Math 402/571 Topology

Midterm 2
May 26, 2010

1a) (5 pts) Define the fundamental group, X, p).

1b) (5 pts) Define homotopy between two maps. Define homotopy equiva-
lence of two spaces.

1c) (5 pts) Define identification space. Define identification topology.

1d) (5 pts) Define surface. Define boundary point and interior point of a
surface.

2) (5 pts each) For each of (a)-(d) below: If the proposition is true, write
TRUE. If the proposition is false, write FALSE. No explanations are re-
quired for this problem.

2a)lf m (X, p) ~ m (X, q) for anyp, ¢ € X, thenX is path connected.

2b) Let A be a subspace of the topological spacelf f : X — Aisa
retraction, thery. : 7(X,p) — m(A, p) is onto wherep € A.

2c)Let Y be a contractible space. Then any two m#@pg: X — Y are
homotopic to each other.

2d) X —{p}~Y —-{¢} = X~Y.

i.e. Letp € X andg € Y. If X — {p} is homeomorphic t&” — {¢}, then
X is homotopy equivalent tt'.

3) (20 pts) Show thatnt(D?) is not homeomorphic tont(D?).
int(D*) = {(z,y) € R*| |(z,y)| < 1}
int(D?) = {(z,y,2) e R® | [(z,y,2)| <1}

4) (20 pts) Show that,(S') = Z.
You may use any method you want.

5) (20 pts) Prove or give a counterexample for the following statement:
If 7,(X) ~ Z, thenX is homotopy equivalent t§*.

Bonus) (20 pts) LetX = T2 — {p, ¢} wherep andq are two distinct points
on the torug/?. Computer; (X).



2) (5 pts each) For each of (a)-(d) below: If the proposition is true, write
TRUE. If the proposition is false, write FALSE. No explanations are re-
quired for this problem.

2a) If m (X, p) ~ m (X, q) forany p, g € X, then X is path connected.

FALSE.
By Xt(l('ﬁ]

2b) Let A be a subspace of the topological space X. If f : X — Aisa
retraction, then f, : 7(X,p) — m (A, p) is onto where p € A.
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2c¢) Let Y be a contractible space. Then any two maps f,g: X — Y ate
homotopic to each other. ‘

Tlue

2) X — {p}~Y -{qg} = X~Y.

i.e. Letp € X andq € Y. If X — {p} is homeomorphic to Y — {g}, then
X 1s homotopy equivalent to Y.
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3) (20 pts) Show that int(D?) is not homeomorphic to int(D3).

int(D?) = {(z,y) € R?| |(z,y)| <1}
int(D%) = {(z,y,2) e R?||(z,y,2)| <1}
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4) (20 pts) Show that 1 (S?) = Z.

You may use any method you want.
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5) (20 pts) Prove or give a counterexample for the following statement: -

If ,(X) ~ Z, then X is homotopy equivalent to S.
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Bonus) (20 pts) Let X = T2 — {p, q} where p and q are two distinct points
on the torus 72. Compute m; (X).
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