul{ doo ri zkrvh hohphqwv duh 4 +ri wkh vdph vl}h dv H,1
Wkhq/ wkh v|vwhp �H| @ h dovr kdv d xqltxh vroxwlrq | � 3 6 hw| A 41

Wkhruhp 48 Ohw D eh dv lq wkhruhp < zlwk qr froxpq frqvlvwlqj rqo|
ri rqhv1 Ohw E eh wkh u � q eorfnlqj pdwul{ ri D dqg ohw �m @ hwEm=1 Ohw
�D @ M � D zlwk M ehlqj wkh vdph vl}h pdwul{ doo ri zkrvh hqwulhv duh 41
Wkhq/ wkh dqwleorfnhu ri �D lv wkh pdwul{ zkrvh urzv duh=

Em=@+�m � 4,> 4 � m � u dqg hl> 4 � l � q1

517 Dqwleorfnlqj Sro|khgud Jhqhudwhg e|
f*� Pdwulfhv

Gh�qlwlrq 43 Ohw D eh 3@4 dqg ohw E eh lwv dqwleorfnhu1 Zh vd| wkdw plq0
pd{ htxdolw| krogv vwurqjo| iru wkh rughuhg sdlu +D>E, li plq0pd{ htxdolw|
krogv iru wklv sdlu ri pdwulfhv dqg wkh OS= ^plq hw| = Dw| � z> | � 3`
kdv lqwhjudo rswlpdo vroxwlrqv iru doo lqwhjudo z iru zklfk lw kdv rswlpdo
vroxwlrqv1
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Ohppd 49 Ohw D eh 3@4 dqg ohw E eh lwv dqwleorfnhu1 D qhfhvvdu| frqgl0
wlrq iru wkh plq0pd{ htxdolw| wr krog vwurqjo| iru wkh rughuhg sdlu +D>E,
lv wkdw E eh dovr 3@41 +Khuh zh rqo| orrn dw hvvhqwldo urzv ri E,1

Surri =Li d urz ri E lv qrw 3@4 wkhq lw lv qrw lqwhjudo dqg frqyhuvho|1 Ohw
{ eh dq h{wuhph srlqw ri F 6 {4 lv iudfwlrqdo1 Ohw wkh htxdwlrqv gh�qlqj {
eh= [

dlm{m @ 4> 4 � l � u +514,

{m @ 3> u . 4 � m � q +515,

Ohw=

M @ ^m = u . 4 � m � q> hm �
u[
l@4

Dl=`

�4 @ plq^ pd{
4�l�u

+4�
[
m

dlm{m,`

zkhuh wkh plq lv ryhu doo h{wuhp srlqwv qrw vdwlvi|lqj 514 dqg

�5 @ plq
m5M

^{m `

zkhuh wkh plq lv ryhu doo h{wuhph srlqwv qrw fryhuhg lq wkh deryh dqg
zklfk gr qrw vdwlvi| +--,1 Qrwh wkdw wkhvh wzr frqglwlrqv fryhu doo rwkhu
h{wuhph srlqwv h{fhsw {1 Dovr erwk wkhvh txdqwlwlhv duh srvlwlyh1 Ohw p @
g+4� {

4
,@�5h > P @ pd{^p> g+4� {4,@�4h` dqg z @ h4 .P+

Su
l@4Dl=, �

p+
S

m5M hm, � 3 dqg lqwhjudo1 Dovr=
zw{ @ Pu . {4 dqg zw| � Pu �P�4 . 4 � Pu . {4 iru doo h{wuhph

srlqwv ri wkh nlqg xvhg lq gh�qlqj �
4
1 zw| �Pu. 4�p�5 �Pu. {4 iru

doo h{wuhph srlqwv xvhg lq gh�qlqj �51 Khqfh { lv rswlpdo dqg wkh ydoxh lv
iudfwlrqdo dv ghvluhg1 Khqfh wkh ohppd1�
Vxusulvlqjo|/ wklv frqglwlrq dovr wxuqv rxw wr eh vx!flhqw1 Frqwudvw wklv

zlwk wkdw lq eorfnlqj sro|khgud1

Wkhruhp 4: Ohw D eh 3@4 zlwk qr }hur froxpqv dqg ohw E eh lwv dq0
wleorfnhu1 Plq0pd{ htxdolw| krogv vwurqjo| iru wkh rughuhg sdlu +D>E, l�
hdfk hvvhqwldo urz ri E lv 3@41 Khqfh/ li wkh plq0pd{ htxdolw| krogv iru wkh
rughuhg sdlu +D>E, wkhq lw dovr krogv iru wkh rughuhg sdlu +E>D,1 Wklv odvw
uhvxow lv nqrzq dv wkh soxshuihfw judsk wkhruhp1

Surri =Zh qhhg rqo| suryh wkh vx!flhqf|1 Vxssrvh D dqg E duh 3@4 dqg
duh dq dqwleorfnlqj sdlu1 Fohduo| plq0pd{ htxdolw| krogv � zh duh rqo|
wu|lqj rw vkrz wkdw lw krogv vwurqjo|1 Zh zloo surgxfh dq lqwhjhu rswlpdo
vroxwlrq rw wkh OS= ^plq hw| = | � 3>Dw| � z` iru lqwhjudo z1 Zh gr wklv
e| dq dojrulwkp1 Xvlqj wkh idfw wkdw hvvhqwldo urzv ri E duh wkh h{wuhph
srlqwv ri F dqg khqfh wkhvh duh 3@4 dqg xvlqj OS gxdolw| zh kdyh=

hw|� @ pd{
m

zwEm= @ 
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dqg vlqfh E lv 3@4/ 
 lv dq lqwhjhu1 Rxu surfhvv lv dq lqgxfwlrq rq wkh
ydoxh ri 
1 Fohduo| zh pd| vxssrvh wkdw z � 31 Li z lv qrw A 3/ wkhq
zh kdyh wkh vdph OS rq d froxpq vxepdwul{ iru zklfk wkh dqwleorfnhu lv
wkh fruuhvsrqglqj froxpq vxepdwul{ ri E dqg wkh vdph dujxhphqw fdq eh
uhshdwhg1 Li z @ 3/ wkhq 
 @ 3 dqg |� @ 3 lv wkh uhtxluhg lqwhjhu vroxwlrq
lq wkh odwwhu fdvh1 Khqfh zh zloo dvvxph zlwkrxw orvv wkdw z A 3 dqg khqfh

 A 31 Zh vwduw zlwk | @ 3 dqg �exlog� |� vwhs e| vwhs1 Ohw=

zwEm1

�
@ 

? 


4 � m � n
n . 4 � m � u

Wkh v|vwhp=

{wEm1

�
@ 4
� 4

4 � m � n
n . 4 � m � u

kdv d qrqqhjdwlyh vroxwlrq z@
1 Khqfh < dq h{wuhph srlqw/ }/ ri wkh sro|0
khgurq=

T @ i{ = { � 3j _ i{ = {wEm1

�
@ 4
� 4

4 � m � n
n . 4 � m � u

j

Exw hdfk vxfk h{wuhph srlqw ri T lv dovr dq h{wuhph srlqw ri G dqg khqfh }
lv d urz ri D ru wkh surmhfwlrq ri vxfk d urz1 Ohw } eh Dl= ru lwv surmhfwlrq1
Lqfuhdvh |l e| rqh dqg fkdqjh z e| wkh uhodwlrq=
zqhz @ zrog � Dw

l= 1 Ghohwh doo froxpqv ri D dqg E wkdw fruuhvsrqg
wr qrqsrvlwlyh frpsrqhqwv lq zqhz1 Wklv |lhogv D3> E3> z3 A 31 Wkh sdlu
+D3>E3, lv dq dqwleorfnlqj sdlu1 Khqfh=

4 � Dw
l=Em= � }wEm= @ 4> 4 � m � n

.

