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Math 405/538 Differential Geometry

Midterm Exam 1
November 6, 2013

1) (5 pts each)
a. Define the torsion of a regular space curve a.

A erklgosle:

b. Define the tangent plane of a regular surface in R2,

\esd s,

For each of (c)-(d) below: If the proposition is true, write TRUE. If the
proposition is false, write FALSE. No explanations are required.

¢. There exists exactly one regular parametrized curve « : R — R?
satisfying all of the following conditions:

e « is parametrized by arc length.

o a(0) = (0,0,0)

e o has curvature 1(s) = 5sforalls € R
e o hastorsion 7(s) = 2 foralls € R
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d. Let f : R® — R be a differentiable function. If a is not a regular
value of f, then f~1(a) is not a surface in R?.
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2) (20 pts) Prove or give a counterexample for the following statement:

A regular space curve is planar if and only if its torsion 7 is everywhere 0.
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3) (20 pts) Assume that all normals of a space curve o pass through the
fixed point py € R>. Then, show that « is contained in a circle.
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4) (20 pts) Let .S = {1 +dy?+ 2% = 5}. Show that S is a regular surface
in R3. Find the tangent plane at p = (1,1,0). Write a parametrization of a
neighborhood of p.
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5) (20 pts) Let S be aregular surfaceand ¢ : U — Sbea parametrization
with ¢(p) = g. Let the coefficients of the first fundamental form for ¢ at ¢
are £ = 3, F = —2and G = 7. Let oy, ovg be two regular curves inlU c R?
with a;(0) = a3(0) = pand a}(0) =< 1,0 > and ¢4(0) =< 1,1 >.

a) Compute cos 6, where @ is the angle between the images of these two
curves in S at g.
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b) Let B(¢) = (2 + 1,2t — 3) C U and 8(0) = p. Let ¥(¢) = ¢(B(¢)) C 5.
Compute |7/ (0)].
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Bonus) a) (10 pts) Show that the sum of the curvatures of the normal sec-
tions (+kg) for any pair of orthogonal directions is constant.

! I, W
Tles EAK: kLS'O\Q (\Lu'q f’”"‘f’( Cutoifres
Wi ) f’{ “/i(f‘[,l d f;,,,,/.,n;;} 3

1

(omids g and AT 1, ,:Féf@,

j.\ﬁcl = \(,, (@\ol"f" [u S‘:nid\

: ! \
1 l('u{ 1 L(( CD)L (O{‘f T’/t) "('[Ll S\PL (OH W/L) = \(l Slﬂ\g,\ o l{( (o OL
+ = _f_“‘[l | | | o
- veau)- L g
/) . Ll’l (@Blﬁl( S\ﬂlp\)_(_[{l\((mo{fﬁl‘lp{) w T \(L 8
b) (10 pts) Prove or give a counterexample for the following statement:

Let S be a regular surface with the principal curvatures |k;| < 1 and
|ks] < 1 everywhere. Then, for any curve «« C S, the curvature of «
satisfies |kq| < 1.
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