1.1

Appendix A: Matrix Algebra

Definitions
Matrix A = [a;] = [A],,
Symmetric matrix: a;; = ag; for all ¢ and k
Diagonal matrix: a;; # 0if ¢ = j but a;; = 0if i # j
Scalar matrix: the diagonal matrix of a;; = a.
Identity matrix: the scalar matrix of a =1
Triangular matrix: a;; =01if j >4
Idempotent matrix: A = AA = A?
Symmetric idempotent matrix: A'A = A = AA
Orthogonal matrix: A~'= A’
Unitary matrix: A’/A = AA'=1
Trace of A : tr (A) =" | a;, sum of diagonal terms.

— tr (ABC) =tr (BCA) = tr (CBA) if A, B, C are symmetric.
— tr(cA) =cltr (A)]

— tr(A+B)=tr(A)+tr(B)

Matrix Addition:

L A—I—B:[aik—kbik]

(A+B)+C=A+(B+C)

(A+B) =A+B



Matrix Multiplication

e AB+#BA:
_a b_ _e f_ _ _ae—l—bg af~|—bh_
c d g h B ce+dg cf +dh
e fllab]  [acter vetdr |
g h c d B ag + ch bg+ dh

e (AB)C=A(BC)
e A(B+C)=AB+ AC

e (AB) =B/A’

Idempotent (projection) Matrix
y=bx+cz+u
where y,x,z and u are T x 1 vectors, b and ¢ are scalars. Let
M, = (I —z(z'z)"" z’)
then, M, is an idempotent matrix.
MM, = (I —z(zz)”" /> ( z(z'z)”" z’>
= I —z(zz) "2 —z

= [—z (z'z)_1 —2(22) 7 +2(22) ' 2z

= I —z(z2)"" M,

Further note that
M.z = <I —z(z'z)”" z’) z=10

Hence we have
M.y = bM.x+ cM.z+ M,u

= bM.,x + M,u

(z2) "2 +2z(22) " 2z (




Vector

e Lenth of a vector: Norm is defined as

lle]| = Vele = (z":€?>1/2

i=1

e Orthogonal vectors: Two nonzero vectors a and b are orthogonal, written a L b, iff

ab=ba=0
Regression in a Matrix form
y =Xb+u
The OLS estimate is
b = (XX)'Xy

= (X'X)'X'Xb+ (X'X) ' X'u
= b+ (X'X)"' X'u
The OLS residuals are
ﬁ:y—XB:Xb—XB+u:u—X(B—b)
Hence we have
X4 =X '(u—X<B—b)>
~ Xu-XX (B _ b)
= Xu-XXXX)"'Xu

= 0
Matrix Inverse
e (AB)'=B'A!
1
A 0 Al 0
[ ) e
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All A12

o =7 (see p.966 A-T74)
Ay A
11 012
Kronecker Products Let A = , then
QA21 @22
a11B a12B
A®B— 11 12
a1 B aB

e Ais K x L and Bism xn. Then A ® B is (Km) x (Ln)
e AR B+C)=A®B+ARC

e ( A+B)JC=AC+BxC

e (FA)®B =A® (kB) =k (A ® B) where k is a scalar

e (A®B)®C=A®(BxC)

e (A®B) ' = (A'®B™)

e (A®B) =A'gB

o tr(A ® B) =tr(A)tr(B)

e (A®B)(C®D)=AC®BD

1.2 Eigen values and Eigen vectors

Eigen Values Characteristic vectors = Eigen vectors, c

Characteristic roots = Eigen values. A

Ac =
Ac—)Mc =0
|JA—X|c =0



Example: Find eigen values of A :

Solutions:

Eigen Vector: The characteristic vectors of a symmetric matrix are orthogonal. That is,
c'c=1

where C = [cq, Cy, ..., Cx] . Alternatively C is a unitary matrix.

Let _ -
M O - 0
0 N --- 0
A = diag (A, ..., \k) = ?
0 0 Ak
Then we have
ACk = )\kck

or

AC =CA
C'AC =C 'CA=A=diag(\,.... \x)

Alternatively we have

A = CAC

which is the spectral decomposition of A



Some Facts: Prove the followings
1. tr (A) =tr(A)
tr (A) = tr (CAC') = tr (ACC') = tr (AI) = tr (A)
The trace of a matrix equals the sum of its eigen values.
2. |[A| =|A]
3. AA = A? = CA*C
4. A7t =CAIC
5. Suppose that A is a nonsigular symmetric matrix. Then

A1/2: CAI/QCI
6. Consider a matrix P such that
PP=A"!
then

P=A2C

Matrix Decomposition LU decomposition (Cholesky Decomposition)
A=LU

where L is lower triangular and U is upper triangular matrix. L = U’

Example:
a c e f e 0 f2+e? gf

c b 0 g fyg gf ¢

Hence the solution is given by

g:\/g,f:C/\/B,a:?



Spectral (Eigen) Decomposition

A = CAC

Schur Decomposition

A =USU’

where U is an orthogonal matrix and S is a upper triangular matrix.

Quadratic forms Let A be a symmetric matrix. Then all eigen values of A are positive
(negative), then A is a positive (negative) definite matrix. If A has both negative and positive

eigen values, then A is indefinite.

1.3 Matrix Algebra

J(Ax) J(Ax)
ox A, ox' A
0(xAx) 0 Ax
0x n
J(xAx) ,
IA = XX



1.4 Sample Questions:

11 10
Part I: Calculation A = , B=

1 2 01

Q1: Find eigen values of A

Q2: Find the lower triangular matrix of A
Q3: A®B

Q4: (A®B)™!

Q5: tr(A)

Part II: Matrix Algebra Consider the following regression

Yi = a4 bxy; + cro +uy

Q6: If you wrote (9) as
y=X8+u

Define 4,X, 5, and u

Q7: Consider the following problem
arg mﬁin L=v1uu

Show the first derivertives of L function.

Q8: Show the solution satisfies 3 = (X'X) ' X'y



2 Probability and Distribution Theory

2.1 Probability Distributions
f(z) = Prob(X ==x)
1. 0 < Prob(X =z) <1,

2. Y, f(z) =1 (discrete case), [* f(z)dz =1 (continuous case)

Cumulative Distribution Function

F(z) = > x<o f(X) = Prob(X <u): discrete
[*. f(z)dz = Prob(X <z): continuous

I.OLSF(z)<1

2. If > y, then F (x) > F (y)

3. F(+00) =1

4. F(—00) =0

Expectations of a Random Variable Mean or expected value of a random variable is

> . xf (x) discrete
Elz] =
[, xf (x) dx continuous

Median: used when the distribution is not symmetric

Mode: the value of x at which f (z) take its maximum



Functional expectation Let g (z) be a function of z. Then

> .9 () f(x) discrete

Elg(z)] = fw g (z) f (z) dz continuous

Variance
V() = E(x—p)’
_ > (T — 1)? f () discrete
fx (z — M)2 f (z) dz continuous
Note that

Viz) = E(x—u)QzE(xQ—qu—k;f)

Now we consider third and fourth central moments
Skewness : E(z—p)°
Kurtosis : F(z —p)*

Skewness is a measure of the asymmetry of a distribution. For symmetric distribution,

we have
flx—p)=f(z+p)
and

E(x—p)’=0

2.2 Some Specific Probabilty Distributions

2.2.1 Normal Distribution

I (lp, 0%) = \/Z;?exp (_(x2—05) )

or we note



Properties:

1. Addition and Multiplication

wa(u,02), a—i—bwa(a—i—bu,anQ)

2. Standard normal function

P = o) = —ew (-3)

0|,

)

L exp (_

Chi-squared, t and F' distributions

1 k-2 i

flx; k) = mxT exp <—§> 1[z > 0]

1. If z ~ N (0,1), then 22 ~ x? chi-squared with one degress of freedom.

11



. If 21, ..., x, are n independent x? variables, then

> wi~xd

i=1

. If x4, ..., 2, are n independent N (0, 1) variables, then
> al~xd

i=1

. If 21, ...,z, are n independent N (0,c?) variables, then

. If z; and z are independent x2 and x?, variables, then

2
X + Tg ~ Xn—|—m

. If z; and z are independent x2 and Y2, variables, then

. If zis a N (0, 1) variable and z is x2 and is independent of z, then the ratio

z

JaTn

ty =

and it has the density function given by

f@):L%Z)(Hx—Q)%

()

where v =n — 1 and T" (.) is the gamma function
I (p) = / tr~tetdt.
0
. tn — N(0,1) asn — o0

. If z ~t,, then 22 ~ F (1,n)

12



10. Noncentral 2 distribution: If # ~ N (4, 02), then (/o) has a noncentral y? distrib-

ution.

11. If z and z have a joint normal distribution, then w = (=, )" has

w~ N (0,%)
where
02 Oy,
Y
Op. O

12. If w ~ N (u,X) where w has J elements, then w'¥~'w has a noncentral y%. The

noncentral parameter is p'S /2.

2.2.2 Other Distributions

Lognormal distribution

Note that

Hence

Mode (x) = et™°

Median (z) = e

13



e Properties

1. If x ~ N (u,02), then exp (z) ~ LN (u,0?)
2. If x ~ LN (p,0?), then In (z) ~ N (p1, 0%)

3. If # ~ LN (u,0?%), then y = x + ¢ is a shifted LN of z. E(y) = E(x) +¢, V(y) =
V(z+c)=V(x)

4. If & ~ LN (p,0?), then y = ax is also LN. y ~ LN (Ina + u, 0?)
5. If x ~ LN (u,0?), then y = 1/z is also LN. y ~ LN (—pu, 0?)
6. If v ~ LN (pq,0%), y ~ LN (s, 03) and they are independent, then

xy ~ LN (g + 15,07 + 03)

14



Gamma Distribution

p
f(x)==—exp(=Az)a? ! forx > 0,A>0,p>0

L (p)

where
Nmz/twfw.
0

Note that if p is a positive integer, then

I'(p)=(p—1)
When p = 1, gamma distribution becomes exponential distribution

Aexp (—Az) for x >0,
f(z)=
0 forz <0
When p = %, A = 1/2, gamma dist. = x* dist.

When p is a positive integer, gamma dist. is called Erlang family.

Beta distribution For a variable constrained between 0 and ¢ > 0, the beta distribution

has its density as

o=y () 0-2)

Usually 2’s range becomes = € (0,1) that is ¢ = 1.
1. symmetric if o = 3
2. a=1,8=1, becomes U (0, 1)
3. a< 1,8 <1, becomes U — shape
4. a =1, > 2, strictly convex
5. a =1, = 2, straight line
6. a=1,1< [ < 2, strictly concave
7. Mean: = < forc=1

atB’ ath

af aff

(a+B+1)(a+B)?" (a+f+1)(a+5)” for ¢ =1

8. Variance:

15
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Figure 1:

Logistic Distribution

I e—(v—n)/s 0
x) = , 8>
s (1 + e—(@=m/5)?
1
F@) = Treear
When s =1 and p = 0, we have
e’ 1
€Tr) = —_— 5, xTr) =
f( ) (1+€7I)2 ( ) 1+e,x
(1—1—6*13)2
1
14e—®

16



1+67m/0.1

10T
0.8 1

0.6 7

X L

Exponential distribution

f @) =Ae™™

‘Weibull Distribution

fay = FET e forz 20

Oforz <O

When k£ = 1, Weibell becomes the exponential distribution.