Dw
l=Em= @ 4> 4 � m � n

Dw
l=Em= @ 3@4> n . 4 � m � u=

.

pd{
m

+z3,wE3m= @ pd{
m

+zwEm= �Dw
l=E

3
m=, @ 
� 4

Zh qrz uhshdw wkh surfhvv dqg lq wklv pdqqhu exlog xs dq qrqqhjdwlyh
lqwhjhu yhfwru | 6

Dw| � z> hw| @ 


Wklv frpsohwhv wkh surri ri wkh wkhruhp1�
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Uhpdunv

4 Zh gr qrw nqrz wkh htxlydohqw surfhvv iru eorfnlqj v|vwhpv1 Vhh uh0
pdunv wkhuh1

5 Li D lv wrwdoo| xqlprgxodu/ lw lv fohdu wkdw lwv dqwleorfnhu lv 3@4 dqg
khqfh plq0pd{ htxdolw| krogv iru erwk wkh sdluv+D>E, dqg +E>D,1
Qrwh wkdw E pd| qrw eh wrwdoo| xqlprgxodu1 Vhh h{dpsoh ghdolqj zlwk
uljlg flufxlw judskv1

6 Wkhuh duh h{dpsohv zkhuh wkh vwurqj plq0pd{ htxdolw| lv wulyldo iru
rqh rughu exw qrw iru wkh rwkhu> |hw wklv wkhruhp suryhv wkhvh uhvxowv
duh htxlydohqw1

7 Ohw D eh wkh lqflghqfh pdwul{ ri d foxwwhu1 Ohw E eh wkh lqflghqfh
pdwul{ ri wkh dqwleorfnhu ri D dqg ohw wkh vwurqj plq0pd{ htxdolw|
krog iru wkh sdlu +D>E,1 Wkhq/ D lv wkh +foltxh0qrgh, lqflghqfh pdwul{
ri d idplo| ri pd{lpdo foltxhv ri d judsk J dqg E lv wkh lqflghqfh
pdwul{ ri wkh idplo| ri +dqwlfoltxhv, lqghshqghqw vhwv +wr qrghv, ru
htxlydohqwo| wkh foltxh qrgh lqflghqfh pdwul{ ri wkh frpsohphqw judsk
�J1

Surri =Zh frqvwuxfw wkh judsk J dv iroorzv1 Wkh qrghv ri J fruuhvsrqg wr
wkh froxpqv ri D1 Wkhuh lv dq hgjh +l> m, lq J+, D=l=D=m � 41 Vxfk d judsk
lv fdoohg wkh lqwhuvhfwlrq judsk ri wkh pdwul{ D1 E| wkh suhylrxv uhvxowv/
vwurqj plq0pd{ htxdolw| +,E lv 3@4+, F kdv 3@4 h{wuhph srlqwv1 Qrwh
wkdw doo 3@4 srlqwv ri F duh qhfhvvdulo| h{wuhph1 Ohw aD eh wkh foltxh0qrgh
lqflghqfh pdwul{ ri wklv judsk J1 Ohw aF @ ^{ = { � 3> aD{ � h`1
Fodlp= aF @ F1

Surri = Iru wklv zh qhhg wr vkrz wkdw hdfk lqhtxdolw| lq rqh lv lpsolhg e|
wkh rwkhu vhw1 Frqvlghu wkh lqhtxdolw| {wDl= � 41 Vxssrvh W @ ^m = dl>m @
4`1 Wklv lpsolhv +l> m, lv dq hgjh ri J li m 5 W 1 Khqfh/ W lv d vxevhw ri
vrph foltxh lq J dqg wkh fruuhvsrqglqj lqhtxdolw| lq aF lpsolhv wkh deryh
lqhtxdolw| {wDl= � 41 Wklv lpsolhv wkdw aF � F1
Wr vkrz wkh frqyhuvh/ vxssrvh F � aF 9@ !1 Wkhq/ < dq h{wuhph srlqw

{3/ ri F/ 6 {3 @5 aF1 +Wklv lv ehfdxvh erwk duh erxqghg frqyh{ vhwv dqg rqh
lv frqwdlqhg lq wkh rwkhu1, Wklv lpsohv wkdw < l 6 +{3,w aDl= � 5 +vlqfh doo
h{wuhph srlqwv ri F duh 3@4,1 Wklv lpsolhv wkdw {3 kdv wzr frpsrqhqwv
lq vrph foltxh htxdo wr 41 Exw wzr qrghv n dqg o duh lq d foltxh rqo| li
< l 6 dl=n @ dl>o @ 41 Lq wklv fdvh {3 ylrodwhv wkh frqvwuldqw +{3,wDl= � 4
dqg khqfh d frqwudglfwlrq wr {3 5 F1
Khqfh E lv dq dqwleorfnhu qrw rqo| ri D exw dovr ri aD1 Wkxv erwk wkhvh

pdwulfhv frqwdlq doo wkh hvvhqwldo h{wuhph srlqwv ri G @ ^| = | � 3>E| � h`1
wkxv/ doo wkh hvvhqwldo urzv ri aD duh frqwdlqhg lq D dqg khqfh D lv wkh
foltxh0qrgh lqflghqfh pdwul{ ri J1�
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518 H{dpsohv

L Shupxwdwlrqv= Frqvlghu wkh v|vwhp=Sq
l@4 {lm @ 4> 4 � m � qSq
m@4 {lm @ 4> 4 � l � q

{lm � 3

Lw lv zhoo nqrzq wkdw wkh h{wuhph srlqwv ri wkh deryh v|vwhp duh wkh
lqflghqfh yhfwruv ri q � q shupxwdwlrqv pdwulfhv ylhzhg dv yhfwruv
lq wkh vsdfh ri dssursuldwh glphqvlrq ru wkhlu surmhfwlrqv1 Li D lv dq
q$� q5 pdwul{ zkrvh urzv duh wkh deryh lqflghqfh yhfwruv/ wkhq wkh
h{wuhph srlqwv ri F @ ^{ = D{ � h>{ � 3` duh suhflvho| wkh urzv
ri wkh frqvwudlqw pdwul{ ri wkh v|vwhp wkdw zh vwduwhg zlwk1 Vlqfh/
wklv frqvwudlqw pdwul{ lv wrwdoo| xqlprgxodu/ lw iroorzv wkdw vwurqj
plq0pd{ htxdolw| krogv lq wklv fdvh1 Li zh ohw wkh frqvwudlqw pdwul{ lq
wkh deryh eh E/ vwurqj plq0pd{ iru +E>D, iru 3@4 z lv d zhoo nqrzq
wkhruhp gxh wr Nùqlj=

Wkhruhp 4; D= Ohw J @ ^V> W >H` eh dq xqgluhfwhg elsduwlwh judsk1 Wkh
pd{lpxp qxqpehu ri dufv ri J wkdw duh sdulzlvh qrgh glvmrlqw +pdwfklqjv,
htxdov wkh plqlpxp qxpehu ri qrghv lq dq +V> W , glvfrqqhfwlqj vhw ri qrghv
+qrgh fryhuv,1

Pdwkhpdwlfdo Surjudpplqj Lqwhusuhwdwlrq=

Ohw E eh wkh qrgh hgjh lqflghqfh pdwul{ ri J1 Frqvlghu wkh sro|khgurq
F @ ^{ = E{ � h>{ � 3`1 Wkh dqwleorfnhu D kdv dv lwv urzv wkh lqflghqfh
yhfwruv ri pdwfklqjv1 Vlqfh E lv wrwdoo| xqlprgxodu/ D lv 3@41 Iru 3@4 z/
frqvlghu wkh OS = ^plq hw| = | � 3>Ew| � z`1 Dq| 3@4 vroxwlrq lv d qrgh
fryhu1 Qrwh
^plq hw| = | � 3>Ew| � z> | lqwhjudo`
� ^plq hw| = | � 3>Ew| � z`
@ ^pd{zw{ = { � 3>E{ � h`
� ^pd{zw{ = { � 3>E{ � h>{ lqwhjudo`
@ pd{lDl=z=
Khqfh/ li wkh �uvw dqg wkh odvw whup duh htxdo/ wkhq hyhu|wklqj lq ehwzhhq

lv dovr htxdo wr wkhvh1 Wklv lq wxuq lpsolhv wkdw wklv sureohp kdv lqwhjudo
vroxwlrq iru 3@4 z +dfwxdoo| lw vdwlv�hv vwurqj plq0pd{ iru doo lqwhjudo z,1

