Math 302 - Problem Set # 7 - Spring 2011

Homework Problems: 1, 3, 6, 11.

1. Let (f,,) be a sequence of functions defined on [—7 /2, 7 /2] by f,.(x) = { "S(i)nm ’ gi f 8 .

(a) Prove that each f, is continuous and (f,,) converges to the constant 0 function point-
wise.

(b) Prove that (f,,) converges to the constant 0 function uniformly on [a, 7/2] for any a €
(0,7/2).

(c) Find lim,,_, fn(7/2n) and using this prove that ( f,,) does not converge to the constant
0 function uniformly on [—7 /2, 7/2].

2. Let (f,) be a sequence of functions defined on [0, 27| by f,,(z) = n?sin(z/n?).

(a) Prove that the sequence (f!) converges uniformly to a function g on [0, 27].

(b) Prove that ( f,,) converges uniformly to a function f on [0, 27| with f' = g.

3. Let (f,) be a sequence of differentiable functions with |f/| < 1 on an interval [a, b]. Prove
that (f,,) converges uniformly if it converges pointwise.

2.2
e—n"xw

4. Let (f,) be a sequence of functions defined on R by f,,(z) =

n

(a) Prove that (f,,) converges uniformly on R to a function f.

(b) Prove that ( f/) converges f’ pointwise on R but not uniformly on [—a, a] for any a > 0.

5. Let (f,,) be a sequence of functions defined on [0, 1] by f,,(xz) = nz(1 — z)". Compare

Tim </01 o) dx) and /01 (Jlrglofn(x)> dz .

6. Let (f,,) be a sequence of functions defined on [—1, 1] by f,,(z) = 11% Compare

Tim </01fn(a:) d:v) and /01 (Jlr&fn(x)> dz .

7. Let (f,) be a sequence of functions defined on [0, 7/2] by f,,(z) = n cos™ z sin . Compare

lim </ﬂ/2 fn(x) d:c) and /ﬂ/2 (hm fn(x)> dx .
n—oo \ Jo o \nsoo



8. Let (f,,) be a sequence of functions defined on [0, 00) by f,,(z) = nze "*. Compare

b b
lim lim/ fo(x)dr and lim lim [ f,(z)dz.
0

n—o0 b—oo 0 b—00 Nn—00

xefz/n

9. Let (f,,) be a sequence of functions defined on [0, o) by f,(z) =

n

(a) Find the pointwise limit of (f,,) on [0, 00).
(b) Prove that ( f,,) converges uniformly on [0, b] for any b > 0.
(c) Compare

b b
lim lim/ fo(x)dxr and lim lim [ f,(z)dx.
0

n— 00 b—oo 0 b—o0 n—00

10. For each of the following sequences of functions, study the convergence (pointwise or uni-
form) on the given sets.

(@ folz)=2"(1—2)", x€][0,1].
b)) fulz) =15, zeR

1+nx2’
© folr) = Higm, v € R\ {2},

, f0<z<1

(e) fn(r) = mnr o cR,

1+n2z)

) fulz) = { L if2 € {a(0),a(l),.... a(n)} , x €[0,1], where . : N — [0,1] N Q

0, otherwise
is a given bijection.

11. For each of the following sequences of functions, study the convergence (pointwise or uni-
form) on the given sets.

(@) fu(z) = a,2®, = € R, where (a,,) is a sequence of real numbers converging to 1.
(b) fu(z) = 17752, @ € [0,00).

(©) fu(®) = 55532, T € [a,00), where a is a positive real number.

(d) fu(x) =na"e ™ x € |0,00), where r is a given real number in (0, 1].

@) fao(x) = nx"e ™, x € [a,00), where r is a given real number in (0,1] and a is a
positive real number.

() ful2) = 5=, © €[0,00).