17



Cauchy Distribution

fm:l[( )

™ $—$0)2+’}/2

where xg is the location parameter, 7 is the scale parameter. The standard Cauchy distri-

bution is the case where xg =0 and v = 1.

w(1+z2)

Note that the ¢ distribution with v = 1 becomes a standard Cauchy distribution. Also note

that the mean and variance of the Cauchy distribution don’t exist.

2.3 Representations of A Probability Distribution

Survival Function

S(z)=1—F(z) =Prob[X > z]

where X is a continuous random variable.

Hazard Function (Failure rate)

f () f ()
o) = 5o " T=F @

Let f(t) = Ae " (exponential density function), then we have
(



which implies that the harzard rate is a constant with respect to time. However for Weibull

distribution or log normal distribution, the harzard function is not a constant any more.

Moment Generating Function (mdf) The mgf of a random variable z is
M, (t)=E (), forteR

Note that mgf is an alternate definition of probability distribution. Hence there is one
for one relationship between the pdf and mgf. However mgf does not exist sometimes. For

example, the mgf for the Cauchy distribution is not able to be defined.

Characteristic Function (cf) Alternatively, the following characteristic function is used
frequently in Finance to define probability function. Even when the mdf does not exist, cf

always exist.
o) =FE (), i*=-1
For example, the cf for the Cauchy distribution is exp (zoit — v |t]) .

Cumulants The cumulants k,, of a random variable x are defined by the cumulant gener-

ating function which is the logarithm of the mgf.

g (t) =log [E (em)}

Then, the cumulants are gievn by

19



2.4 Joint Distributions

The joint distribution for z and y denoted f (z,y) is defined as

Seydf(@y)
S L f (,y) dady

Consider the following bivariate normal distribution as an example.

Prob(a <z <bc<y<d) =

f(zy) = ! = exp (—% (€2 + €2 —2peaey] / (1 — ,02))
I—p

2mo 0y

where

T — Uy Y= Hy Ozxy
€$:77 gy: s p: —_—
Oy oy O30y

Suppose that o, = o, = 1, i, = p1,, = 0,04, = 0.5. Then we have

flx,y) = ﬁ exp (—% [* +y* —ay] /(1 - 0.52)>

m/ﬂﬁ exp (—3 (% + 42 —zy) / (1 — 0.5%))

0.0f)[ A\
//IlA\ \

B LN

We denote

20



Marginal distribution It is defined as

2 f ()
Prob (z = z9) = Y Prob (x = xo|y = yo) Prob (y = yo) = f. (z) = v
zy: Y Y [, I (z,s)ds

Note that

f(z,y) = f. (x) f, (y) iff v and y are independent
Also note that if x and y are independent, then

alternatively

Prob (z < z,,y < y,) = Prob(z < z,) Prob (y < y,)

For a bivariate normal distribution case, the marginal distribution is given by

fo(z) = N(Mr’ai)
fy) = N(uy03)

Expectations in a joint distribution Mean:

2 tfe (@) =20, f(2,y)

E(z) =
Jowfe @) de = [, [ af (z,y) dyde

Variance: See B-50.

Covariance and Correlation

Covlr,y] = Ef(x—p,) (y— 1)) =00y
Corr (z,y) = %
20y

Vir+y)=V(x)+V(y)+2Cov (z,y)

21



2.5 Conditioning in a bivariate distribution

_ fzy)

For a bivariate normal distribution case, the conditional distribution is given by
f(yle) = N (o + Bz, 0 (1 - p?))

where o = p1, — Bpi,, = 04y/03.

If p =0, then y and z are independent.

Regression: The Conditional Mean The conditional mean is the mean of the condi-

tional distribution which is defined as

>, yf (ylz)

E (ylr) =
’ J,uf (ylz) dy

The conditional mean function E (y|x) is called the regression of y on x.

y = Eylz)+(y—E(ylz))

= FE(ylz)+e¢

Example:

y=a+br+e

Then
E (y|x) = a+ bu.

Conditional Variance

Vyle) = E[(y—E(yl)*|z]
= E(y’|z) — E(ylz)”

22



2.6 The Multivariate Normal Distribution

Let x = (1, ..., 7,) and have a multivariate normal distribution. Then we have

F () = (27) S exp (% (x— ) S (x - m)

1. Ifx ~ N (u,X), then
Ax+b~N(Ap+b,ASA')

2. Ifx ~ N (pu,X), then
(x =) (x—p) ~ x,

3. If x ~ N (pu,X), then
2 (x—p) ~N(0,L,)

23



2.7 Sample Questions

Q1: Write down the definitions of skewness and kurtosis. What is the value of skewness for
the symmetric distribution.
Q2: Let 2; ~ N(0,0?%) for i = 1,...,n. Further assume that z; is independent each

other.Then

b
s
X
U

2

1
21 .2
T +T3

Q3: Write down the standard normal density
Q4: Let x ~ LN (u,0?).

1. In(x) ~

2. Prove that y = az ~ LN (Ina + u, 0?).

3. Prove that y = 1/z ~ LN (—u,0?).

Q5: Write down the density function of the Gamma distribution

1. Write down the values of p and A when Gamma = 2

2. Write down the values of p and A when Gamma = exponential distribution

24



Q6: Write down the density function of the logistic distribution.

Q7: Write down the density function of Cauchy distribution. Write down the value of v
when Cauchy=t distribution

Q8: Write down the definition of Moment Generating and Characteristic function.

Q9: Suppose that x = (z1, 79, 23) and x ~ N (p1, X)
1. Write down the normal density in this case.
2.y=Ax+b~

3.z=%X"'(x—c)~ where ¢ # p.

25



3.1

Estimation and Inference

Definitions

. Random variable and constant: A random variable is believed to change over time

across individual. Constant is believed not to change either dimension. It becomes an
issue in the panel data.

Ty = a; + T
Here we decompose x;; (1 = 1,...,N; t = 1,...,T) into its mean (time invariant) and
time varying components. Now is a; random or constant. According to the definition
of random variables, a; can be a constant since it does not change over time. However,

if a; has a pdf, then it becomes a random variable.

. IID: independent, identically distributed: Consider the following sequence

X = (xl,.fg,l’g) = (17273)

Now we are asking if each number is a random variable or constant. If they are random,

then we have to ask the pdf of each number. Suppose that
ri~ N (0, a?) ,

Now we have to know that x; is an independent event. If they are independent, then

next we have to know o? is identical or not. Typical assumption is IID.
Mean:
1 n
1=

Standard error (deviation)

Covariance
1 n




6. Correlation

_ Sy
vxy - S:rsy
Population values and estimates
Yi = bz +u;

u; ~ 1wdN (u, 02)

1. Estimate: it is a statistic computed from a sample (l;) Sample mean is the statistic

for the population mean ().

2. Standard deviation and error: o is the standard deviation and s, is the standard error

of the population.
3. regression error and residual: u; is the error, w; is the residual

4. Estimator: a rule or method for using the data to estimate the parameter. “OLS
estimator is consistent” should read “the estimation method using OLS is consistently

estimated a parameter.
5. Asymptotic = Approximated. Asymptotic theory = approximation property. We are
interested in how an approximation works as n — oo.
Estimation in the Finite Sample

1. Unbiased: An estimator of a parameter 6 is unbiased if the mean of its sampling
distribution is 6.

E(@—é’)z()foralln.

2. Efficient: An unbiased estimator @1 is more efficient than another unbiased estimator

92 is the sampling variance of @1 is less than that of @2.

v (i) <v(f2)

27



3. Mean Squared Error:

MSE (9) ~- E {

4. Likelihood Function: rewrite

u; = y; — ba;

and consider the joint density of u;. If u; are independent, then

fur,sunlb) = f (ua|b) f (u2]b) ... f (un|b)
= Hf(ui|b) = L(blzi, ..., )

The function L (bju) is called the likelihood function for b given the data u.

5. Cramer-Rao Lower Bound: Under regularity condition, the variance of an unbiased

estimator of a parameter ¢ will always be at least as large as

vor - (o[ (s[2a)’

where the quantity I (6) is the information number for the sample.

4 Large Sample Distribution Theory

Definition and Theorem (Consistency and Convergence in Probability)

1. Convergence in probability: The random variable x,, converges in probability to a
constant c if

lim Prob (|z,, — ¢| > €) = 0 for any positive ¢.

n—oo
We denote

r, = ¢, or plim Tp=CcC

n—oo“’'n

28



Carefully look at the subscript ‘n’. This means x,, is dependent on the size of n. For

an example, the sample mean, n=! >"" | z; is a function of n.

. Almost sure convergence:

Prob(lim T, = c) =1

n—od
Note that almost sure convergence is stronger than convergence in probability. We

denote

. Convergence in the r—th mean

lim E(|z, —¢|") =0

n—oo

and denote it as

T
z, = ¢

When r = 2, we say convergence in quardratic mean.

. Consistent Estimator: An estimator 6, of a parameter 6 is a consistent estimator of ¢
iff
plim 0, =0

n—oo’ n

. Khinchine’s weak law of large number: If z; is a random sample from a distribution

with finite mean F (x;) = p, then
n
plim, 7, = plim, ,_n"' Z Ti = [
i=1

. Chebychev’s weak law of large number: If x; is a sample of observations such that

E(z;) =p; <00, V(x;) =0} <o0,02/n=n"2Y" 07— 0asn— oo, then

where ji, =n"* Y " ;.

29



7. Kolmogorov’s Strong LLN: If z; is a sequence of independently distributed random
variables such that E (x;) = yu; < 0o and V (z;) = 07 < oo such that Y 22, 02/s* < 0
as n — oo then

— a8

8. (Corollary of 7) If x; is a sequence of iid variables such that F (x;) = p < oo, and
FE |x;| < oo, then

Tp— b —"%0

9. Markov’s Strong LLN: If z; is a sequence of independent random variables with F (x;) =

p; < oo and if for some § >0, > F [|xZ - ui|1+5] /i1*? < oo, then

— a8

Properties of Probability Limits

1. If z,, and y,, are random variables with plimzx, = b and plimy,, = ¢, then

plim (z, +y,) = b+c
plimz,y, = bc

n b .
plimx— = —ifc#0
Yn c

2. W,, is a matrix whose elements are random variables and if plimW, = (2, then

plimW 1 = Q!