Wkhruhp 4< E= Ohw J eh dv lq wkhruhp D1 Wkhq wkh plqlpxp qxpehu
ri frorxuv uhtxluhg lq dq hgjh frorxulqj vxfk wkdw qr wzr dgmdfhqw hgjhv
uhfhlyh wkh vdph froru htxdov wkh pd{lpxp ghjuhh ri d qrgh1

Pdwkhpdwlfdo Surjudpplqj Lqwhusuhwdwlrq=

Frqvlghu wkh OS= ^plq hw| = | � 3>Dw| � z`1 Iru 3@4 z/ dq| 3@4 vroxwlrq lv
d sduwlwlrq ri wkh hgjhv lqwr pdwfklqjv dqg khqfh d frorxulqj1 pd{m Em=z
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lv wkh pd{lpxp ghjuhhh ri d qrgh lq J1 Wkxv/ wklv lv wkh vwurqj plq0pd{
iru wkh sdlu +D>E,1

LL Fkdlq Ghfrpsrvlwlrq lq d Sduwldoo| Rughuhg Vhw=

Ohw D eh wkh lqflghqfh pdwul{ ri doo fkdlqv +urzv, lq d sduwldoo| rughuhg
vhw ri q hohphqwv1 Wkhq/ E wkh dqwleorfnhu ri D lv wkh lqflghqfh pdwul{ ri
doo dqwlfkdlqv +pxwxdoo| xquhodwhg hohphqwv, ri wkh sduwldoo| rughuhg vhw1
Wr vhh wklv zh qrwh wkdw 3@4 yhfwruv ri F @ ^{ = D{ � h>{ � 3` duh suhflvho|
wkh lqflghqfh yhfwruv ri vxfk dqwlfkdlqv1 Qh{w zh vkdoo vkrz wkdw F kdv rqo|
lqwhjudo h{wuhph srlqwv e| xvlqj wkhruhp gxh wr Glozruwk1 Lqflghqwdoo|/
qhlwkhu D qru E lv hyhq edodqfhg +ohw dorqh w1x1,1

Wkhruhp 53 Pd{lpxp qxpehu ri pxwxdoo| xquhodwhg hohphqwv lq d sdu0
wldoo| rughuhg vhw +wkh pd{lpxp fduglqdolw| ri dq dqwlfkdlq, htxdov wkh
plqlpxp qxpehu ri fkdlqv lq d fkdlq ghfrpsrvlwlrq +plqlpxp qxpehu
ri fkdlqv uhtxluhg wr fryhu wkh hohphqwv,1

Wklv uhvxow lv suryhg lq qhwzrun  rzv xvlqj pd{0 rz0plq0fxw1 Lw lv htxly0
dohqw wr wkh vwurqj plq0pd{ htxdolw| iru wkh rughuhg sdlu +D>E, iru 3@4 z
zlwk wkh deryh lqwhusuhwdwlrq iru wkh pdwulfhv1 Wr vkrz wkdw lw lpsolhv
vwurqj plq0pd{ iru doo lqwhjudo qrqqhjdwlyh z zh xvh d surfhvv fdoohg uhsol0
fdwlrq zklfk zh ghvfuleh dojheudlfdoo| ehorz dqg wkhq vkrz wkh fruuhvsrqg0
lqj fkdqjhv lq wkh sduwldoo| rughuhg vhw1

Ohppd 54 Frqvlghu wkh OS = ^plq hw| = Dw| � z> | � 3` zlwk z4 � 5 dqg
dq| 3@4 pdwul{ D dv vkrzq ehorz=

D @
hp D4

3 D5 > | @
|4

a|
>z @

z4

az

zkhuh hp> |4 5 Up> 3> a| 5 Uq>D4 lv p � s>D5 lv q � s> az 5 Uq>dqg wkh
OS= ^plq �hw�| = �| � 3> �Dw�| � �z` zlwk �D dv vkrzq ehorz=

�D @
hp 3 D4

3 hp D4

3 3 D5
> �| @

�|4

�|5

|.
> �z @

4
z4 � 4

az

Wkhvh wzr sureohpv duh htxlydohqw1

Surri = Ohw +|4> a|, eh d ihdvleoh vroxwlrq wr wkh �uvw sureohp deryh1 i�|4 @
^+z4 � 4,@z4`|

4> �|5 @ |4 � �|4> |. @ a|j |lhogv d fruuhvsrqglqj ihdvleoh
vroxwlrq wr wkh vhfrqg zlwk wkh vdph remhfwlyh ydoxh1 Li wkh vduwlqj vroxwlrq
lv lqwhjudo/ wkhq |4 9@ 3 dqg khqfh lw lv juhdwhu wkdq vrph xqlw yhfwru> vd|
h41 Lq wklv fdvh ohwwlqj i�|4 @ h4> �|

5 @ |4 � �|4> |. @ a|j |lhogv dq lqwhjudo
vroxwlrq wr wkh vhfrqg sureohp zlwk wkh vdph ydoxh1 Wr vkrz wkh frqyhuvh/
ohw |4 @ �|5 . �|4> |. @ a|1�
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Lq wkh fdvh ri sduwldoo| rughuhg vhw/ wklv lv htxlydohqw wr uhsolfdwlqj dq
hohphqw +pdnlqj d forqh zkrvh uhodwlrqvkls lv wkh vdph dv wkh ruljlqdo
hohphqw,1 Wklv vkrzv wkh uhvxowv surplvhg1

LLL Uljlg Flufxlw Judskv +wuldqjxodwhg judskv ru fkrugdo judskv,=

D judsk lv vdlg wr eh uljlg flufxlw li hyhu| flufxlw ri ohqjwk irxu ru pruh
kdv d fkrug1 +vhh �jxuh,1 Fohduo|/ qrgh lqgxfhg vxejudskv ri d uljlg flufxlw
judsk duh dovr uljlg flufxlw judskv1 Ohw D eh wkh foltxh qrgh lqflghqfh
pdwul{ ri d uljlg flufxlw judsk J1 Wkh dqwleorfnhu E ri D lv wkh qrgh
� lqghshqghqfh vhw lqflghqfh pdwul{ ri J ru htxlydohqwo| wkh qrgh0foltxh
lqflghqfh pdwul{ ri wkh frpsohphqw judsk �J1 Wkhuh duh uljlg flufxlw judskv
iru zklfk D lv qrw w=x=> iru h{dpsoh=

D @

5
997

4 3 3 3 4 4
3 4 3 4 3 4
3 3 4 4 4 3
3 3 3 4 4 4

6
::8 > E @

5
997

4 4 4 3 3 3
4 3 3 4 3 3
3 4 3 3 4 3
3 3 4 3 3 4

6
::8

Wkhuh duh wzr w|shv ri uhsolfdwlrqv ri qrghv lq d judsk1 Lq wkh �uvw w|sh/
zh gxsolfdwh wkh yhuwh{ +phdqlqj wkh forqh lv frqqhfwhg wr doo yhuwlfhv wkdw
wkh ruljlqdo lv frqqhfwhg wr, exw gr qrw mrlq wkh ruljlqdo yhuwh{ wr lwv forqh1
Lq wkh vhfrqg w|sh zh frqqhfw wkhvh wzr1 Wkh vhfrqg w|sh ri uhsolfdwlrq
suhvhuyhv uljlg flufxlw surshuw|/ exw wkh �uvw grhv qrw dv lq N61 Krzhyhu/
vxfk d uhsolfdwlrq ri wkh frpsohphqw ri d uljlg flufxlw judsk surgxfhv d
frpsohphqw ri d uljlg flufxlw judsk1 Wkxv/ li wkh vwurqj plq0pd{ htxdolw|
krogv iru wkh sdlu +E>D, iru 3@4 uljkw kdqg vlghv wkhq lw dovr krogv iru doo
lqwhjudo uljkw kdqg vlghv1 Wklv lv Ehujh*v surri iru vwurqj plq0pd{ htxdolw|
iru wklv sdlu ri pdwulfhv iru erwk rughuv1 Ixonhuvrq jlyhv dqrwkhu surri wkdw
vkhgv vrph oljkw rq wkh vwuxfwxuh ri D dv zhoo1 Lw xvhv d uhvxow ri Gludf1

