REVIEW QUESTIONS for FINAL
6.3

15, The function can he sxpressed as
f(t) = (t — ) [ur(t) — uag(t)].

Before invoking the translation property of the transform, write the function as

F(8) = (6= 7) e (£) = (t — 27) g (1) — 7 iz (2)

It follows that
— TS E—Z:rs .h_e—z:rs

L= - —-

52 5
21. First consider the function
s —1)
G(s) = ———.
G S T
Completing the square in the denominator,
2(s—1)
GO =Gorst

It follows that
L7C(s) =2¢ cos t.
Hence

L7 e C(s)] =26 2 ros(t —2) uy(t) .

6.4.

2.(a) Let h(t) be the forcing function on the right-hand-side. Taking the Laplace
transform of both sides of the ODE, we obtain

s*Y (s) = sy(0) — y'(0) + 2[sY (s) — y(0)] +2Y (s) = L [h(t)]-
Applying the initial conditions,
s°Y(s)+2sY (s) +2Y(s) — 1 = L [h(t)].

The forcing function can be written as h(t) = 2{u.(t) — up,(t)). Its transform is

—mE __ C—ers}

cn(n)] = =

E
Solving for Y (s), the transform of the solution is

1 2[6—15 _ E—Z:‘:sj

Yis) = .
(=) 52+25+E+ s(s% + 25 + 2]

First note that ) .

S2+25+2 (s+1)Z+1




Using par:ial fractions,

2 1 (s+1)+1

s(s2+2s+2) s (s+1)2+1°

Taking the inverse transform, term-byv-term,
| 1
r = 7 =¢ctgin £.
{ﬁ+h+J LHJF+J ¢ oot

2
Cls) = — 2
e S ;)

Now let

Then
L [G(s))=1-etcost—etsint.

Using Theorem 6.3.1,
L7 e ™ Gis)| = u.(t) — e =) [cos(t — ¢) + sin(t — ¢)] u(t) .
Hence the solution of the IVF is

y(t) — e tsint + ur(t) — e ~(t—m [mﬁ{f — )+ sin(t — JIT:I] ug(t)—

=2 cos(t — 2m) + sin(t — 27)] wax (£} .

— uze () + e
That is,
y(t) = et sin b+ [ug(t) — uge ()] + €7 [cos £ + sin ] ug(t)+
+e 72 [cos t 4 sin £]uqg(t)



12(a) Taking the Laplace transform of the ODE, we obtain
sV (s) — $y(0) — 5%y (0) — sy"(0) — y " (0)+

E—WS

2 . |
+5 [5Y (5) = s9(0) 5/ (0)] +4Y(s) = = - —

Applying the mitial conditions,

—ma

i

1Y (s) 4 552Y (s) + 4Y(s) = é _

Solving for the transform of the solution,

1 E—TI'E

Yis) = s(s* + 552+ 4)  s(s!+5s24+4)°

Using partial fractions,

1 B 1 [3 N & 1s
s(s* +5s24+4) 12 |s  s244 s241)°
It follows that

1 1
L L{sd+552 +4J =13 [3 + cos 2t —4 cos 1].
Based on Theorem 6.2.1, the solution of the IVP s
1 1
y(t) = i [1—ug(t)] + 3 [cos 2t — 4 cos t]—

— 1—12 [cos 2(t — ) — 4 cos(t — )] u, (1) .

That is,
y(t) = i [1—u(t)] + 11—2 [cos 2t — 4 cos t]—
1
- 13 [cos 2t 4+ 4 cos tux(f).
6.6

6. We Liave e = /(s + 1) and £[sini] =1/(s" +1). Based vn Theorew 6.6.1,

—(t—7) _ . _
L‘[Lc sin(r)dr| =——=" 5" GIDELD)




13. Taking the initial conditions into consideration, the transform of the ODE is
Y (s) — 14+ w?Y(s) = G(s).
Solving for the transform of the solution,

Yis) = ! G(s)

s tw?2 s 4w

As shown in a related situation, Problem 11,

;:—1[ Cls) ] =$£tsin{w{t—rjjg{r}dr.

52 4 w?

Hence the solution of the IVP 1s
f
y(t) = 1 sin(wt) + lf sinfw(t — 7)) g(7)d7.
w Won

7.1
3. First divide both sides of the equation by t°, and write

1, 1
:—EH —{l—ﬁj'ﬂ-.

"

E

Set 1 = u and zz = u’. It follows that = =z, and

f i’ 1 I 1
T =u’=-Ju —[i—t—zj

.

We obtain the system of equations

T, =T
1
I2r=—l:1—t—2}.r1—;.rz

7.2

11. First augment the given matrix by the identity matrix:

3 -1 1 0
am=(g 3 o 1)

Divide the first row by 3, to obtain

6 2" )

Adding —6 times the first row to the second row results in

().