3. If X,, and Y,, are random matrices with plimX,, = B and plimY, = C, then

plimX, Y, = BC

30



Convergence in Distribution

1. x, converges in distribution to a random variable = with cdf F'(z) if

lim |F (z,) — F (x)] = 0 at all continuity points of F'(x)

In this case, F'(x) is the limiting distribution of z,,, and this is written

z, =%

2. Cramer-Wold Device: If x,, —% x, then
cx,— c'x
where c €R

3. Lindeberg-Levy CLT (Central limit theorem): If z1, ..., z,, are a random sample from a
probability distribution with finite mean y and finite variance o2, then it sample mean,

T, =n~ 'Y " | x; have the following limiting distribution
V(@ — 1) = N (0,0%)

4. Lindegerg-Feller CLT: Suppose that z1, ..., z,, are a random sample from a probability

distribution with finite mean y, and finite variance o?. Let

1< 1<
52 — — 2 u —= — .
Un_ n;(jz? :U’n nzz_l:ru’z

where lim,, ., max (0;) / (ng,) = 0. Further assume that lim,, .., 62

= 5% < o0, then
it sample mean, Z, =n"' Y " | z; have the following limiting distribution

Vi (z, — i) =% N (0,6%)

or
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5. Liapounov CLT: Suppose that {z;} is a sequnece of independent random variables with
finite mean y,; and finite positive variance o? such that F (]901 - ui]2+6) < oo for some

0 > 0. If 7, is positive and finite for all n sufficiently large, then

\/ﬁ (jn B ﬁn) _>d N (0’ 1)

On
6. Multivariate Lindeberg-Feller CLT:
Vi (&n—p,) =" N (0,Q)
where V (x;) = Q; and we assume that lim Q,= Q
7. Asymptotic Covariance Matrix: Suppose that
Jn (én—e) 4N (0, V)
then its asymptotic covariance matrix is defined as

Asy. Var (én) = %V

Order of A Sequence

1. A sequence ¢, is of order n’, denoted O (n5) , iff

CTL <
) 00 = C o
n5

plim
(a) c, =1=0(1)
(b) ¢, =n? =0 (n?): plimn?/n? = 1.
(¢) ca=1/(n+10) =0 (n""): plim(n+10)"" /ot =1
2. A sequence c, is of order less than n° iff

plimn_)ooc—z =0
n
(a) ¢, =0=0(1): plim0/1 = 0.

(b) ¢ =0 (n7'?), then ¢, = 0(1)
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Order in Probability

1. A sequence random variable x,, is O, (g (n)) if there exists some N, such that ¢ > 0

and all n > N,

Prob (‘L <c) >1—¢
g(n)

where ¢ is a finite constant

(a) If z, ~ N (0,0?), then x, = O, (1). Since given ¢, there is always some ¢ such
that
Prob (Jz,| <¢) >1—¢
(b) Oy (n*) O, (n*) = O, (n*?)
(c) If Vn(z, — fi,) = N (0,5?), then (Z, — i,,) = O, (n™/?) but z,, = O, (1)

2. The notation z,, = 0, (¢,,) means

T
LN

gn
(a) If /nz, —* N (0,6?), then z, = O, (n""/?) and z,, = 0, (1)

(b) o, (n%) o, (nb) = og“’
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Sample Qestions

Part I: Consider the following model
Ml : y,=br;4+u, i1=1,...,n
M2 : y;=a+br; + u

Suppose that

Ex,u; = ¢ < oo but Ex;u; = 0 for all ¢

Q1: Show the OLS estimator b in M1 is unbiased and consistent

Q2: Show the OLS estimator b is biased but consistent

Q3: Suppose that u; ~ iidN (0,1) . Derive the limiting distribution of b in M1
Q4: Suppose that u; ~ 7dN (0,0%) . Derive the limiting distribution of b in M2

Part II: Consider the following model
y =Xb+u

Q5: Obtain the limiting distribution of 8 = x'u
Q6: Obtain the limiting distribution of b

Q7: Suppose that u; ~ N (0,02) . Find the asymptotic variance of b
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5 Chapters 1 through 4: The Classical Assumptions

1. Linear

y=Xb+u<ox
2. X is a nonstochastic and finite n x K matrix
3. X'X is nonsingular for all n > K
4. E(u)=0
5. u~N (0,0%1).
When X is stochastic 4. Exogeneity of the independent variables: E (u|X) =10

5-1. Homoscedasticity and no-autocorrelation.

5-2. Normal distribution.

Properties: A. Existence: Given 1,2,3, B exists for all n > k and it unique

B. Unbiasedness: Given 1-4,
E(B)-a

C. Normality: Given 1-5,
BN (800 (XX))
D. Gauss-Markov Theorem: OLS estimator is the minimum variance linear unbiased

estimator (whether X is stochastic or nonstochastic).

Linear Model Consider two models.

yi = a+bx;+uy

yi = a-+bx;+crl 4 u
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Consider log, semilog, level:

yi = a+br;+uy
Iny; = a+blnx;+¢;

Iny, = a+bx;+v;
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5.1 Brainstorm I: Sample Mean

Notation:

y; = earning at time ¢

Classification: Male, Female, Skilled Worker, Non-skilled worker.

Question 1: How to test the difference between male and female earning.

11 = sample mean of male earning

y2 = sample mean of female earning

Question 2: How to explain the earning difference between male and female. By using skill

data.

ys = sample mean of skilled worker

ys = sample mean of nonskilled worker

If so how?
Question 3: Deriving the limiting distributions for Q1 and Q2 as n — oo

Question 4: Form a null hypothesis to test if male and female earning difference.
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5.2 Brainstorm II: Trend Regression

Notation: The true model is given by
Y = t+ Ety & 1wdN (0, 02)
Now consider two regressions

Yy = bit +uy

Y = bov/t + e

Question 1: Deriving the limiting distribution of by
Question 2: Write down e, as a function of ¢, &, and V/%.

Question 3: Deriving the limiting distribution of b
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5.3 Brainstorm I Continue: Dummy Regression

Notation: y; = earning. S; = Decision for Ph.D. program. G; = Decision for taking

Econometric class
Consider the following decision tree.

If S; = 0, then the values for GG; does not matter.

Question 1: Construct a dummy regression for the first example of Brainstorm I
Question 2: Construct a dummy regression for the current example

Question 3: Derive the limiting distribution for Q2.
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5.4 Assignment II: 2 Extra Credits

Basic 0: Sample Mean Suppose that z; is i.i.d. N (g, 0?).

1. Let 6 =150 (x; — 11)? . Show that 62 is biased but consistent. Obtain the unbiased

estimator.
2. Let z; = x; — xq for i = 2, ...,n. Obtain the unbiased variance for z;.
3. Let w; = x; — 2x1 + x5 for ¢ = 3, ..., n. Obtain the unbiased variance for w;.

4. Let 67,653,063 be the unbiased variance for Q1,2,3. Find the smallest variance.

Basic I: Single Regressor Consider the following model
Yi = br; +
We assume that all classical assumptions hold.

1. Show the OLS estimator b is unbiased.

2. Show the OLS estimator is minimizing the following quadratic loss
D>l
i=1
3. Show that
1 n
o
Basic II: Multiple Regressors Consider the following model
yi = XiB + u; = w1381 + w2385 + uy

or equivalently

y = X8 +u=X,5;+Xy58,+u

We assume the classical assumptions hold.
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1. Show the OLS estimator B is unbiased.

2. Show the OLS estimator is minimizing the following quadratic loss

u'u

3. Show that
Xta=0

4. Show that
B=(XX)"Xy.
5. Define M; and M3, and show the followings

By = (X{MoX) ' XMy

~

By = (XtMiXs) ' XMy

6. Suppose that 3, = 0. Consider the following two regressions

y = Xy, te (3)
y = Xif;+X8,+u (4)

(a) Show that R? in (3) is smaller than that in (4).
(b) Write down the relationship between R? and R? in general.

(c) Suppose that 3, # 0 and ¢ ratio for j3, is greater than 1. Show that R? in (4) is
greater than R? in (3).

A/ A
7. Consider (3) as the true model. e; ~ iidN (0,0?) . Let s* = u_ul
n —

(a) Show that (3, and 42 be independent.

(b) Show that




8. Consider (4) as the true model. Let zo; = 1; + v;. x1; is independent on v;. Also y; is

independent on v;.

(a) Find plim/3,.

(b) Let v; ~ #id (0,n~) for > 0. Find plimB1 and plimB2

9. Consider (4) as the true model. 3, # 0, and zy; is independent on xo;. Suppose that
you are interested in testing

Hoi")/: 0

5, =
Derive the limiting distribution 4 = 3, /f,
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5.5 Answer and Additional Notes
True Model (when z; is nonstochastic)
Yi =yt i TP = ph, T
Yi = Bri + u
Regression

Yi =yt BTt u =y, — By, + B (1, + T) +

= a+fr;+u (5)

1. How to obtain & and 3 (OLS estimators)

Take the sample average

S = at s Y a Y u (6)

(2) - (1) yields

g = B +uy
or equivalently
Ui = BT + 4
since
- 1 _
Yi = Yi — E Yi = Yi
T,
3oy Sii_iTen
PIE AR D DL

Since we assume z; is nonstochastic, we have

w2 Bl 3 EiE 0
TP DI

E(B—B):E



Note that

(Zx U, ) (T1ty + ... + xnun)2 = (xlul + .+ xnun)+2 (T1U1ToTs + .. + TpUnTp—1TUp—1)

Hence

We will assume

Then we have

Ei; =

since

Also note that

Bt

E (uwju;) = 0fori# j: independent

Eu? = o2 : identical

1 2
E(ul—EZuz) —E(u ——ul§:uz (Z l))
ai — gE (uiul + ...+ u2 + w1 + ...+ u,un)
+E (Zu + 2 (uqug + ... + Uty 1))
ai — % (Euiul + ...+ Euf + Buui, + ..o+ Eulun)

1
+ﬁ (Z Eu? +2F (ujug + ... + unun,1)>

2 1 1 —1
0l — =02+ =0 =02 (1__):n o2
n n n n

Fu;uy =0ifi # 1, and Eu;u;pq = 0 for all 4.

= F (Uiui+1 — %Uz'ﬂ Zuz - %Uz Z Ujt1 + % (Z Uz>2>

L,

u

1 _
= 0——03——03—1—@@-02):—50 =0(n 1)

E (yclu1 + ...+ iiui) +2E (Z101T2Ts + ... + TpUnTn—1Tn—1)

(B + ...+ T B0 + 2 (2132 Blnts + ... 4 Tndn1 Bl lin—1)



Now, we have

2
E ( gj«u> — (BBl + ..+ P2Ei2) + 2 (212 Biiyily + .. + Fniip1 Bl 1)
n

1 1
= T2 #2202 (T + .+ )
n n
=1

n 1 n
2\ 52 2 ~2 - - -
= o E Ti ——~oy, T —2(T1%e + .. + TpTp_1)
=1 i=1

since

Now from (3), we have

B(5-5) =

Note that




Now it is easy to show that (by using LL CLT)

Vi (B-5) edN(o,

or R
_B-8 —4 N (0,1).
VAL
To Students:
Q1. Now you do more simple model
Y; = BxZ + u; (9)

and get the limiting distribution of 3. Here we assume thy = iy = 0.