Wkhruhp 55 Li J lv d uljlg flufxlw judsk/ wkhq < d yhuwh{ zklfk lv vlp0
solfldo1

Gh�qlwlrq 44 D yhuwh{ lv vlpsolfldo li lw wrjhwkhu zlwk lwv qhljkerxuv irupv
d foltxh1

Dfwxdoo| d vwurqjhu uhvxow lv suryhg wkurxjk lqgxfwlrq1 Exw zh qhhg d
gh�qlwlrq dqg d ohppd �uvw1

Gh�qlwlrq 45 Dq duwlfxdowlrq vhw lv d vhw ri yhuwlfhv lq d judsk zkrvh
uhprydo |lhogv d glvfrqqhfwhg judsk1 D plqlpdo duwlfxodwlrq vhw lv rqh wkdw
lv dq duwlfxodwlrq vhw zklfk lv plqlpdo lq wkh vhw wkhruhwlf vhqvh1

Ohppd 56 Ohw J eh d uljlg flufxlw judsk dqg ohw V eh d plqlpdo duwlfx0
odwlrq vhw1 Wkhq/ wkh lqgxfhg vxejudsk JV lv frpsohwh1
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Surri = Ohw wkh frpsrqhqwv zkhq V lv uhpryhg eh �4>�5> === hwf1 Hyhu|
qrgh lq V lv frqqhfwhg wr dw ohdvw rqh qrgh lq hdfk ri �l> hovh V zrxog qrw
eh plqlpdo1 Ohw v 5 V/ w 5 V1 < d fkdlq ^v> n4> n5> ===> w` zlwk nl 5 �

4
1 Ohw

wklv eh wkh vkruwhvw vxfk fkdlq1 Vlploduo| ohw ^v>p4>p5> ===> w` zlwk pm 5 �5
eh wkh vkruwhvw vxfk fkdlq1 Qrz frqvlghu wkh f|foh iruphg e| wkhlu xqlrq1
Wkh iroorzlqj fkrugv duh qrw suhvhqw= +v> nl, = frqwudglfwlrq wr wkh vkruw0

qhvv ri wkh �uvw fkdlq> +nl> no, = vdph uhdvrq dv deryh> +w> nl, = vdph uhd0
vrq dv deryh> +v>pm, = frqwudglfwlrq wr wkh vkruwqhvv ri wkh vhfrqg fkdlq>
+pm >pu, = vdph uhdvrq dv deryh> +w>pm, = vdph uhdvrq dv deryh> +nl>pm, =
lq wzr gl�huhqw frpsrqhqwv1
Wklv flufxlw kdv d ohqjwk dw ohdvw irxu dqg khqfh pxvw kdyh d fkrug1

Zh kdyh uxohg rxw doo srvvlelolwlhv h{fhsw +v> w, dqg khqfh v dqg w pxvw eh
frqqhfwhg e| dq hgjh1 Khqfh wkh ohppd1�

Wkhruhp 57 Ohw J eh d uljlg flufxlw judsk1 Wkhuh duh wzr vlpsolfldo yhu0
wlfhv +dvvxplqj wkh qxpehu ri yhuwlfhv � 5,> li J lv qrw frpsohwh/ wkhq
wkhvh duh qrqdgmdfhqw1

Surri = E| lqgxfwlrq rq wkh qxpehu ri yhuwlfhv1 Li J lv frpsohwh wkhuh lv
qrwklqj wr suryh1 Li v dqg w duh qrqdgmdfhqw yhuwlfhv lq J/ ohw V eh wkh
plqlpdo vhsdudwru ri v dqg w +uhprydo ri V |lhogv wzr frpsrqhqwv JD dqg
JE zlwk v 5 JD dqg w 5 JE,1 Wkh ohppd vkrzv wkdw wkh lqgxfhg vxejudsk
rq V lv frpsohwh1 Wkh judsk li JD^V lv frpsohwh wkhq hyhu| yhuwh{ lq D
lv vlpsolfldo> li lw lv qrw/ wkhq wkhuh duh wzr qrqdgmdfhqw yhuwlfhv lq lw wkdw
duh vlpsolfldo e| lqgxfwlrq k|srwkhvlv1 Vlqfh JV lv frpsohwh/ rqh ri wkhvh
pxvw eh lq D1 Vlplodu dujxhphqw vkrzv wkdw wkhuh lv d vlpsolfldo yhuwh{ lq
E dqg wklv suryhv wkh wkhruhp1
S1Exqhpdq dqg Jdyulo jr ixuwkhu wr suryh d vwurqjhu uhvxow1 Wklv kdv

yhu| xvhixo dssolfdwlrqv lq orfdwlrq wkhru| dqg �oh rujdql}dwlrq1

H{dpsoh=

Ohw W eh d wuhh dqg W eh d idplo| ri vxewuhhv ri W 1 Ohw JW eh d judsk
iurphg dv iroorzv= Wkhuh lv d qrgh iru hdfk phpehu ri W dqg wzr ri wkvh duh
frqqhfwhg e| dq hgjh li wkh| lqwhuvhfw1 Lw lv zhoo nqrzq lq wklv fdvh wkdw/ li d
vxeidplo| lqwhuvfwv sdluzlvh/ wkhq wkh| doo lqwhuvhfw lq d frpprq srlqw> vxfk
d surshuw| lv nqrzq lq wkh olwhudwxuh dv wkh Khoo| surshuw| zklfk dovr krogv
iru d idplo| frqyh{ vhwv 5 Ug zlwk dq| g. 4 ri wkhp lqwhuvhfwlqj +lqvwhdg
ri wzr,1 Xvlqj wklv lw lv yhu| hdv| wr vkrz wkdw J lv d uljlg flufxlw judsk1
Exqhpdq dqg Jdyulo vkrzhg wkh frqyhuvh= hyhu| uljlg flufxlw judsk lv
rewdlqhg lq wklv pdqqhu dqg wkh| vkrzhg krz wr surgxfh wkh idplo| ri
wuhhv1

Wkhruhp 58 +Zdowhu +:5,>Exqhpdq +:7,> Jdyulo +:7,= Ohw J @ ^Q > H`
eh dq xqgluhfwhg judsk1 Wkh iroorzlqj vwdwhphqwv duh htxlydohqw= +l, J lv d
uljlg flufxlw judsk>+ll, J lv wkh lqwhuvhfwlrq judsk ri d idplo| ri vxewuhhv
ri d wuhh> +lll,< d wuhh W @ ^N>H` zkrvh yhuwhv vhw N fruuhvsrqgv wr wkh
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pd{lpdo foltxhv ri J 6 hdfk ri lwv lqgxfhg vxejudskv WNl
lv frqqhfwhg +dqg

khqfh d vxewuhh,/ zkhuh Nl frqvlvwv ri wkrvh qrghv ri W wkdw fruuhvsrqg wr
pd{lpdo foltxhv lq J frqwdlqlqj wkh qrgh l +lq J,1

Surri= +lll, @,+ll,= Ohw +v> w, 5 H @, iv> wj � D zkhuh D lv vrph pd{lpdo
foltxh lq J1 Khqfh Nv _ Nw 9@ !1 Khqfh WNv

