2) (5 pts each) For each of (a)-(d) below: If the proposition is true, write TRUE. If the proposi-
tion is false, write FALSE. No explanations are required for this problem.

2a) If 3" a,, and 3 b, are divergent, then ) a,, - b, is also divergent.
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2b) Any f € C([0,1]) can be written as uniform limit of a sequence {f.} C C([0,1]) where
fn(x) # fm(z) for any n # m.
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2¢) There is no function f : R — R with Cy = Q.
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2d) Intersection of two second category set is second category.
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3a) (10 pts) Let a,b € Rand f : (a,b) — Rbea uniformly continuous function. Prove that
both lim,_,, f() and lim,_; f(z) exist.
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3b) (10 pts) Prove or give a counterexample for the following statement.

Let {f,} € C([0,1]), and f, — f uniformly. Then, f is uniformly continuous.
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4) (15 pts) Evaluate fol z dz first by the definition of the Riemann integral.
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5) (15 pts) Let f, : [0,1] — [0, 1] be a decreasing function for each n € N. Prove that if (fn)
converges pointwise to a continuous function, then it converges uniformly.
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6) (15 pts) State and prove one version of the Baire Category Theorem.
(In the proof, do not use other versions of the theorem.)
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Bonus) (15 pts) Let (X, d) be a compact metric space and £ be the collection of all real-valued
Lipschitz functions on X, i.e.,

£={feC(X): thereexists K > 0 such that |f(z)— f(y)| < Kd(z,y) forevery z,y € X}
Prove that £ is dense in C(X).
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