Q2. (Example of nonstochastic z;) Consider
Yi = a + u;. (10)

This is a regression of y; on 1. That is, we let &« = 3, and z; = 1 for all 7 in (9), then we have

(10). Find the limiting distribution of a.

When z; is stochastic We don’t work with expectation term here. Instead of this, we
take probability limit (since we are obtaining the limiting distribution, so we are caring
about consistency only. The previous case, both two unbiaseness and consistency becomes

identical problem since z; was nonstochastic.)

plim (3 _ ﬁ> _ Plimy oy S E _ plmy, g M EA
n—oo \ Pn phmn_wo% Z 5}22 plimn_)m% Z ~i2
Note that
n—1 1
B} = oo, Bl = ——0,
n n
Similarly, we have
n—1 1
n n
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Hence

2
E ( i‘th) = F (xlul + ...+ xiui) + 2F (iL‘llL‘QUlUQ + ...+ l’nl’n 1unun 1)

= (EZ{EW] + ...+ EZ2F}) 4 2 (E51Z2 Bl ts + .. + EyZy 1Bl t, 1)

e et

2 1 n(n—l) 5

H

Also note that

i 1 1 T Loy 1 2
p 1mnﬂoog Z (x, - Z ZL’Z> = p 1m,HOOE Z x; — plim,,_, (E Z xl)

Then we have

- > Tl 2
e (03
O—.T

Usually in textbooks, we don’t follow the above derivation. Simply others use the condi-

tional expectation. Let x = (21, ...,2,) . Then we consider

E (B~ ix)
IEREN)

47
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which is equivalent to treat x; like a nonstochastic variable. Asymptotically we note that
Vi (3 Blx) =1 N (0,02Q;")

where

x'x\ !
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Dummy Variable Regression: Let’s go back to our orignial example
yi = a+ 0S5 +uy

where

S; =0 for i = female, 1 for i = male.

Suppose that n; = total number of female = total number of male. Then

n
n=mny+n =2n, 01"711:5

; > Sl
p=p+ G

Treat as if S; is nonrandom. Then we have

Next )
DY (si —%zn;s> =Y s —% (Zsi)Q
Note
g = 0 if female
1 if male
so that

Z Sf = Z S; = ny : total number of female or male

Hence we have

2

- 1 2 1 n 1n 2n—n 1
ZSZ' - ZS% n (Z SZ) m nnl 2 n4 4 4n

Next, find the limiting distribution of

We know

(11)



also we know

1 5 -

since
S;u; = 0if 7 is female.
= 1, if 7 is male
Hence
1 - J n 1 & 11 <
— NG = =Y a2t a= =Y a5 >
nz \/ﬁizl n\/_z \/ﬁizl Qﬁ;
1 o1 Ien. 1 & .
= — U; — = — | = U; — = U,
\/ﬁ (1_ 2 Z: ) \/_ (2 =1 21‘—;1 )
J
\/ﬁ =1
where
-, % if ¢ is male
u; =
—% if 7 is female

Note that the stochastic properties of @} is the same as %ﬂz as long as u; is independent and

identically distributed.

Next, we know already the value of E (i;)* from (8).

I <, ? 1 N i ?

=1



Hence

A;I)—*
v

Sl
(]
CQz
:z

and

(0
(=) 5 Z -7

since 3 5% = n/4 from (11). Therefore finally we have

CQz
o

7 2 Si
E~

3= S|'“

Vi (3= 8) =N (0.402),

or

\/Ef/;Tf 4 N (0,1)

Note that the asymptotic variance of Bis

2
4o,

Asy Var (B) ==

Now consider the quantity of

o2 (Z 5’12) - = 3% = Asy Var (5)

Two Dependent Dummies Consider two models

yi = a+pS+Ui+e

yi = a+p5 +u

Now

u; = YU; + &

where
0 if 7 is non-skilled
1 if ¢ 1is skilled
Further note that

1
=Y SiUi£0
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Consider the following ‘pay-off’ matrix where n;; indiciates the total number of observations.

Unskilled Skilled Total
Female mnq; N2 nii -+ ni2
Male Noy N22 N2y + Na2
Total N1 +MNo1 N2 +Noe N

Assume the total number of female = that of male.
N1+ N1z = N1 + N2
Further consider the following assumptions.
ni = 2ng

2n12 = N2

Then we have
Unskilled Skilled Total

Female 27111 M99 2”11 -+ Moo
Male ni1 27”L22 nyy + 2TL22
Total  3nq; 3n2o n

and the probability matrix becomes

Unskilled Skilled Total

Female 2ny;/n Naa /N Lﬂ*””

Male ni/n 2ngg/n L2

Total  3nii/n 3ngg/n 1

Note that
2n11 +n ni + 2n 1 1
11 22 _ M1 22 _ 1 My = Ny = T = =
n n 2 6

so that finally we have

Unskilled Skilled Total

1 1 1

Female 3 5 5
1 1 1

Male 5 3 5
1 1

TOt al ) 5 1
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Consider the following expectation
Expected earning
Female & unskilled; S; =U; =0 E (y;)
Female & skilled; S; =0, U; =1 E(y;) =a+7
E (y:)
E (i)

Male & unskilled; S; =1, U; =0 yi) =a+pf
Male & skilled; S; =1, U; =1 Yi) =a+ B+
Unskilled Skilled Total
Female o a+y 2a+3(a+7)
Male o+ f a+pf+y Ha+pB)+2(a+8+7)

Total 2a+1i(a+p8) i(a+7y)+2(a+B+7)
Now let 5 =0 but v > 0. Then we have

Unskilled Skilled Total

Female « a+ %a+%(a—|—7):a+%ry
Male a at+y jatglaty)=a+iy
Total « a—+

Hence unskilled worker’s earning is lower than skilled workers, and female earning is lower

than male earning because of v > 0 not of 5 > 0.

We can do the above analysis (very tedious) but rather also can do the following regression

analysis to test if 5 =0 but v# 0
yi = a+ BS; +U; + & (12)
Construct the following null hypothesis
Hy : =0
H} : v=0
Hy @ f=~v=0
Further note that when we run
Y = o+ BS; + u; (13)

the OLS estimator 3 may not be zero. But the OLS estimator 3 in (12) could be zero. Why?
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Omitted Variable If E (S;u;) # 0, or in other words, F (S;U;) # 0, then the OLS esti-

mator 3 in (13) becomes inconsistent. (To students: Prove it)

Cross Dummies Suppose that among unskilled workers, there is no gender earning dif-

ference. However among skilled workers, there is gender earning difference. How to test?

Expected earning

Female & unskilled; S; = U; =0

E (y;)
Female & skilled; S; =0, U; =1 E(y;)) =a+7y
Male & unskilled; S; =1, U; =0 E (y;)
Male & skilled; S; =1, U; =1 E (y;)
In this case, we will have
Y =« + BSZ ‘f")/Ui + (SSZUZ + e
Then test 5 =0 but § # 0.
What is the meaning of 6 =~ =0 but g # 0?
What is the meaning of 6 =0 and g = 07

What is the meaning of v = 0 but § # 0 and [ # 07

Sequential Dummies Consider the following learning choice:

Expected earning

Ph.D & taking Econometrics 111 E(y)=a+ [+~
Ph.D & not taking Econometrics III  F (y;) = a+

No Ph.D E(y) =«

Construct dummy variable regression:
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Another Example of Nonstochastic Regressor
Yy = Pt 4+ uy, uy ~iid (0, 02)

Q1: Find the limiting distribution of 5.

Consider

EZtutzo

2
E (Z tut> = F (U1 + QUQ + ...+ TUT)2
= E(u] 4+ 2%+ ...+ T*u}) + 2E 2uus + ...)

= o2 (1+4+..+T?) :aQZtZ

Note that
4 1
» = sTRT+1)(T+1)
t=1

Hence we have

Syt (O’UQT(QT%) (T+1))

and
dotup > tuy . 52 6
2 iT@er+1)(T+1) N(O’ T(2T+1)(T+1)>

Now fine dr which makes

st N (0.0

The answer is

5T=\/T(2T“)(T“) - T—3+T—2+O(T):\/§T3/2+O(T)

6 3 6

Hence we have

Ik (B - 5) AN (0, ?)
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Linear and Nonlinear Restrictions (Chapter 5) Consider the following regression
y:Xb+u:xlbl+x2b2—|—u
Then in general we have

or
7 2
by — by 0 o011 012

V| -4 N :
bg — b2 O 012 022
Next consider the following linear restriction
Oé()i)l + &162 = Q9
Alternatively we may let
f (i)l, 62) = 05081 + 06182 + g = ’A}/ (14)

Taking Taylor expansion around their true values yields

/ (81732> = [ (b1, b2) + 87 (b1, b2) (l;l — 51) + 07 (b1, b) (52 — bz)

8b1 abQ
19*f (bi, ba) (5 2, 10°f (bi,bo) 15 2
5375% <b1—b1> +§Tb% (b2_b2)
1O2f (b1, b2) - 5
+§W <b1 _bl) (bz —52> + -

Note that from (14), we have

Of (b1, ba) N Of (b1, ba) N 9 f (b1, ba) _ 9% f (b1, ba) _ 9% f (by, ba)
b, O Oby b b2 b2 b1 0by

—0, (15)
so that
’3/ = Oéobl + Ckle —+ g + Qp (i)l — bl) + aq (82 — bg)

(br-01)
= Oéobl + Ckle “+ g + (Oéo, 041)

(Y
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or

2
011 012 (7))

012 099 (03]

Finally we have
N

Now compare this limiting result with Greene. (page 84) Let
R = [Oéo ay ] and q = as
Then we have
W= (Rb—a) [*R(XX)"R] " (Rb—q) 3
Note that o2 (X'X)™" = 3y, in our notation.

Next we consider a nonlinear restriction. Usually for a nonlinear restriction case, the

second and cross terms in (14) are not equal to zero but become small terms. To see this,

consider
o f (biba) /- f (b1, bs) /;
bi,bs) — f(b1,by)) = ———= by —by )| + ————= (b — by | + R,
f<1 2) UL ob, (1 1) Obs (2 2)
or
. ~ Of (b1, bs) (4 Of (bi1,b2) (4
G-y = (br—tr) + i (b2 = 2) + B,

where R, is the remainder term. Note that /n <l;1 — bl> is O, (1), so that (51 — bl> is
. 2 . .
0, (n"112) | <b1 - b1> is O, (n~1) and <b1 - b1> (62 - bg) = 0, (n""). Hence we have

R,=0,(n™")
Therefore,
of (by,b . Of (by,b .
V(i —1) = 7f(3l)11’ 2)\/5 (bl —b1> + 7f(8blg’ 2)\/ﬁ<b2 —b2> +0p (%) )
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and

\/H (61 - b1>

\/H ([;2 - bg)
2

— ‘N |0 [ 9f(bib2)  Of(b1.ba) } 011 012

81)1 8b2 9
T12 022

Y — = 8f(b1,ba)  Of(by,ba)
V(i —v) = [ GRS %122]

Example: Suppose that you want to test if

by,
by
Then we have
Of (bybo) _ 1 0f (bnb) __Br
861 bg ’ 862 b%
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6 Time Series Models (Ref: Chap 19 & 21)

Consider the following regression
Y = bl‘t —+ U, t= 1, ,T
where

U = PUL—1 + Ety & 11d (O, 0'2)

Let’s assume that F (rus) = F(xz) = 0 for all ¢ and s. Ql: Find the limiting
distribution of b.