_ WNw
9@ !1 Wkxv/ J lv wkh

lqwhuvhfwlrq judsk ri wkh idplo|/ iWNl
= l 5 Qj/ ri vxewuhhv ri W 1

+ll, @,+l,=
+l, @,+lll,= E| lqgxfwlrq rq wkh qxpehu ri qrghv lq J1 Wkh uhvxow lv

wulyldo li J lv frpsohwh> W lv d vlqjoh srlqw1 Li J kdv vhyhudo frpsrqhqwv
�4>�5> ===>�s

e| lqgxfwlrq < wuhhv Wl vdwlvi|lqj +lll, iru hdfk �l1 Frqqhfwlqj
wkhvh wuhhv wrhjwkhu lq dq| pdqqhu |lhogv wkh uhtxluhg wuhh W 1 Khqfh zh
dvvxph J lv frqqhfwhg dqg lv qrw frpsohwh1 Fkrrvh d vlpsolfldo yhuwh{ d
dqg ohw D @ idj ^ qhljkerxuv ri d1 Fohduo| D lv d pd{lpdo foltxh1 Ohw
X @ ^l 5 D = +l> m, 5 H @, m 5 D`>\ @ D � X 1 Vlqfh J lv frqqhfwhg
dqg qrw frpsohwh qrqh ri X / \ / Q � D duh hpsw|1 E| lqgxfwlrq/ < d wuhh
WQ�X zkrvh yhuwh{ vhw NQ�X fruuhvsrqgv wr pd{lpdo foltxhv lq JQ�X
vxfk wkdw iru hdfk yhuwh{ lq l 5 Q �X / wkh vhw NQ�X

l lqgxfhv d frqqhfwhg
judsk +dqg khqfh d vxewuhh, ri WQ�X 1 Qrwh wkdw +wkh vhw ri foltxhv lq J,
N @ NQ�X ^iDj�i\ j ruN @ NQ�X^iDj ghshqglqj rq zkhwkhu ru qrw
i\ j lv d foltxh lq wkh judsk JQ�X 1 Ohw E eh d pd{lpdo foltxh lq JQ�X
frqwdlqlqj \ 1
Fdvh +d,= E @ \ 1 Zh rewdlq wuhh W iurp WQ�X e| ohwwlqj wkh yhuwh{ wkdw

fruuhvsrqghg wr E wr qrz fruuhvsrqg wr D1
Fdvh +e,= E 9@ \ 1 Zh rewdlq wuhh W iurp wkh wuhh WQ�X e| dgglqj d qhz

qrgh +zklfk qrz fruuhvsrqgv wr D, dqg frqqhfwlqj wkh qhz qrgh wr wkh
qrgh uhsuhvhqwlqj E1
Lq hlwkhu fdvh Nl @ iDj ; l 5 X dqg Nm @ NQ�X

m ; m 5 Q �D/ hdfk ri
zklfk lqgxfhv d vxewuhh ri W 1 Zh qhhg rqo| fkhfn wkh vhwv Nu iru u 5 \ 1
Lq fdvh +d,/ Nu @ NQ�X

u ^ iDj � iEj zklfk lqgxfhv wkh vdph vxewuhh
dv NQ�X

u vlqfh rqo| qdphv zhuh fkdqjhg1 Lq fdvh +e,Nu @ NQ�X
u ^ iDj/

zklfk fohduo| lqgxfhv d vxewuhh ri W 1 Khqfh wkh wkhruhp1�



Wklv lv sdjh {{lll
Sulqwhu= Rsdtxh wklv

6
Shuihfw Judskv

Zh ehjlq zlwk dq h{dpsoh gxh wr F1H1Vkdqqrq zkr lv wkh ruljlqdwru ri
wklv lghd1 Frqvlghu d wudqvplwwhu wkdw fdq vhqg �yh vljqdov= d> e> f> g> dqg h1
Vljqdo d pljkw eh uhfhlyhg dv s ru t dqg vr rq dv vkrzq lq wkh judsk U =
Wklv |lhogv wkh �frqixvlrq judsk� J/ zlwk qrghv d wkurxjk h zkhuh wzr

qrghv duh frqqhfwhg li wkh| fdq eh frqixvhg dw wkh uhfhlylqj hqg1 Li J lv wkh
f|foh rq �yh qrghv/ zh fdq vhohfw dw prvw wzr ri wkh �yh ruljlqdo vljqdov li qr
wzr duh wr eh frqixvlqj1 Lq h�hfw/ zh fdq fkrrvh d vhw rqo| li lw lv lqghshqghqw
lq J1 Lqvwhdg ri vlqjoh ohwwhuv li zh fkrrvh sdluv/ wkhq zh kdyh d judsk zlwk
58 qrghv dqg lw lv uhsuhvhqwhg e| J5 zkrvh yhuwlfhv duh +l> m, zlwk l dqg m
iurp wkh ruljlqdo vhw ri �yh ohwwhuv1 Wzr qrghv lq wklv judsk duh frqqhfwhg li
wkh| duh ri wkh irup ^+l> m,> +l> n,` ru ^+m> l,> +n> l,` zkhuh m dqg n duh frqqhfwhg
lq J ru li wkh| duh ri wkh irup ^+l> m,> +n> o,` zkhuh l dqg n duh frqqhfwhg
lq J dqg m dqg o duh frqqhfwhg lq J1 Jn lv gh�qhg lq d vlplodu pdqqhu1
Wkh pd{lpxp vl}h ri dq lqghshqghqw vhw lq J lv ghqrwhg e| �+J,1 Lw lv
hdv| wr vkrz wkdw �+Jn, � ^�+J,`n1 +Vkdqqrq, Fdsdflw|/ f+J,/ ri d judsk
J lv gh�qhg e| wkh uhodwlrq= f+J, @ vxsn �+J

n,
4
n @ olpn$4 �+Jn,

4
n 1 Wklv

uhvxow iroorzv iurp d uhvxow nqrzq lq wkh olwhudwxuh dv Ihnhwh*v wkhruhp
zklfk dvvhuwv= Li dp.q � dp . dq wkhq dq

q
$ lqi+dq

q
,1 Wr suryh wklv uhvxow

+Vhh Sro|d dqg V}hjr *v errn rq dqdo|vlv, ohw � @ lqi+dq
q
, dqg iru � A 3/

ohw dp
p

� � . �1 Iru odujh q/ zh kdyh q @ tp . u zlwk 3 � u ? p1
dq � tdp . du1 Khqfh dq

q
� dp

p. u
t

. �@q zkhuh � @ pd{4�m�p dm 1 Khqfh

wkh uhvxow iroorzv1 Xvlqj dq @ � orj+�+Jn,, |lhogv wkh uhvxow rq f+J,1
Wkh sureohp ri ghwhuplqlqj Vkdqqrq fdsdflw| ri hyhq vlpsoh judskv uh0

pdlqv xqvroyhg1 Iru lqvwdqfh/ Orydv} vroyhg wkh sureohp iru wkh f|foh
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rq �yh qrghv lq 4<:<1Zh qrz qhhg vrph gh�qlwlrqv ehiruh zh jr rq1 Ohw
J @ ^Q >H` eh d vlpsoh xqgluhfwhg judsk1

Gh�qlwlrq 46 �+J, @ vl}h ri wkh odujhvw lqghshqghqw vhw +ru dqwlfoltxh,
lq J> wklv lv fdoohg wkh +lqwhuqdo, vwdelolw| qxpehu1

Gh�qlwlrq 47 �+J, @ plqlpxp qxpehu ri foltxhv wkdw fryhu doo wkh
qrghv ri J1 Wklv lv vrphwlphv fdoohg wkh foltxh fryhulqj qxpehu1

Gh�qlwlrq 48 $+J, @ vl}h ri wkh odujhvw foltxh lq J> vrphwlphv fdoohg
wkh foltxh qxpehu ri wkh judsk1

Gh�qlwlrq 49 �+J, @ plqlpxp qxpehu ri lqghshqghqw vhwv uhtxluhg wr
fryhu doo qrghv ri J> wklv lv riwhq fdoohg wkh fkurpdwlf qxpehu1

Lw lv hdv| wr vkrz wkdw �+J, � �+J, dqg $+J, � �+J, ; J1 D judsk
lv vdlg wr eh �0shuihfw li ; V � Q / �+JV, @ �+JV, zkhuh wkhvh duh qrgh0
lqgxfhg vxejudskv1 Lw lv vdlg wr eh �0shuihfw li ;V � Q / $+JV, @ �+JV,1 Lw
lv hdv| wr vkrz wkdw �0shuihfwqhvv ri J+, �0shuihfwqhvv ri �J zkhuh �J lv
wkh frpsohphqw judsk ri J1 J lv vdlg wr eh shuihfw li lw lv erwk �0shuihfw dqg
�0shuihfw> htxlydohqwo| erwk J dqg �J duh shuihfw1 Wkh +zhdn shuihfw judsk
frqmhfwxuh zklfk lv qrz wkh, shuihfw judsk wkhruhp dvvhuwv wkdw rqh rq
wkhvh lpsolhv wkh rwkhu1 Wkh rqo| nqrzq plqlpdo lpshuihfw judskv duh rgg
f|fohv dqg wkhlu frpsohphqwv> wkh vwurqj shuihfw judsk frqmhfwxuh dvvhuwv
wkdw wkhvh duh wkh rqo| plqlpdo lpshuihfw judskv1