Divide the second row by 4, to obtain

o 7" o)

Finally, adding 1,3 times the second row to the first row results in

10 1/6 1/12
01 —1/2 1/2)

2 1\ 1 /92 1
6 2 —12\l—-6 3)-
13. Elementarv row operations yield

2
0
0
1
0
0

Fmally, combining the first and third rows results in

100 1/2 14 1/8 1/2 —1/4 1/8)
010 0 1/2 -1/4 ,soA_1=(l] /2 —-1/4) .
cot1 0 0 1/2 0 0 1/2

Hence

01 00 1 12 0 1/2 C 03
T 01t 0)—=4{0 1 1/2 0 1,2 0} =
2.0 01 W0 1 0 c 1/2

~1/4 1/2 -1/4 0 ° L0 —1/4 1/2 —14 0
0 0 12 —14al— o1 0o 0 12 -1/
0 0 19 Do nooo0 o 1/9

e R = Y e B N

)

7.3

4. The angmented matrix is
1 2 0
{i 1 [ C\ .
\1 -1 2 | 0 )
Adding —2 times the first row to the second row and subtracting the first row from
the third row results in
1 2 -1 ] 0
0 -3 3 | 0}.
0 -3 3 | 0

Addirg the negative of the second row to the third row results in

1 2 -1 1] 0
0 -3 3 | o).
o0 0 |0



We evidently end up with an equivalent system of equations

I +2Iz—1‘3=|}

—Iz‘l‘l';:D.

Since there is no unique solution, let £z = a, where « is arbitrary. It follows that

T =&, and r; = —a. Hence all solutions have the form
—1
r=o| 1
1

8. Write the given vectors as columns of the matnx

2 1 -1
X=1|11 2
00 0

It is evident that det|{X) = (. Hence the vectors are linearly dependent. In order
to find a I'near relationship betwesn them, write ¢;x!) + e,x(2) 4 £,x3) = 0. The
larter equation i1s equivalent to

2 1 —1\ (e 0
11 2|(e]=1[0].
00 0/ \ecs 0

Performing elementary row operations,

2 1 —1 | 0 10 -3 [0
11 2 |o)l=1(o0o1 5 |0
00 0 |0 00 0 |0

We obtain the system of equations
C] — 3(!3 =1
cy + Deg = 0.
Setting ¢ = 1, it follows that ¢; =3 and c; = =5. Hence

dx _xl(@ 4 x® =0,

7.5

3.{a) Solution of the ODE requires analysis of the algebraic equations

(7 Ll (©)=()

For & nonzero solution, we must have det(A —rI) =1* +r —6=0. The roots
of the characteristic equation are ry =2 and r; = —-3. For r = 2, the system of
eguations reduces Lo £ = £, The corresponding eipenvector s ﬁ':” = (1.1)7T. Sul»
stitution of r = —3 results in the single equation 4%, 4+ & = 0. A corresponding



eigenvector is £ = (1, —4]T. Since the eigenvalues are distinct, the general solu-

ticn 1s | /1
X = (l)cz"' + 2 'k_d)e_ﬂ.

.

12. Setting x= £ €™ results in the algebraic equations

1—r 1 2 £ 0
1 2-r 1 Hl=10
2 1 1-r) \& 0

For a nonzero soluticn, we must have det(A —rI) =77 —4r* —r +4=0. The
roots of the characteristic equation are vy =4, rp; = 1 and r3 = —1. Setting r =4,

we have
-3 1 2\ (4 0
1 -2 1 |[&]= (D
2 i -3 &a 0

This system 1s reduces to the equations

61— & =0

£2— & =0.
A corresponding solution vector is given by £(1) = (1.1.1)7. Setting ) =1, the
reduced system of equations is

b —ts=0
L4+24L=0.
A corresponding solution vector 1s giver. hy £ (2 = (1,-2,1)T. Finally, setting
A= —1, the reduced system of equations is
E14+&6=0
& =0.

A corresponding solution vector 1s given by &E‘g’}' = (1,0, —l}r. Since the eigenval-
ues are distinet, the general solution is

1 1 1
x=c; |1]e¥+ea | -2)et+es| O | et
1 1 —1



15. Setting x= £ ™ results in the algebraic equations

5-r -1 SRR AL
(" ) () =)
For a nonzero solution, we must have det{A —rI) =12 —6r + 8 =0. The roots
of the characteristic equation are vy =4 and r, =2. With r =4, the system of
equations reduces to £; — £; = 0. The corresponding eigenvector is E{U =(1, '.lle.
For the case r = 2, the system is equivalent to the equation 3&; — & =0. An
elgenvector 1s E'{g] = (1,3)7. Since the eigenvalues are distinct, the general solution

18
1 1
X=0 (1) el + 2 (3)62".

Invoking the initial conditions, we obtairn the system of equations

Cl-l-Cz:-i
C]_‘I‘BCZZ—E.