We know
and
FE (Z xtut) =0.
Consider

FE (Z xtut) ’ .

Observe this
<Z xtut> (x1ug + ... + xTuT th up + 2 (rqyugzaus + ... + xr_yur_1zrur)  (16)

Now

E Z riul = Z Ex?Eu?

To calculate Fu?, consider the folllowings
Up = PU—1 + €, U1 = PUt—2 + €41
so that

Uy = P2Ut—2 + per—1 t+ &

= pPuz+ plera+ peia &

= &+ PEL—1 + ,0251:—2 + ... = ijgt—j
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Next,

uf = (et + pgr—1 + ,028,5,2 + )2 = Z p2j€?fj + cross product terms
=0
so that

Ewl=F (5? +p%e? 4 pte? L+ ) + F (cross)
Since

FEees =0 for t # s, F (cross) = 0.
Hence we have
Euf = F (5t + pei_q + p2€t,2 + )2
= E(ef+peiy +plely+ )

= 02(1+p2+p4+...)

Note that
2 4 1
IL+p"+p +... = 1= 2
9 1
1— T+1
l+p+p+..+p = 1_pp
Finally
2
B =—— =02

Also note that

Eutut_l = F (515 + pei_1 + 025t—2 + ) (515—1 + pgyi_o + p2€t_3 + )
0_2
1—p?

= o (p+p’+..)=p(l+p+..) =

= p(Buf),

p

and

Fuw,_y = E (5t + per_1 + plEra + ) (&:72 + per_g + pPEra + )

2
g 2

1—p2'0

= 2 (P+p+.) = (1+p°+..) =
= p? (Euf) .
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In general

ko, 2 k_2
Euuy_, = Bugpuy = p"EBuy = pio,

Then we have
2
E <Z xtut> = Z Ex?Eu? + 2F (1w 2oty + ... + 2p_up_127ur) = To2o?

Hence there is no much difference.

Let’s assume that E (z,u,) = 0 for all ¢t and s but E (v;z,) = p*FE (2?). Then we

have

Exauau, = p°E (x) =S| (u?)

2(t=5) 52 2
T~ u

= p
Consider the cross product term carefully
Cross Term = xjuy (woug + ... + xpuyr)
+2ToUs9 (xlul -+ xrsus... —+ ITUT)

+...

+xrur (x1ug + ... + Tp_qur_q)

Hence
ECross Term = FExjug (xaus + ... + xpur)
+FExous (x1uy + x3ug... + TrUT)
+...
+Expur (x1uy + ... + Tp_qur_q)
where
Exjuy (muy + ... + opur) = pPoco’ + plolol + ...+ p AT=1) o202
- 1 — p2(T71)
= G (L ot 1) = oo
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2292, 2 92 2 2AT-2) 2 2
Exqus (z1uy + x3u3... + xpur) = p 050, +p amau—l—...+p( )amau

= o20%p? (2 + i+ pQ(T_3))

1 — 2(T-2)
- T
L—p
Exsus (x1uy + Taug + Tyuy + ... + xpur)
4 2 2 2 2 2 2 2 2 2AT—3) 2 2

= oo2p? (p2 +24+p%+ .+ pQ(T_4))

o o 91— pTY 2 2 9 2
= o2o2p =7 +oZoap® (1+p%),
_ 1 — p2(T-1)
Errur (xlul + ...+ xT_luT_l) = pZT 20’20’% + ...+ p20'§o'z = gigip21i—p2
Hence the total sum becomes
T 1 2(T—i) o202 2
20505p° LA KE i FNoY6)
i=1 1—p? —p°

Or

2
E (Z xtut> = Z Ex?FEu? + 2F (z1u129ug + ... + Tp_1Uur_1T7ur)
2 2 2
= To?o> + Z%T + 0 (1)
—p
1+ p?
_ 2 2

Finally we have

where
0202< 2) 2\ 2 2
e > <1+p Tu < Tu
b 2 52 - 2 2 = 52
0505 1—p*) 02~ oF

In other words, the typical limiting distribution such as
VT (8 - b) AN (o, o2 (X/X)_1>
does not work here.
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6.1

Definitions

Strong Stationary: A time-series process, {zt}iiiooo is stronlgy stationary if the joint
probability distribution of any set of k obersvations in the sequence {z, ..., 2,11} is the

same regardless of the origin ¢, in the time scale.

. Weak Stationary: {z:} is weakly stationary if (i) £ (z;) is finite, (ii) Coov (2, zi—x) is a

finite function only of k£ and model parameters. (In other words, it should not be time

varying)

. Ergodicity: A strongly stationary time series process is ergodic if

lim |E [f (Zt, Rtt1y -ees Zt+a) g (Zt+ka Rttk+1s o0y Zt+k+b)”
k—o00

= |Ef (Zu RBt41y e Zt+a)’ ’EQ (Zt+k7 Btk41y +ooy Zt+k+b)|
(a) Example: Let z; = pzy_1 +ug, uy ~iid (0,1)
lim (B (z2040)] = lim [0h0%] =0 = | x| | Bz

The Ergodic Theorem: If z; is strongly stationary and ergodic and FE |z]| is a finite

constant, then zp = T71>" 2z, =% = E (z).
Martingale Sequence: z; is a martingale sequence if
E (zt|zt-1, 2t-9,...) = 211
(a) Example: z; = 21 +u, E(2¢]2i-1, 202, ...) = 201
Martingale Difference Sequence: z; is a martingale difference sequence if

E (Zt|zt717 Zt—92, ) =0

White Noise process: stationary but not-autocorrelated process.
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6.2 Long Run Variance

Q1: Consider u, = pu;_, + €;, e, is a white noise process with a finite variance of o2. Find

the limiting distribution of the sample mean of ;.

Mean: Epup = 0.

Variance:

ZE +2E:§iutu5]

t=1 s=t

T

1 1
E(?Z> = Bt ) () = 7
T-1 T

To? +92 e T+2-2 T4+001
a+t§;s§;p T2u{+1_p+<>

T

_ 1 02 1Y -1 _1 0'2 1—|—p

- (1+2—1_p+O(T ))_ﬂ_p (1_p+0( ))
1
T

0.2

(1-p)

+ 0 (T’z) = %wz omega

Hence we have

1
dup —* N (0, ?uﬂ)

or

t=1

We call w? long run variance of ;.
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6.3 Estimation of Long Run Variance (HAC Estimation)

How to estimate the long run variance of u; in (17) then? The unknowns are o and p. How

many observations do we have? T. So it is easy to estimate it.

Now what if the parametric structure is unknown. Let say u; follows AR (T') or ARM A (p, q)
where p and ¢ are unknown? Is it possible to estimate w?? No. The total number of un-
knowns becomes @ + 1. The first term is the sum of cross product terms and the last
term, 1, is the unknown variance term (diagonal term). If variance is time varying, then it
becomes @ + T. Simply impossible to estimate the long run variance in this case.

Therefore we are imposing regularity: Ergodic and stationary process. And then we
assume that

E (uyuy_g) ~ 0 for a large k.

Alternatively let say

T-1 T 1 Ttk
E E Eutus = TE Eutus—l—E—E E Uplg
tlst t=1 s=t t=1 s=t+k+1
| Tl ek

= FE= ZZutuS—i-op (18)

tlst

In this case, we don’t need to estimate the second term.
Newey and West Estimator Let
o0
w + Z w + w?
7j=1

where

2 — .
wj = Euguy_;

Then we can apply the above concept in (18), so we have
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According to Andrews (1991), we can modify the estimator further in an elegant way
k
Gy i)
j=1

where w; is some optimal weight. Newey and West (1992) suggest

wj:l_%—l.—l’ k':Z’I’Lt(Tl/3)

We call such weight Bartlett kernel weight. They show that this type of estimator becomes

consistent.

Parametric Version: Andrews and Monahan’s Prewhitening HAC estimator Let

e; is a stationary and ergodic process. Then we may have
Ut = PUi—1 + €

and

(55 -

where w? is the long run variance of ¢;. Now we estimate p and replace this. That is,

~2
Q2= —
(1-2)
Conversion to Matrix Form Consider
Yt = X;b -+ Ut

VT (B - b) 4 N(0,V;)

where

V—1 XX'illTTEX X’1 XX'i1
B_(TZ tt) ?;; us X (uXy) (Tz tt) .

Now let

Et = - Xy = (Ut$1t>ut$2t, --->Ut$kt)

66



Then
922904—9]4—9,]

0% =Q + Zk:wj (Qj + Q,j)
j=1

Then we have )

-1 _
(% ZXtX;) 02 (% ZXtX;) :

Vi
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Alternative Approach Let assume
p
v =Xb+w, w= ijut,j + e
j=1
Then

pry—1 = pXi b+ prue

ppyt—p = pr;—pb_‘—pput—P

Now subtract py;—1, ...p,y1—p from y;.
p p p
y = Xib— Z p; X, b+ Z pjYi—j + buy — Z pjUt—j
j=1 j=1 j=1

P P
= Xib- Z ij:t—jb + Z piyi—j + e = Ly + &
j=1

j=1

where Z; = (Xt, D, CEETININD CHIN T P yt_p) . Let rewrite it as
y =2y +e,

and then we have
VT (§ —7) =" N (0,02Q%") .
where

. 7'7
Qz = pllmTﬁooT
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Conventional Approach (Generalized Least Squares GLS: Chapter 8)
that we know the AR order. Let say AR(1). Then we have

Up = PUt—1 + €

so that
1 _p_ et
1—-p2 1-p2 1—p?
_p_ 1
— 2 2
Euu’ = QTXT = O'z ! 'p 1=p )
: R
pT—1 o 1
| 1-p? 1-p2  1-p?
T_1
L p p
2
1_ 2
p p
T_1
p .« e . p 1
Now we know
QO =CAC

where C'C =1, and
Q1! = CATIC
= PP

where

P=A"C
Next consider the following transformation
Py = PXb + Pu

or
Now define the GLS estimator
Bgls _ (X*/X*)—l X*/y*

69

Suppose

(19)



or alternatively we can say
X¥X* = X'PPX =X'Q'X

and

X*y* = X'P'Py = X'Q 'y

so that we have
by = (X'Q71X) T X0y

and find its limiting distribution.