614 Pdwkhpdwlfdo Surjudpplqj
Lqwhusuhwdwlrq

Ohw D eh wkh foltxh qrgh lqflghqfh pdwul{ dqg E eh wkh foltxh qrgh lqfl0
ghqfh pdwul{ ri �J +dqg khqfh wkh lqflghqfh pdwul{ ri lqghshqghqw vhwv ru
dqwlfoltxhv ri J,1 Wkhq=

�+J, @ ^plq hw| = | � 3>Ew| � h> | 3@4` @ plq
|5GL

hw|

�+J, @ pd{m Em=h
$+J, @ pd{lDl=h

�+J, @ ^plq hw| = | � 3>Dw| � h> | 3@4` @ plq
|5FL

hw|

zkhuh FL dqg GL duh wkh lqwhjudo yhfwruv lq wkhvh frqyh{ erglhv1

Ohppd 59 �0shuihfwqhvv lv htxlydohqw wr wkh vwurqj plq0pd{ htxdolw| iru
3@4 z iru wkh sdlu+E>D,> �0shuihfwqhvv lv d vlplodu uhvxow iru wkh sdlu +E>D,1
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Surri = Zh suryh wkh vhfrqg> wkh �uvw lv vlplodu1 Ohw J eh �0shuihfw dqg
ohw JV fruuhvsrqg wkh lqgxfhg vxejudsk ri wkh jlyhq 3@4 z1 Wkhq=
�+JV, @ ^plq hw| = | � 3>Dw| � z> | 3@4`
� ^plq hw| = | � 3>Dw| � z`
@ ^pd{ zw{ = { � 3>D{ � h`
� pd{m Em=z @ �+JV,1
�0shuihfwqhvv ri J lpsolhv doo wkhvh txdqwlwlhv duh htxdo iru 3@4 z1 Frq0

yhuvho|/ li vwurqj plq0pd{ krogv iru 3@4 z iru wkh sdlu+D>E, wkhq=
�+JV, @ ^plq hw| = | � 3>Dw| � z> | 3@4` @ pd{m Em=z @ �+JV,1
Khqfh wkh ohppd1�

615 Qrupdo Surgxfw/ Fduwhvldq Vxp dqg
Surgxfw ri Judskv=

Ohw J @ ^Q >H` dqg K @ ^Y >D` eh wzr xqgluhfwhg judskv1 Wkhlu fduwhvldq
vxp ghqrwhg e| J�K lv d judsk zkrvh qrgh vhw lv wkh fduwhvldq surgxfw/
Q � Y / ri wkh qrgh vhwv ri J dqg K> wzr qrghv +l> m, dqg +n> o, ri wklv
judsk duh frqqhfwhg l� l @ n dqg +m> o, 5 D ru li +l> n, 5 H dqg m @ o1 Wkhlu
fduwhvldq surgxfw ghqrwhg e| J�K dovr kdv wkh vdph qrgh vhw dv J�K>
+l> m, dqg +n> o, duh frqqhfwhg l� +l> n, 5 H dqg +m> o, 5 D1 Wkhlu qrupdo
surgxfw ghqrwhg e| J=K kdv wkh vdph qrgh vhw dv wkh suhylrxv wzr> wkh
vhw ri hgjhv khuh lv wkh xqlrq ri wkh hgjhv ri wkh wzr judskv J � K dqg
J�K1 Qrwh wkdw doo wkhvh rshudwlrqv duh frppxwdwlyh1 Vlplodu gh�qlwlrqv
krog iru frpelqlqj pruh wkdq wzr judskv1 Wkh iroorzlqj uhvxowv duh hdvlo|
suryhg=

L $+J�K, @ pd{^$+J,> $+K,`

LL �+J�K, @ pd{^�+J,> �+K,`

LLL �+J�K, � �+J,�+K,

LY �+J�K, � plq^mY m�+J,> mQ m�+K,`

Y �+J�K, � plq^mY m �+J,> mQ m �+K,`

YL �+J { K, � plq^�+J,> J+K,`

YLL �+J=K, � pd{^�+J,> �+K,`

YLLL $+J=K, @ $+J,$+K,

L[ �+J=K, � �+J,�+K,

[ �+J=K, � �+J,�+K,



{{yl 61 Shuihfw Judskv

Khqfh ^�+J,`n � �+Jn, � �+Jn, � ^�+J,`n1 Li �+J, @ �+J,/ wkhq hdfk
lqhtxdolw| lq wkh suhylrxv vwdwhphqw lv dq htxdolw|1 Khqfh/ �0shuihfw judskv
f+J, @ �+J, @ �+J,1 Lq sduwlfxodu/ zkhq hdfk vljqdo lv ghwhuplqhg e| lwv
prgxodwlrq iuhtxhqf|/ wzr vljqdov fdq eh frqixvhg l� wkh fruuhvsrqglqj
lqwhuydov ri iuhtxhqf| ryhuods +�olqhdu qrlvh�,1 Lq wklv fdvh wkh frqixvlrq
judsk J lv dq lqwhuydo judsk zklfk lv nqrzq wr eh shuihfw1 Wkxv/ orqjhu
�zrugv� gr qrw lpsuryh wkh frgh1 Pruh rq wklv sureohp odwhu1
Vwurqj plq0pd{ htxdolw| iru doo qrqqhjdwlyh lqwhjudo z iru wkh sdlu +E>D,

lv fdoohg �0soxshuihfwlrq dqg wkh vdph iru wkh sdlu +D>E, lv fdoohg �0
soxshuihfwlrq1 Wkh wkhruhp rq dqwleorfnhuv lv wkh vdph dv= �0soxshuihfwlrq
+,�0soxshuihfwlrq1 Dfwxdoo| Ixonhuvrq*v uhvxow dssolhv wr dq| 3@4 pdwul{
+dowkrxjk vxfk pdwulfhv duh uhodwhg wr judskv,1 Lw lv hdv| wr vkrz wkdw=

� � soxshuihfwlrq @, � � shuihfwlrq +614,

�� soxshuihfwlrq @, �� shuihfwlrq +615,

soxshuihfwlrq @, shuihfwlrq +616,

zkhuh wkh odvw wklqj rq hlwkhu vlgh lpsolhv erwk ri wkh suhylrxv rqhv1 Zh
zloo vkrz=

�� shuihfwlrq @, �� soxshuihfwlrq +617,

zklfk lv vx!flhqw wr vkrz wkdw wkh vwdwhphqwv rq wkh uljkw duh htxlydohqw1
Wklv lv grqh xvlqj wkh uhsolfdwlrq ohppd gxh wr O1Orydv}1 Wkhuh lv dqrwkhu
lpsolfdwlrq ri wkh shuihfw judsk wkhruhp zklfk zh wdnh xs qrz1 Lw lv wklv
wkdw pdgh Ixonhuvrq grxew wkh ydolglw| ri wkh uhvxow1

Wkhruhp 5: Wkh iroorzlqj vwdwhphqwv duh htxlydohqw=

+l, Ohw D eh d 3@4 pdwul{ vxfk wkdw=

plq hw|
Dw| � z> | � 3

kdv dq lqwhjhu rswlpxp ydoxh ; 3@4 z1 Wkhq/ wklv OS kdv dq lqwh0
jhu +rswlpdo vroxwlrq, dqg khqfh dq lqwhjhu ydoxh iru doo qrqqhjdwlyh
lqwhjudo z1