Hence ¢; = 7 and e¢; = -3, and the solution of the IVP is
S B T S A NPy
X —?(l)e —3(3)5 .
7.6

2.(a) Solution of the ODEs is based on the analysis of the algebraic equations

2 — T —5 {_‘:1 . u
1 —2—r)\&)  \o)
For a nonzero solution, we require that det(A — rI) = r* + 1 = 0. The roots of the
characteristic equation are r = 4i. Setting r = i, the equations are equivalent to

£, — (2+1i)é2 = 0. The eigenvectors are £V = (2+4,1)7 and ¢ = (2—i,1)7.
Hence one of the complex-valued solutions is given by

xt = (g_ll_t)g“ = (Ert){cnst—kisin t) =

B Peost—sint vi cos £+ 2 sin ¢
a cos t ! sin t ’

Therefore the general solution is

(E cos T — sin t) (cns t4+2=in t)
Xx=n + 2 .

cos t sin

The solution may also be written as

Hoeost N Hant
X=rc )
"\2cost+sint 2 —cost4+2snt



10 Solution of the system of ODEs requires that

(57 ) (@) )

The characteristic equation is 72 L 4r £ 5 =0, with roots »= -2 + i. Substi-
tuting r = —2 4 i. the equations are equivalent to £; — (1 —#)§; = 0. The corre-

sponding eigenvector is £V = (1 —i,1)T. One of the complex-valued solutions is

given by ] .
XD — (11—‘*) o2+t _ (II‘)E—E*EWE t4isin 1) =

.y feos t4 st o f—costdsmt
=e +ie 7 . .
cos gln

Hence the general solution is

S cos t 4 sIn g —cos t 4 sin f)
' ~ cost ? sin ¢ '

Invoking the initial conditions, we obtain the system of equations
0] — f9 = 2
o = —q.

Solving for the coefficients, the solution of the imitial value problem 1s

X — 402t cos t + st P —cos { + sin
cos t sin f

—25—3*( cos t— 5 sin t )

—2enst—3sint

7.7

3.(a,b) T'ne general solut:on, found m Problem 3, Section 7.6, 18 given by

Jooost N fisint
X=r . s ; .
"o cost | sint : cost | 2sint

Given the inidal vonditivns x2(0) =), we solve the equatioss
-Ell:l =1
ﬂcl cz = u 3

resulting in c1 — 1/5, ¢z — 2/5. The corresponding solution is

cos t+ 2 sint
X = . .
S0 &

Given the inisial ronditions x(0) =e(2) | we solve the equations



5[',[:']
EC[—I'.'Q:I.I

resulting in ¢; =0, ¢ = —1. The corresponding solution is

—5 sin ¢
X = i ;
cost— 2sint

Therefore the fundamental matrix 1s
_ fcost+2sint —5sin t
e(t) = ( sin t cost —2 sin f)'

7.8
2 (c) Solution of the ODE requires analysis of the algebraic equations

(%52 (0)=0)

For a nonzero solution, we must have det{A — rI)=1* +r + i = [l. The only root
ig r — —1/2, which is an eigenvalue of multiplicity two. Setting » — —1/2 1= the
coeflicient matrix reduces the system to the single equation —&; + & = 0. Hence
the corresponding eigenvertor is £ = (1, 1)! . One solution is

0= (1) e
1

In order to obtain a second linearly independent solution, we find a solution of the
gyatom

—5/2 52\ fmy (1

—5/2 52/ \ma) 1)
There equations reduce to —51; + 512 =2, Set g = k, some arbitrary constant.
Then 2 = k4 2/5. A second solution is

) 1 te—tl2 4 k o—t12
ti ) k+2(5

_ (1Y, e DN 2, b 1) —t)2
_L1)‘E +(2;5)‘3 HE e

Dropping the last term, the general solution =

X=0 G)e‘"ﬁ Ny, [G) tet/? 4 (:2?5)6_”3} .



7.(a) Solution of the ODEs is based on the analysis of the algebraic equations

(_3_, 3N\ i 0
(25745 (6)-6)
—3z z — T/ Mz 0

The characteristic equation is r° + 2r + 1 = 0, with a single root ¥ = —1. Setting
r = —1, tke two equations reduce to —&; + £2 = (. The corresponding eigenvector

is £ =(1.1)¥. One sclution is
x1) = (i)e_*.

A second linearly independent solution is obtained by solving the system

—-3/2 3/2 m) - 1‘)

-3/2 3/2) \n) —\1)°
The ecuations reduce to the single equation —31; + 31 = 2. Let iy = k. We obtain
1z = 2/3 + &, and a second linearly independent solution is

1 k 13 ] 1
{2y _ —t —t _ 5 —t —t . —t
X< = (\1)15 +(9f3+ k)ﬂ —( Jtﬂ +(2;3)E +h(1)e .

Dropping the last term, the general solution is

cma(Detra(ts (2)e]

Imposing the mitial condizions, find that
Cp = 3
oy + ECE = -1,

so that ¢ =3 and ¢z = —6. Therefore the solution of the IVP 15

X = (_31:) et — (g)fe_L.