First note that
Fu'u” = PEuu'P' = PQP’' = A" '2C'CAC'CA 2 =1

Hence the limiting distribution of Bgls is given by

N <Bgls B b) Ay (O, (X»;;X*>1>
A (bab) = (0. (5) )

Feasible GLS Replace () by Q.

or

~ ~ -1 A
by = (X’Q*1X> X'Qly
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7 Heteroskedasticity (Chapter 8 Continue)

Now we allow heterogenous variance for each ¢ or t. That is,
2 _ 2 2 2
Eu; = 07 # 0 = Euj

However we assume that

EUZ‘U]' =0.
Then we have ~ .
o 0 0
, 0 o2
Fuu = QTXT = .
0
0 0 o2

Note that
X' Fuu'X = X'QX # X'X.

But in this case, we have

o] 0 0 X1
0 O’% : 2~/ 2~7/ 2~7/
Xy, .., X,] _ = XX, 4 02X Xs + ..+ 02X X,
0
0 0 o X,

= Y XX,
i=1
Therefore we have
NG (B - b) 4N (0, V)
where
VvV, = (X'X)'(xXox) ! (x'x)™"
= (X'X)™" (Z aﬁxgxi) (X'X)™
i=1
If we replace o2 but 67 = @2, then we call this estimator ‘White’ heteroskedasticity

consistent estimator.
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8 Instrumental Variables
Consider the following data generating process
Yi = Qi + U;

where

U; = BZL‘Z ‘f‘e,‘

we assume that E (z;e;) = 0 for all 7 and j.
Now we have

i=a+@2)  du=a+ B+ (') e

so that
E(a—alz)=p#0.

We say that x is endogeneous in this case. Note that the concept of endogeneity is in

general somewhat different. We will explain it later in Chapter 20.

8.1 Can we know if =0 or not?

1. Hausman Test: testing for exogeneity. We will study it later.
2. w is unknown. How do we know if z is correlated with u 7

3. Known case: Lagged dependent variable.

Ye=a+yi, Y = pyiq +u
so that
Y = a(l—p)+ pyi—1 + u
Then we can rewrite it as
Uy = pUs—1 + Uy.

Note that E (g;_11;) # 0. However as t — oo, this bias goes away at the O, (T~!) rate.
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4. Measurement error: True model
Yi = ax; + U (20)
But we observe 7 = z; + €;. So you run
Y = axl + v;.

From (20), we haev

v = a(z; + €;) — ae; + u; = axl + vy

Now E (v;z}) = E (u; — ae;) (x; + ¢;) # 0.

8.2 Solution I

Including control variables.

Yi = o + Wiy +u;

/ .
where w; = (wy;, ..., wx;) . Now w; becomes a proxy variable for ;.

Problem: We don’t know how many control variables should be included.

8.3 Solution IT

Construct instrumental variable, z; such that

but
Then construct IV estimator
ary = (z'x)fl z'y

= (z/x)f1 7' (xa + u)

= a+ (z’x)_1 z'u

73



Next,

and

’ -1 /
plim (&;y — ) = plim (E> plimE
n n

so that &y is a consistent estimator of «.

Asymptotic variance:

E(ary —a)(ary —a) = E [(Z'X)_l zZuu'z (z’x)_1
If z and x are non-stochastic, we have

E(ay — ) (ary —a) = (Z2) 7 ZQuz (Z2) 7

8.3.1 Getting into details: Measurement error
Vi = ax; +v, T =T b e, U= —ae

Find a variable such that

Zi = 51’1 -+ m;
but
Em,e; =0 and Em,u; = 0.

Then z; is the right instrumental variable.

How to find such a good IV then? Ask GOD.
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9 Method of Moments (Chap 15)
Consider moment conditions such that
E(—p)=0

where &, is a random variable and p is the unknown mean of £,. The parameter of interest,

here, is p. Consider the following minimum criteria given by

which becomes the minimum variance of £, with respect to p. Of course, the simple solution

argmin Vp = arg mln
o

'ﬂ |

becomes the sample mean for p since we have

oV, a 1 &
T: Z 7 i?;&t_

The above case is the simple example of the method of moment(s).

Now consider more moments such that

E [(ft — 1) (ft—l - M) - T
E [(ft — 1) (ft—Q - M) — V2

Then we have the four unknowns: 1, ¥y, vy, V. We have four sample moments such that

Tth, Zst,TZ@ft 1,T25tst )

so that we can solve this numerically.
However, we want to impose further restriction. Suppose that we assume &, follows AR(1)

process. Then we have

Y1 = PY, V2= Po

5



so that the total number of unknowns is reducing to three (v, p, 1) . We can increase more

!/
.. T T T T
cross moment conditions also. Let 1), = (% PIEETIE D DAIR AT D SR N ARTE D S é}ftd) .

Then we have

—_
]~
2

=+~ N

|

=

[\&)

I

)

[e=)

1 T
2
E?;(gt_l” ZET

so that

Also note that .
1
B ;&ft_l = pyo — 1%, and so on.

Hence we may consider the following estimation

arg min [y — 1 ()] [t — ¢ ()] (21)

HsP5Y0

where 6 is the parameters of interest (true parameters, p,~,, p). The resulting estimator
is called ‘method of moments estimator’. Note that MM estimator is a kind of minimum
distance estimators.

In general, MM estimator can be used in many cases. However, this method has one
weakness. Suppose that the second moment is relatively huge than the first moment. Since
Vr function assigns the same weight across moments, the minimum problem in (21) tries to
minimize the second moment rather than the first and second moment both. Hence we need
to design the optimal weighted method of moments, which becomes generalized method of
moments (GMM).

To understand the nature of GMM, we have to study the asymptotic properties of MM
estimator. (in order to find the optimal weighting matrix). Now to get the asymptotic
distribution of 6 , we need a Taylor expansion.

o0+ 250 ) 0, (1)

so that we have



where G (0) = 81%#956). Note that we know that

VT [ — 1 (0)] = N (0, D)

Hence we have

A

VT (6-0) = N (0.G(0)™ G (6)7)

where G (0) —? G ().

9.1 GMM

First consider infeasible generalized version of method of moments.

arg min [ty — 1 ()] ® [1or — 2 (0)].

121290

where @ is true unknown weighting matrix. Now feasible version becomes

arg min [ty — ¢ (0)]' Wr [tp — 9 (0)] = arg min G (0) WG (6)

1221290 1221290

where W is a consistent estimator of ®~!. Let

Vi = WT - ¢ (9)]/WT WJT - 1/1 (9)]
Then GMM estimator satisfies

a‘/T (éGMM>

A0crine

=2Gr (9GMM)/WT [1PT - (éGMMﬂ =0

so that we have

" (éGMM) — oy (0) + G (0) (éGMM _ 9) +0, <%>

Thus

Gr (barnnr) W [0 = (Do)

= Gr (‘%MM)IWT [d}T - <9GMM>] + Gr (éGMM>,WTGT (0) (éGMM — 9) =0

7



Hence
Ocrins —0) = — 3 Gr (Oann / WrGr (0) B Gr (O / W |4p — 0 (Banm

and

VT (9GMM . 9) 4 N(0,V)

where

1 _ _
V=={G'WG} 'GWeWGE{GWG) .

When W = &~ !, then we have

v-p{eeic) Gaic{eee) - p{ee6)
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10 Panel Data Analysis (Chapter 9)

Latent Data Generating Process

Yit = My + Ayt + Uiy

where
t,; = time invariant individual characteristics
Ayt = cross sectional invariant common factor
y
y5, = 1diosyncratic term

10.1 Economic, Financial, or Social Theory:

1. Time series approach: Long 7" but small NV : Finance and macroeconomics
Yit = i + i + uy

(a) Heterogeneity (coefficients, especially constant term) becomes an important issue.
(b) Pooling regression coefficient b : Testing heterogeneity becomes an issue.

(c) Cross section dependence becomes an issue
2. Cross sectional approach: Small 7" but large N : microeconomics, political science.
Yit = a+ bt + €, € = a; + up

(a) Heterogeneity (variance of e;; is correlated with z;;) becomes an issue
(b) Use usually random effects model. Why?

(c) Cross section dependence does not matter much.

10.2 Cross Section & Time Series Regressions

1. Cross Section Regression (applied microeconomics, typically labor, health, demography

etc.)
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(a) Usually try to explain the different averages: Examples; gender wage difference,

race wage difference etc. Use survey data.
(b) Typical regression setting: Let y; be the ith individual wage (or income) at a
particular time (survey year)

y; = a + bigender; + boregion, + bsage; + bsedu; + ... +¢;

i. Explanatory variables: discrete variables. In other words, dummies.

ii. Nonlinear versus linear: Approximation around xg

) 1 62f
yi = f(xi)~=f(x)+ Oxe (% — %o) + 3o%2,

= a+ by + boxo; + clxi- + @x%i + c3x1;x9; + error : for two regressors case

(Xi — X0)2 —+ ...

Hence without including the second moments, the regression suffers from

misspecification

(¢) Don’t run cross section regression to examine time series behavior

(o] o
Yit = Qyi + Yipy  Tit = Qg + Tyy

Assume
ay; = boy; +e; : mean relation
Yy = 7T + €y : time series relation
In fact,
b#

2. Time series regression (Finance, International Economics, Macroeconomic etc)

(a) Examining parities (PPP, UIP, CIP, Fisher Hypothesis, etc). Dynamic stability
becomes the main issue.

(b) Cointegration among nonstationary variables becomes an issue.

(¢) Ignore time invariant variables such as means.
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11 Pooling Panel and Random Effects (Estimation: Mi-
cro Panel)

Model
Yit = a + bxy + i

1. Why pooling?

(a) Economic theory must hold for all individuals.

(b) More data: either more cross sectional or time series observations. Pooling means

more ‘efficient” and ‘powerful’ (will explain later)
2. Why not pooling?

(a) Account for individual heterogeneity. So at least we have to allow some level
heterogeneity such as

Yir = a; + bxy + Uy
(b) How to handle for a; then? Either fixed or random effects.

(c) What if a; is observable? like gender, edu, age etc. You may want to include

them. How?

11.1 Random Effects

Model:

Yir = a+bry + e, ey =a; —a-+uy = p; +uy

Assumption:
A1l E(p;zy) =0 for all ¢

A2 E(pu;y) =0 for all ¢
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Under Al and A2, note that the pooled OLS becomes consistent but not efficient. The

consistency (here we are assuming N,T — oo or N — oo for any T') requires that

Indeed under A1 and A2, we can prove that POLS estimator satisfies the above condition.