+ll, �0shuihfwlrq @, �0soxshuihfwlrq1

+lll, �0shuihfwlrq @, shuihfwlrq1

Surri=+l, @, +ll,= Ohw D eh dqwlfoltxh qrgh lqflghqfh pdwul{ ri J
+ll, @, +lll,= wulyldo1
+lll, @, +l,= Vlqfh +lll,+,+lll*, zkhuh
+lll*,�0shuihfwlrq @,shuihfwlrq lw vx!fhv wr vkrz wkdw +lll*, @,+l,1
Iru wklv zh qhhg wr vkrz wkdw D lv wkh foltxh qrgh lqflghqfh pdwul{ ri

vrph judsk1
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Ohppd 5; Ohw D eh dv lq +l, deryh1 Wkhq D lv wkh foltxh qrgh lqflghqfh
pdwul{ ri wkh lqwhuvhfwlrq judsk riD dqg wklv judsk lv �0shuihfw1

Surri= Ohw wkh urzv ri D eh wkh lqflghqfh yhfwruv ri vxevhwv ri Q 1 Fruuh0
vsrqglqj wr dq| wkuhh urzv V4/ V5/ dqg V6 ohw V @ ^l9@m+Vl_Vm,> 4 � l> m � 61
Frqvlghu wkh lqflghqfh yhfwru zV ri V lq wkh deryh OS1 Ohwwlqj |l @ 4

5 iru
4 � l � 6 lv d ihvleoh vroxwlrq zlwk ydoxh 6

5 1 Khqfh wkh rswlpdo ydoxh pxvw
eh 4 dqg khqfh V � W zkhuh W lv wkh lqflghqfh yhfwru ri vrph urz ri D1
Qrz zh xvh d uhvxow ri S1F1Jlopruh wr frpsohwh wkh ohppd1

616 Uhsolfdwlrq

Ohppd 5< Li J lv �0shuihfw dqg zh uhsolfdwh vrph qrgh y lq J e| U4 +zh
gr qrw frqqhfw y dqg lwv forqh y3, wkhq wkh uhvxowlqj judsk J3 lv �0shuihfw1

Surri = Fdvh+l,= y lv lq vrph pd{lpxp fduglqdolw| lqghshqghqw vhw lq J1
Vlqfh wkh dgglwlrq ri rqh yhuwh{ fdq qrw lqfuhdvh dq| qxpehu e| pruh wkdq
rqh +lw fhuwdlqo| grhv qrw ghfuhdvh dq| qxpehu,/ lw lv fohdu wkdw �+J3, @
�+J, . 41 Khqfh �+J3, � �+J3, � �+J, . 41 Exw �+J3, � �+J, . 4 dqg
khqfh �+J3, @ �+J,.4 @ �+J3,1 Sohdvh qrwh wkdw wklv dujxhphqw dssolhv wr
dq| qrgh lqgxfhg vxejudsk frqwdlqlqj erwk y dqg y31 Wkrvh wkdw frqwdlq
rqo| rqh ri wkhvh ru qrqh duh vxejudskv ri J dqg khqfh wkh uhvxow krogv1
Khqfh J3 lv �0shuihfw1
Fdvh +ll,= y lv lq qr pd{lpxp fduglqdolw| lqghshqghqw vhw lq J=
Ohw Fl/ 4 � l � n eh wkh plqlpxp foltxh fryhu ri wkh qrghv lq J

zlwk y 5 F41 Qrwh n @ �+J,1 Ohw K eh wkh lqgxfhg vxejudsk zlwk qrgh
vhw y ^ i^l 9@4Flj dqg K 3 eh wkh lqgxfhg vxejudsk rq ^l9@4Fl1 Vlqfh J lv
�0shuihfw vr duh K dqg K 31
Fodlp= �+K 3, @ �+K 3, @ n � 41

Surri =Lw lv fohdu wkdw foltxhv Fl iru 5 � l � n fryhu doo qrghv ri K 3dqg
khqfh �+K 3, � n�41 Li wkh qxpehu zdv dq| vpdoohu wkhq wklv wrjhwkhu zlwk
F4 zrxog eh d vpdoohu fryhu iru J1 Khqfh wkh fodlp1�
Vlqfh y grhv qrw ehorqj wr dq| lqghshqghqw vhw ri vl}h n lq J/ lw lv qrw

lq dq| vxfk vhw lq K hlwkhu1 Khqfh �+K, @ �+K 3, @ n � 4 dqg vlqfh K
lv �0shuihfw/ �+K, @ �+K, @ n � 41 Wkxv < foltxhv Gm iru 5 � m � n lq
K +dqg khqfh lq J, wkdw fryhu doo qrghv ri K1 Ohw y 5 G51 Khqfh J3 lv
fryhuhg e| +F4 � y . y3,/ G5/ 111/ Gn1 Khqfh �+J3, @ n @ �+J3,1 Wkh odvw
uhvxow lv gxh wr wkh idfw wkdw y lv lq qr lqghshqghqw vhw ri vl}h n lq J vr
wkdw uhsolfdwlqj lw xvlqj U4 grhv qrw lqfuhdvh �1 Khqfh wkh shuihfw judsk
wkhruhp1�
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617 Vroylqj wkh OS

Sohdvh qrwh wkdw zkloh wkh OS kdv lqwhjhu rswlpdo vroxwlrqv/ wkhvh pd| qrw
eh rewdlqhg e| vd| wkh vlpsoh{ phwkrg1 Dovr/ J pd| kdyh vpdoo qxpehu ri
qrghv exw d odujh qxpehu ri foltxhv dqg dqwlfoltxhv1 Wkh vhfrqg frpphqw
srvhv d gl!fxow| rq vroylqj hyhq wkh frqwlqxrxv yhuvlrq ri wkh OS1
Uhihuhqfhv=
O1Orydv}= �Rq wkh Vkdqqrq Fdsdflw| ri d Judsk% / LHHH Wudqv1 rq

Lqirupdwlrq Wkhru|/ LW058/ &4/ 4<:</ ss 4 � :
D1Vfkulmyhu= D Frpsdulvrq ri wkh Ghovduwh dqg Orydv} Erxqgv/ LHHH

Wudqv1 rq Lqirupdwlrq Wkhru|/ LW058/ &7/ 4<:</ ss 758075<
Ohw
��+J, @ ^plq hw| = | � 3>Dw| � h` @ plq|5F hw|
@ ^pd{ hw{ = { � 3>D{ � h` @ ��+J,
Vlqfh ��+J=K, @ ��+J,��+K, @ ��+J,��+K, @ ��+J=K, dqg
��+J, � �+J, � �+J, � ��+J, ; J lw vkrxog eh fohdu wkdw f+J, � ��+J,

zlwk htxdolw| kroglqj iru shuihfw judskv lq doo ri wkhvh1

61714 Ruwkrqrupdo Uhsuhvhqwdwlrq ri Judskv
Jlyhq wzr yhfwruv y 5 Up dqg z 5 Uq wkh whqvru surgxfw x @ y&z 5
Upq/ lv wkh yhfwru zlwk xl>m @ ylzm 1 Vlpsoh dojheud vkrzv wkdw +{&|,w+y&z, @
+{wy,+|wz,1 Ohw J @ ^Q>H` eh d vlpsoh judsk zlwk mQ m @ q1 Dq ruwkrqr0
udpo uhsuhvhqwdwlrq ri J lv d v|vwhp ri yhfwruv yl/ 4 � l � q/ ri xqlw
ohqjwk +l=h1

��yl�� @ 4, vdwlvi|lqj wkh uhodwlrq wkdw li +l> m, @5 H/ yl dqg ym

duh ruwkrjrqdo1 Wkh glphqvlrq ri wkhvh yhfwruv lv qrw vshfl�hg1 Qrwklqj lv
vdlg derxw wkh fdvh zkhq +l> m, 5 H1 Khqfh dq| judsk kdv dq ruwkrqrupdo
uhsuhvhqwdwlrq> iru h{dpsoh wdnh doo yhfwruv wr eh sdluzlvh ruwkrjrqdo1

Ohppd 63 Li v|vwhpv ixlj> 4 � l � q dqg iymj> 4 � m � p duh ruwkrqru0
pdo uhsuhvhqwdwlrqv ri J dqg K uhvshfwlyho|/ wkhq wkh v|vwhp ixl&ymj> 4 �
l � q> 4 � m � p lv dq ruwkrqrupdo uhsuhvhqwdwlrq ri J=K1

