Problem 3.1.1 Solution
The CDF of X 15

0 xr = —1
Fy(x)= (x+1)/2 —1=x <=1 (1)
1 x=1

Each question can be answered by expressing the requested probability i terms of Fy(x).

(a)
PX=>1/2]=1—-P[X<1/2]=1—Fy(1/2) =1—-3/4=1/4 (2)

(b) This is a little trickier than it should be. Being careful, we can write
P[-1/2=X =3/4]=P[-1/2 =« X =3/4]4+ P[X =—-1/2]- P[X =3/4] (3)
Since the CDF of X 1s a continuous function, the probability that X takes on any specific

value 1s zero. This implies P[X = 3/4] = 0 and P[X = —1/2] = 0. (If this 1s not clear at
this point, it will become clear in Section 3.6.) Thus,

P[-1/2=X=3/4]=P[-1/2 =X =3/4]=Fx(3/4)—Fx(—1/2) =5/ (4)

(e)
P[X1=1/2]=P[-1/2=X=1/2]=P[X =1/2] - P[X < —1/2 (5)

Note that P[X = 1/2] = Fx(1/2) = 3/4. Since the probability that P[A = —1/2] = 0,
P[X = —1/2] = P[X = 1/2]. Hence P[X = —1/2] = Fx(—1/2) = 1/4. This implies

PlX|<1/2]=P[X <1/2]—P[X < —1/2] =3/4—1/4 =1/ (6)

(d) Since Fy(l) =1, wemusthavea = 1. Fora < 1, we need to satisfy

1
P[Xga]:ﬂﬂa}:%:o.s %

Thus a = 0.6.



Problem 3.2.4 Solution
Forx =0, Fy(x) =0 Forx = 0,

¥ x b 2,21 24T 22
Fy(x) = f fr()dy = f a’ye ™V dy = —~ VN =1t (1)
0 0

A complete expression for the CDF of X 1s

0 = 0
Fy(x) = { * (2)

1—e 7%/ x>0



Problem 3.3.1 Solution

1/4 —1=x<3

fx(x) = 0 otherwise

We recognize that X 15 a uniform random variable from [-1.3].

(a) E[X]=1and Var[X] = (341‘2”3 =4/3.
(b) The new random variable ¥ is defined as ¥ = h(X) = X°. Therefore
ME[X]) =h(l) =1

and
Em]=E[X] = Var[X]+ E[XT =4/3+ 1= 7/3

Finally

E[Y] = E[h(X)] = E[X°] = 7/3

3.4
s 49 61 49
Var[¥]= E[X] - E(xXP =[] Lax-Z_2_Z2
14 9 5 9
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Problem 3.3.7 Solution

To find the moments, we first find the PDF of U by taking the derivative of Fi;(1). The CDF and

corresponding PDF are

0 W= —5 0 M= —5

(u+5)/ —5=u<=-3 1/8 —5= -
Fruy=14 1/4 —3 =y =3 fruy=41 0 3=y =

1/44+3(u—3)/8 3=u=>5 3/8 3=u

1 u = 5. 0 u = 5.

(a) The expected value of U is

e =3 3 3y
E[U]f ufu(u) du =f du +f —du
oo 5 3 8

ul +3yzj
16| 16
=—1+43=2

woga | =

3

(b) The second moment of U7 is

1 % 5 =32 3 3y
E[U‘][ u” fuluydu [ —du +[ —du
— _5 8 3 8
3 3,3

i
. [Fi U
S 24|50 8,
= 49/3

The variance of U is Var[U] = E[U%] — (E[U])? = 37/3.

(c) Note that 2¥ = e82Y_ This implies that

fz“ du = fe{ Mgy = e — —
In2 In2

The expected value of 2Y is then

5

; > =3 g 3.2
E[zb]=f E”ﬁ,r{u)du:f ?mhuf =— du
- - 3

oo 3
2 |7 3.0
= 3wzl Bzl
2307
= 13.001

~ 256m2
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Problem 3.4.1 Solution
The reflecte power I” has an exponential (A = 1/Fy) PDF. From Theorem 3.8, E[Y] = Py. The
probability that an aircraft is correctly identified is

o0

1 ,
P[Y > P =f —e V' Fgy =&l (1)
r P

Fortunately, real radar systems offer better performance.



Problem 3.4.10 Solution
The mntegral I 1s

o . .
I =f he M dx = —e |7 =1 (1)
0
Forn = 1, we have

5] }“n—lxn—l ;

I, = f — e Mt (2)
g (n=1) ————
[ — du

u

We define u and dv as shown above in order to use the imntegration by parts formula [udv =
uv — [vdu. Since

;Ln—ll.n—l .
du = ———dx v=—e " (3)
(n—2)!
we can write
[ o]
Iy = uvl§ —[ vdu @
i
in—1,n-1 o0 @e yn—1,n—1
Sy . x .
S —— - f L _edx (s)
m-0 |, " =2
=0+ 5 (5)

Hence, I, = 1 foralln = 1.