However, the regression errors are not i.i.d. anymore.
2
€i1€i2 = i T Witliz + [;Ui1 + [l U2
Taking expectation yields

Eenen = Eu? + Eujpup + Epun + Epyug

= o2 if Eugus = 0 (no serial corr.)
where we assume E(u,u;) = 0. Also note that

Eenen = Ep? + Eugug + 2Euu:

_ 2 2
= J”—l-Ju

In this case, pooled GLS estimator becomes efficient and consistent. Here is how to

obtain the feasible GLS estimator

1. Run
Yit = a + bxy + ey

and get the pooled OLS residuals é;;. Let l;pols and apos be the POLS estimates for b

and a.
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2. Construct

1 N T . 9 1 T T
e W Z Z (yit - &pols - bpolsxit) = W Z Z é?t

i=1 t=1 =1 t=1

, 1t1\; T 2
0, = N;(ﬂi_ﬁglaz)

| N | N 2
2 . .

Note if T is small, (7" — 1) should be used for the above calculation.

3. Construct the sample covariance matrix

22 | 22 2 2
aﬂ—l—au o, g,
2 22 | 22 :
B o, 0, +t0oy
Q= (22)
2 2 22 | 22
| Ou o R Y |

and then construct the feasible GLS estimator given by

~ N A 71 N A
bigts = (Z X{QIXZ) (Z X{QlYZ)
i=1 i=1
where Xz = [Ih’, . ITZ‘]/ and Y; = [yli» . yTz']/

Remark 1: (Inconsistency relies on A1) If Al does not hold (usually Al does not
hold), that is, if individual characteristics are correlated with regressors, then POLS esti-
mator becomes inconsistent. Also the random effects estimator (FGLS) is also inconsistent.
Because of this reason, many researchers in practice don’t run the random effects model

(or FGLS estimator). We will study the alternative estimation method in the below (fixed

effects model).
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Remark 2: (Including Observed Individual Effects) Even when Al does not hold,
if u,; is observable, then the observed p, can be entered the regression as a regressor. That
is,

Yit = @+ y1fhy; £ Yallo; -+ 0Ty + uy

We will study this model later (after studying fixed effects model) in detail.
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12 Fixed Effects (Estimation: Micro Panel)

12.1 Eyeball Approach: Works well.

You need to draw some graphs (for your dissertation or journal article) why? looks good,
and give more direct information. Try to draw one nice graph which explains main theme

of the paper.

12.1.1 Single explanatory variables

Target: Want to explain the relationship between y;; and x;. Plot y; on x;. Use different

color for each 1.

[S—

. See if there is one unique relationship between y;; and x;; across i.
2. <insert a graph here> fixed effects (positive and positive)

3. <insert a graph here> fixed effects (positive but negative)

4. <insert a graph here> heterogeneity (positive but negative)

5. <insert a graph here> projected graph. (demean )

Demean:

Yie = a; + by + uy

T E 2 7 T ;—1 it T ;—1 1t
1 1 1 &
Lo E . = ) Lo E . + uy — — E .
Yit T Yit (*Izt ~ T Izt) Ut T - Ugt
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12.1.2 More than two variables

Yit = @; + bxyr + czip + Ut

1. Don’t plot either §; on & or f; on Z; : Why?
2. running g; on T; implies
Yit = bTit + €it, € = CZyt + Uit

If £ (Z424) # 0, then b becomes inconsistent. Worst case: b = 0 but E (TiZi) # 0,
then b # 0.

3. Solution: Run
Uit = a1 Zip + Ui, Tir = o2 + Ty
and get residuals ¢;; and ;. Plot them. Similarly, Run
Uit = 01Tt + Upyy  Zit = balar + 25
and plot g7, on Z};

4. Mathematically, it is a projection approach. I — Z (Z'Z)~' Z' = M. or M, matrix.

12.2 Common Time Effects:
Yit = a; + A\e + bxi + Uy

Allows time dummies also. How to estimate b?
1. Eliminate fixed effects by demeaning over t.
A 1 1 A
Yit — szzt =N\ — TZ)\t_’_b (%t — TZ%&) + uiy — Tzuzt
t=1 t=1 t=1 t=1
Still you have \; terms.
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2. Rewrite this as
Yit = S\t + bxy + Uy

Take cross sectional mean

N
i=1

3. subtract (24) from (23).

N
Yit — N Z Yit = (xzt ]i[ Z fz‘t) <uzt Z uzt)

=1

4. Finally evaluate

1 1 < 1 & len 1 &
_yi NZ; Yit T;yit_ﬁgyit_’_?t_zlﬁ;yit

we call it ‘within transformation’.

1 al 1 &
NZ t—)\t+b z; N;azt

(23)

(25)

Note: Fixed effects estimator is called either ‘Least Squares Dummies Variable (LSDV)’

estimator or ‘Within Group’ estimator.
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Questions Consider the following data generating process

Yir = My T Yy Tit = Py T T (26)

where
My = a+bu,;+e€ (27)
Vi = o+ Bxy + ug, (28)

1. Suppose that you run the following cross section regression for t = 1.
Yin = €1+ 71T + € (29)

Prove that the OLS estimate becomes inconsistent generally. That is,
plimy_ .51 # b

2. Rather than running (29), you run the following cross sectional regression with time
series average.
Ui =c+ T + & (30)
where
1 — 1 «
Yi = T;yib Z; = T;xzt

Derive the limiting distribution of 4 in (30). Is the convergence rate equal to v NT or

V/N?

Part II (POLS): Consider the following DGP
Vit = Qi+ Y Yo = pYioa + i, wie ~ iid (0,07)
1. You run the POLS given by

Yit = QO+ PYit—1 + €4

Prove that when p < 1, the POLS estimator becomes inconsistent. Derive the exact

bias.
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Part III (Dynamic Panel Regression I) Consider the following DGP
Yit = @+ Y Yo = pYioy +ua, wie ~ iid (0,0%)

Derive Nickell bias when p =1
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12.3 Dynamic Panel Regression

Read: Bertrand, M., E. Duflo and S. Mullainathan, 2004, How much should we trust

differences-in-differences estimates?, Quarterly Journal of Economics, 249-275.

Model:
Yit = a; + A + by + uy (31)

Now the regression error follows

Ui = PUsp—1 T Est

Remark 1: As long as x;; is exogenous, the LSDV estimator in (31) becomes consistent.
However, the statistical inference (in other words, ¢t—value for l;) becomes an issue (in other
words, the critical value for #, must be different than the ordinary critical value). We will

suggest the solution for the statistical inference later. (see section 3)

Remark 2: If T is large, then more efficient estimator can be obtain by running dynamic

panel regression.
Let’s transform (31) as
PYit—1 = aip + pAi—1 + bpxiy—1 + puy_y (32)
and next subtract (32) from (31). Then we have
Yie = a; (1 — p) + pAe + pAio1 + pyic—1 + bxis — bpxis—1 + €5

or

Yirt = ; + 04 + pyir—1 + by + yriu_1 + it (33)

By using within transformation, we can run

yjt = P?J;’rtfl + bxjt + ’sztfl + 5;,
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See (25) the definition of ‘.

12

B from

Vi = @i+ Xi + Xiy7 + pYia + Ui
T e S e S L 1

B from
Vit = ai + XjiB + €it

-0.3 -0.2 -0.1 0 0.1 0.2 0.3

Remark 3 (Consistency for p and v): The LSDV estimators for p and «y are inconsistent
but the LSDV estimator S becomes consistent. So the parameter of interest is here assumed
to be (. Since the estimators for p and ~ are inconsistent, the statistical inference for
should be carefully constructed. In the next section, we will study how to obtain robust

statistical inference regardless of error term structures.
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13 Pooling Panel and Random Effects (Testing: Micro
Panel)

13.1 Bench Mark Model: Strongly Exogenous Single Regressor
with Fixed Effects

Model
Yir = a; + bxy + uy (34)
Assumptions
1. Exjujs = 0 for all 4, 7, s, t.

Here we are interested in testing the null hypothesis of Hy : b = 0. To test this null

hypothesis, we need a statistic. Usually we use a formal ¢ statistic defined by
b
Var (3)

where Var (Z)) stands for the sample variance of the point estimate b which depends on the

t; =

parametric assumptions for the regression errors.
In the below, we will study various hypotheses testings and statistics. Before that, I will
address why the panel data is useful (and powerful) compared with either cross sectional or

time series regressions.

13.1.1 More T or More N?

General statistical panel theory states that the panel gain comes from the use of more data.
However, this statement is not quite right. One may have either a lengthy time series or
cross section data. However whenever one uses a panel data, s/he can use either a short time
series across some individuals, or a small individual over somewhat large time series data.

For example, many empirical growth regressions have been based on cross sectional studies
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due to the data limitation. Even though PW'T provides more than 150 countries panel data,
it is often very hard to obtain a full set of panel data for all 150 countries. Here we consider
which data sets (larger 7" or N') we should use to increase panel gain.

To attack this issue, we first consider the rate of convergence concept. Consider the

following simple regression
Ys = brs+u,, fors=iort, ands=1,,,.9

where we assume the strong exogeneity of ;. Typical limiting distribution theory says

1 S 1 S
§ et Tolls 5 D Talls

o= Sl Tss g
S S ’
% Zs:l T3 % Zs:l 72
1 S
A 1 Jc s— TsUs 1 A
b—b = ( )ﬁzsl :z(—)—s, let say
\/g %Zs:l‘rg \/g BS

We may assume that
Ag :>dN(O,Q?4), Bs —P @Qp as § — o0

where ‘=% stands for convergence in distribution and ‘—?’ means convergence in proba-

bility. Then we finally have (following by Cramer’s theorem)
VS (b-b) = N (0,Q5' %505

Alternatively

VS (b-0)

V@5 Q5

Meanwhile the testing hypothesis is given by

—4 N (0,1)

Hy : by =0, usually.
HA : bs 7é0

Then we have

V' Sb iy VSb .

NG e Jos o5

so that the power of the test (how frequently a test can reject the null hypothesis when the

alternative is true) is getting larger if
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1. true value of |b| is getting larger,
2. Variance of b is getting smaller,

3. the number of observations, S, is getting larger.

Among them, the last item, 3, is only thing we can control for. We don’t know the true value
of b and the true variance of b either. However, we can increase the number of observations
(by putting more labor hours for digging out the data).

Now, when we have both N and T dimensions, we can rewrite the pooled estimate of b

as
1 T 1 N
T Zt:l ~ Zz‘:l Lt Uit

T N
% thl % Zizl Izzt

1 T 1 N
g _ T Zt:l N Zizl TitYit bt
panel — 1 ZT 1 ZN x2 —

T Lat=1 N Lai=1"1t

R 1 A
bpanel — b = <—) ﬂ, let say

?

and similarly

VNT ) Bnr
and
Ayt = N (0,9%), Byr —" Qp as N,T — oo jointly. (35)
Then we have
VNT (bpunat = b) = N (0,Q5'%5Q5") (36)

Now consider the above three criteria for the power of the test. Does panel data enable us
to know either true value of variance of 6?7 The answer is no. Then what about the last one?
Does panel data enable us to use more observations? The answer is not straightforward.
In practice, one often face the situation like this. When one use one dimensional data (for
example time series), one may choose or select the longest time series data for y, and ;.
Denote the size of the sample as T;. Now if s/he has to use a panel data, usually s/he scarifies
the lengthy time series in order to increase the cross section units. Denote the time series
s/he will use for the panel data as 7. From the direct calculation, we have the condition for
the panel gain given by
N >T,/T
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That is, if you have 300 of T} for one series but have to use only 30 of 7" in order to use the
panel data, then the minimum number of the cross sections — you have to obtain — should
be larger than 10.