Ohw wkh ydoxh ri dq ruwkrqrupdo uhsuhvhqwdwlrq ixlj> 4 � l � q eh gh�qhg
e|=
plqf=nfn@4^pd{4�l�q 4

+fwxl,5 `1 Wkh yhfwru f |lhoglqj wkh plqlpxp lq wkh
deryh lv fdoohg wkh kdqgoh ri wklv uhsuhvhqwdwlrq1 Ohw �+J, eh wkh plqlpxp
ydoxh ryhu doo uhsuhvhqwdwlrqv ri J +zh zloo odwhu vkrz wkdw wklv lv dfklhyhg,1
Fdoo d uhsuhvhqwdwlrq wkdw dfklhyhv wklv plqlpxp ydoxh dq rswlpdo uhsuh0
vhqwdwlrq1

Ohppd 64 �+J=K, � �+J,�+K,1

Surri = Ohw xl> 4 � l � q dqg ym > 4 � m � p eh rswlpdo uhsuhvhqwdlrqv ri
J dqg K uhvshfwlyho| zlwk kdqgohv f dqg g1 Wkhq nf&gn @ 4 dqg khqfh
xl&ym lv dq ruwkrqrupdo uhsuhvhqwdlrq iru J=K1 Khqfh=
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�+J=K, � pd{l>m ^
4

++f&g,w+xl&ym,,5 `

@ pd{l>m ^
4

+fwxl,,5 `^
4

+gwym,5 `

@ �+J,�+K,=�
Htxdolw| zloo eh vkrzq wr krog lq wklv odwhu rq1

Ohppd 65 �+J, � �+J,1

Surri = Ohw xl> 4 � l � q eh dq rswlpdo ruwkrqrupdo uhsuhvhqwdwlrq iru J
zlwk kdqgoh f1 Ohw V � Q eh d pd{lpxp fduglqdolw| lqghshqghqw vhw lq J
zlwk v @ mVm @ �+J,1 Wklv lpsolhv wkdw xl dqg xm duh ruwkrjrqdo iru hyhu|
sdlu l dqg m lq V1 Khqfh
4 @ f5 �Sv

l@4+f
wxl,5 � �+J,@�+J,1�

Wkhruhp 66 f+J, � �+J,1

Surri = �+Jn, � �+Jn, � ^�+J,`n dqg khqfh wkh wkhruhp1

Wkhruhp 67 f+F8, @
s
81

Surri = Lw lv zhoo nqrzq wkdw f+F8, �
s
81 Wr vkrz wkh uhyhuvh lqhtxdolw|/ zh

vkrz wkdw �+F8, �
s
81 Wr gr wklv zh h{klelw dq ruwkrqrupdo uhsuhvhqwdwlrq

wkdw grhv wkh mre1 Wkh yhfwruv xl fruuhvsrqg wr wkh ulev dqg f lv wkh kdqgoh
ri dq xpeuhood zlwk �yh ulev wkdw lv rshqhg wr wkh srlqw zkhuh wkh pd{lpxp
dqjoh ehwzhhq wkh ulev lv �

5 1 Doo yhfwruv duh rulhqwhg dzd| iurp wkh frpprq
srlqw1 Lw lv hdv| wr vkrz wkdw fwxl @ 8

4
7 +vhh uhpdun ehorz, 1 Khqfh wkh

uhvxow1
Lq wkh dwwdfkhg �jxuh/ zh zdqw wr fdofxodwh {1 Lw lv hdv| wr vhh wkdw=
{ @ d

vlq 69� @
s
5 vlq 4;�

5 vlq 4;� frv 4;� @ 4s
5 frv 4;�

Qrz zh fdofxodwh frv 4;�1 Li zh ohw � @ 4;� wkhq zh kdyh=
4 @ vlq 8� @ vlq 6� frv 5� . vlq 5� frv 6�
@ 5 vlq 5� frv 5� frv � . vlq � frv 55� � vlq � vlq 55�
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Khqfh } vdwlv�hv wkh htxdwlrq
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s
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61715 Fdofxodwlrq ri qEC�

Wkhruhp 68 Ohw D+J, eh wkh fodvv ri v|pphwulf pdwulfhv vdwlvi|lqj dlm @
4 li l @ m ru li +l> m, @5 H iru d judsk J @ ^Q>H`1 Wkhq= �+J, @ plqD5D+J, ^wkh odujhvw hljhqydoxh ri D`1
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Surri = +l,Ohw xl> 4 � l � q eh dq rswlpdo ruwkrqrupdo uhsuhvhqwdwlrq ri
J zlwk kdqgoh f1 Gh�qhD e|=

dll @ 4> dlm @ 4� +xl,wxm

+fwxl,+fwxm,
;l 9@ m=

D vdwlv�hv wkh frqglwlrqv ri wkh wkhruhp1 Pruhrhyhu/

�dlm @ ^f� xl

fwxl
`w^f� xm

fwxm
`;l 9@ m

dqg=

�+J,� dll @ ^f� xl

fwxl
`5 . ^�+J,� 4

+fwxl,5
`

Wkhvh htxdwlrqv lpso| wkdw �+J,L � D lv srvlwlyh vhplgh�qlwh/ dqg khqfh
wkh odujhvw hljhqydoxh ri D lv dw prvw �+J,1
Frqyhuvho| ohw D eh d pdwul{ vdwlvi|lqj wkh deryh frqglwlrqv dqg ohw � eh

lwv odujhvw hljhqydoxh1 Wkhq �L�D lv srvlwlyh vhplgh�qlwh dqg khqfh wkhuh
lv d idfwrul}dwlrq ri D= l1h1 < yhfwruv {l> 4 � l � q vxfk wkdw ��lm � dlm @
+{l,w+{m, zkhuh � lv wkh Nurqhfnhu ixqfwlrq1 Ohw f eh d yhfwru ri ohqjwk 4
zklfk lv ruwkrjrqdo wr hdfk ri wkh {l +vxfk d yhfwru h{lvwv ehfdxvh � lv dq
hljhqydoxh ri wkh pdwul{ D,1 Ohw xl @ +f.{l,@

s
�1 Wkhq/ +xl,5 @ ^4.+{l,5`>

+xl,w+xm, @ ^4 . +{l,w+{m,`@� @ 3 ; +l> m, @5 H1 Khqfh xl> 4 � l � q lv dq
ruwkrqrupdo uhsuhvhqwdlwrq iru J1 Pruhryhu/ � @ 4@+fwxl,;l1 khqfh �+J, �
�1 Wklv frpsohwhv wkh suuri ri wkh wkhruhp1�
Wkh qh{w uhvxow jlyhv d phwkrg ri frpsxwlqj �+J,=

Wkhruhp 69 Ohw J eh dv ehiruh1 Ohw=

P @ ^E = E q � q s=v=g v|pphwulf`_ ^E = elm @ 3 ; l 9@ m> +l> m, 5
H>Wu+E, @

S
l ell @ 4`1 Wkhq �+J, @ pd{E5P

S
l

S
m elm @ pd{E5P Wu+EM,1

Gursslqj wkh v|pphwu| uhtxluhphqw dqg fkdqjlqj Wu+E, @ 4 wr Wu+E, � 4
grhv qrw d�hfw wkh uhvxow1
Surri = Ohw D eh d pdwul{ vdwlvi|lqj wkh frqglwlrqv ri wkh suhylrxv wkhruhp
zlwk odujhvw hljhq ydoxh �+J,1 Ohw E 5P1 Wkhq=

Wu+EM, @
[
l

[
m

el>m @
[
l

[
m

dl>mel>m @ Wu+DE,

dqg khqfh=
Wu+^�+J,L �D`E, @ �+J,� Wu+EM,

Khuh erwk ^�+J,L � D` dqg E duh srvlwlyh vhplgh�qlwh1 Ohw }l/ 4 � l � q
eh d vhw ri ruwkrqrupdo hljhq yhfwruv ri E zlwk hljhq ydoxhv fruuhvsrqglqj
wr wkhp htxdo wr �l/ 4 � l � q1 Qrwh wkdw �l � 3 ; l1 Wkhq=
Wu+^�+J,L �D`E, @
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