Problem 3.4.5 Solution

{a) The PDF of a continuous uniform random variable distributed from [—5, 5) 15

1/10 —5<x<5
Jx ()= { 0 otherwise
(b) Forx = —5, Fy(x)=0.Forx =5 Fy(x)=1 For—5 <x = 5, the CDF 15
u Xx+5
Frix)= ) dT = —
x(X) S Jx(7) 0
The complete expression for the CDF of X 1s
0 X = —5
Fy(x)=3 (x+5/10 5=x=5
1 x=25
(¢) the expected value of X is
5 22
X X
—dy = — =10
5 10 20 -5

(1)

(2

(3

(4)

Another way to obtain this answer 1s to use Theorem 3.6 which says the expected value of X

15

54 -5
E[X]= + =0
(d) The fifth moment of X 1s
5.5 67
x x
f —dx=—| =10
_5 10 60| s
() The expected value of et is
5 &* " 5 65 _ e—S
—dyr=—| =——=14.84
_s 10 10 _5 10
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Problem 3.5.10 Solution

This problem 1s mostly calculus and only a little probability. From the problem statement, the SNR
¥ is an exponential (1/y) random variable with PDF

@iy =,
frn = { 0 otherwise. M
Thus, from the problem statement, the BER 1s
_ o0 —_— [ ] —_—
P, =E[PA(Y)]= f O 2y fr (y) dy = f Q(v’z}-‘)‘;f” " dy 2)
— 0

Like most integrals with exponential factors, its a good 1dea to try integration by parts. Before doing
so, we recall that if X" is a Gauvssian (0, 1) random variable with CDF Fy(x), then

O(x)=1—-Fx(x). (3)
It follows that Q(x) has dervative
, d 0(x) d Fxy(x) 1 _op
o) =——=—"1 =—fr(x)=— e (4)

L

To solve the integral (2), we use the integration by parts formula fab udy = m)|2 — f: vdu, where

1
= Q{-\;"’Z}J} dl_l — _e_.}l'r}’ dJ. (5:]
v
fr— 1 e—.\'
= 0'(y2y =— = —e
=W == v= e ©)

From integration by parts, it follows that

—_ [ee]

P, = uv|y’ _f vdu %
0
— oo B |
= — [y e—}'!r| _f — o VIHL gy, g
A T Sy | ®)
0 1 o 1,2 s

=0+ 0(0)e " — Zﬁj(; ¥~ {27 dy ©)

where ¥ = y/(1 + ). Next, recalling that Q(0) = 1/2 and making the substitution r = y/y, we
obtain

— l ]. ||I —lf) _t
FP.= - = 5 - I dt (10)

From Math Fact B.11, we see that the remaining integral is the I'(z) function evaluated z = 1/2.
Since I'(1/2) = /7,
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Problem 3.5.3 Solution

X 15 a Gaussian random variable with zero mean but unknown variance. We do know, however, that
P[|X] < 10] = 0.1 (1)

We can find the variance Var[.Y'] by expanding the above probability in terms of the &(.) function.
10

P[-10 =X =10] = Fy(10) — Fx (—10) = 2@ (—)—l (2)
ox

This implies ®(10/ox) = 0.55. Using Table 3.1 for the Gaussian CDF, we find that 10/0y = 0.15
or oy = 66.6.



Problem 3.6.1 Solution

(a) Using the given CDF

PX = —1]=Fx(—17) = 0 (1)

PX =—1]=Fyi—1) = —-1/3+1/3=0 (2)

Where Fx(—17) denotes the limiting value of the CDF found by approaching —1 from the
left. Likewise, Fy(—1%) is interpreted to be the value of the CDF found by approaching

—1 from the right. We notice that these two probabilities are the same and therefore the
probability that X is exactly —1 is zero.

(®)

P[X =0] = Fy(07)=1/3 (3)
PX =0] = Fy(0)=2/ (4)

Here we see that there 15 a discrete jump at X = 0. Approached from the left the CDF yields a
value of 1/3 but approached from the right the value 1s 2/3. This means that there 1s a non-zero
probability that X = 0, in fact that probability is the difference of the two values.

P[X=0]=P[X<0]—P[X <0]=2/3—1/3=1/3 (5)



Problem 3.7.1 Solution

Since 0 < X < 1, ¥ = X~ satisfies 0 < ¥ < 1. We can conclude that Fy(y) = 0 fory
Friy)=1fory=1.For0 =y

= 0 and that
Fr(p=P[xX¥ =y]=P[x =< /7] (1)
Since fr(x)=1for0 <x <1 weseethatfor0 =y = 1,
JT
P[Xfﬁ]=f dx =¥ 2)
0
Hence, the CDF of ¥ 1s
0 yv=20
Friy)=3 J¥y 0=y = (3)
1 y=1

By taking the derivative of the CDF, we obtain the PDF

fr () = 1(.,,/_} 0=y=<1l

otherwise
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