However, we may need much larger cross sections if y, and x, are I (1) (or in other words,
nonstationary). In this case, the limiting distribution for b is different from a normal distri-
bution (actually it becomes ( 1l Bxdu) ( J Bgdr)_l) and also the convergence rate becomes T’

rather than v/T. Hence the minimum condition for the panel gain changes as
VN > T,/T.

In the above example, you need at least /N > 10 or N > 100.
Unfortunately, the most of macro data are nonstationary. So the important question
becomes that how many observations should be scarified to use the panel data. Let k be the

fraction of the sample you have to sacrifice to use additional N cross sections. Then we have

T T 1
VN> 2 or VN C_
A FE S L T

1 \2
N — ) .
- (=)

To decode this formula, let say you have 120 monthly time series observations initially.

so that

In order to use the panel data, if you have to use 10 annual observations, then T,/T =
120/10 = 12, so that the minimum N becomes 144. Remember that the power of a test
with N = 144 and T' = 10 will be exactly same as the power of the test with T = 120 and
N = 1. However, if you can still use monthly observations but loose 2 years observations,
then T,/T = 120/96 = 1.25, so that the minimum N becomes 1.56 which is less than 2.
Hence the power of a test with N =2 and T" = 96 will be larger than that with N =1 and
T = 120.

So the conclusion follows:

Recommendation (How to Construct a Panel Data)

1. When you are interested in the correlation among level variables, you should use the

panel data set which contains more 7', or the largest of N x T2 rather than N x T.
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2. When you are interested in the correlation among (quasi) difference variables (such
as growth rates), you should use the panel data which total number of observations

(= N xT) is largest.

13.1.2 How to Calculate the Covariance Matrix

Here we are asking how to estimate Q4 and Qp in (35) and (36). First consider Q% which

can be defined as

1 N T 2
2 _ - 0.
1
— WE (xllull —+ ...+ 1wt + T21U21 + ...+ ZL’NTUNT)2 (37)
1

+ E (cross products)

If E (uj1uiz) # 0 due to serial correlation, then in general the expected values of the cross
product terms are not equal to zero.

White (1980) suggests the use of the so called ‘heteroskedasticity consistent estimator’
which is given by

N -1
qu) (Z XX) (38)
i=1
and its associated t-statistic becomes
b
ty = (39)
\/ (2, %) (o K ) (s, 5%
i=1<% =1 <3 Will; A =12

Note that if z;; and u; are 7id, then the above formula can be simplified as

1% (b) =52 (zN: XX) : (40)

which is the sample variance reported in canned statistical packages.

Here are a couple of very important facts:
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Recommendation

1. Usually the sample variance in (2-5) is larger than that in (40). This implies that when
there is either heteroskedasticity or autocorrelation, the standard ¢-ratio is much larger

than its true value.

2. When T is fixed but N is large, the t; in (39) is distributed as a normal. So the
standard critical value can be used here. However when 7' is large but NV is small, the
t ratio asymptotically follows a t—distribution with N — 1 degrees of freedom under
homoskedasticity. (Hansen, 2007 Journal of Econometrics, ‘Asymptotic Properties of

a Robust Variance Matrix Estimator for Panel Data when T is large’)

13.2 Testing
13.2.1 Some Basic Facts on Statistical Testing

Size and Power The size of a test stands for the rejection rate of the null when the null
hypothesis is true, meanwhile the power of a test implies the rejection rate of the null when
the alternative is true. Usually we set the size of a test at the significance level. For example,
the critical value for the 5% significance level for a normal distribution (for two sides test)
is 1.95. In other words, we permit ourselves that we would make a wrong decision at the
5% level. (5 out of 100 times). Setting a smaller size means that you want to be more
conservative or don’t want to make any mistake, but at the same time it also implies that

the power of the test will be reduced.

Size Distortion You set the size at the 5% significance level. However (especially in the
finite sample), a test does not produce exactly the 5% of the size. If a test over-rejects
the null (when the null is true), then we say that the test suffers from oversize distortion.
The opposite case is undersize distortion. Usually the undersized test is acceptable since it
simply implies that you will make less mistake. The oversize problem becomes serious. The

oversized test usually rejects the null very often even when the null is true.
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Size Problem in Panel Data In univariate case, usually a well designed statistic does
not suffer from the size distortion as n (the number of observations) goes to infinity. For
example, the standard t-test for the univariate AR(1) regression produces somewhat serious

size distortion with small 7', but as T' — oo, the size distortion goes away.

.
VvV (P)

It is because the asymptotic variance of p is designed in this way. However, in the panel

Y= a+ pyi—1 +uy, tp= for p <1 (41)

data, the t-ratio produces more size distortion as N — oo for fixed T

Yit = Qi + pYit—1 + Ui, tp = e for p <1 (42)

V (Prsav)
The underlying reason is simple. When T is small, the test statistic in (41) produces a small
size distortion. In the panel data, the size distortion becomes cumulated as N increases.
Similarly, as T — oo for a fixed N, the usual panel statistic in (39) produces more size

distortion if there is heteroskedasticity in the error terms.

13.2.2 Fixed versus Random Effects.

LSDV estimator is ‘robust’ and consistent whether or not the fixed effects a; in (34) are
correlated with z;. Meanwhile the GLS (or random effects estimator) is ‘efficient’ and con-
sistent only when a; is not correlated with regressors. When the number of observations
are small (such as moderately small N and T'), the GLS becomes an attractive estimator if
a; is not correlated with regressors. Naturally econometricians have developed various test
statistics to investigate if this condition holds or not.

There are broadly two ways to test the orthogonality between a; and z;;. The first method
is based on the pooled OLS regression residuals, and the second method is based on the

difference between LSDV and GLS. We discuss the first method, first.

Breusch & Pagan (1980)’s LM Test BP tests if

Hy : a; =a, for all i, (43)

Hy : a; # a for any i
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When u; in (34) is not serially correlated, these hypotheses can be rewritten as
HO . F (éztézs) =0 for all i,

Hy @ E(éiéis) # 0 for any ¢

where é;; is the pooled OLS regression residuals. That is,

~

it = Yit — a— bpolsxit-
The test statistic is given by

2
N T .
NT > im1 (Zt:l eit)
2(T'-1) Zi\;l Zthl ézzt

d .2

LM = -1 =%x7

Note that

T 2 T T T
E (Z ézt) =E (Z éz2t + Z Z eitew)
t=1 t=1

t=1 s#t

and under H,, we have

T 2 T T T T
E (Z éit) =E (Z &, + Z Z eiteis> =E (Z é?t>
t=1 t=1 t=1 s£t —1

since the expectation of the cross product terms become zero. For large T' and N, also note

that under the alternative and no serial correlation among u;;, we have

T 2 T
E (Z e> >E (Z éi)
t=1 t=1

E (eieis) =E (/v%2 + uituis) = Ui > 0.

since

It is important to note that if u;; is serially correlated, then BP’s LM test fails.

Hausman’s Specification Test Hausman test is fairly a general test for misspecification,

and can be applied to test the null hypothesis in (43). Under the null hypothesis

plimy . brspv = plimy 7, ,.bars
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since two estimators are both consistent. However, under the alternative, we have

plimy 7 ,obrspy = b but plimy 7, bars # b

so that
plimy 7o, (BGLS - 5LSDV> #0

Hence we can test Hy by examining if the distance between Z)GLS and BLSDV is equal to

zero or not. A typical test statistic in this case is given by
~ ~ !/ ~ ~ —1 N N !/ d 9
(bGLS - bLSDV) {Var (bGLS - bLSDV)] (bGLS - bLSDV) =" Xk
when the dimension of b is k. For a single regressor case, we have simply

~ ~ 2
(bGLS - bLSDV)

- - =X
Var <bGLS — bLSDV)
Note that under Hy,
N T -1 N T -1
Var (bGLS - bLSDV) =0, [ Z | - [Z Z Z wijj“jﬁ]
i—1 t=1 =1 j=1 t=1

where (;; is the ith and jth element of Q' and Q is defined at (22).
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14 Dynamic Panel Regression I (Issues and Problems)

More than the quarter of theoretical studies on the panel data is focused on the dynamic
panel regression. Modelling the ‘dynamics’ in the panel data is critically important. First

we address where ‘dynamic adjustment form’ comes from.

14.1 Source of Serial Correlation
14.1.1 Univariate Series

Many economic variables such as income, consumption, wage, etc have the following transi-

tional path.
Yit = i + (Yoo — y}) e
where y; is the steady state outcome. Note that all variables are in logarithm. Rewrite this

model as
i = (Y + Wio —y}) e PV e P+ yr (1—eP) =y (1—e?) + e Py

By letting p = e7?, a; = y; and adding a random error which can be exogeneous i.i.d.

measurement, errors, transitory shocks, etc, then we have
Yir = a4 (1 - ,0) + pYir—1 + Uy, fort =1, T.

This simple growth model generates the time dependence between y;; and ;1.
In other words, all variables (growing variables such as wage, income, height etc) are
serially correlated during transition periods.

14.1.2 General Regressions

In general regression models, the serial correlation occurs whenever the regression is not

balanced. To understand the balancing concept, consider a simple regression model given by
Yir = Q; + bxyy + Uy (44)
Suppose that
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1. yi has a linear trend. b # 0. Regardless x;; has a linear trend or not, u; contains a

linear trend. So you have to include a trend in the regression. Why?

(a)

Let yir = aiy + cit +y5,, and x4 = a;, + dit + x5, You don’t want to assume that
the deterministic trend terms have a common relationshop since you can’t write
it as

cit =a+b(dit) + eq. (45)
Simply because the dependent variable is purely nonstochastic. Even when the
dependent variable has a stochastic component (such as (;; = ¢;t + €, and (;, =
a+b(d;t)+ ey, as long as ¢; # bd; for any i, the error term includes a linear trend

component.

The interest relation must be between y¢, and zj,. In this case, you have to elim-
inate the trend term in the first place by including a linear trend component in

the regression

If you are interested in analyzing growth rates in y; and x;, then you have to
take the first difference to approximate the stochastic growth components. That
is,

Ayis = a; + bAxy + errory (46)

2. y; is serially correlated but x;; is not. Then w;, is serially correlated. (the opposite is

not true) In this case, you may want to run the dynamic panel regression

(a)

(b)

Yit = i + pYir—1 + 0Ty + Y1 + €xt (47)
From (44), you have
Uit = PUj—1 + Eit- (48)
Here I assume that the error term follows AR(1) structure for simplicity.

Then you have
PYit—1 = ;P + bpry 1 + pui_1. (49)

Subtracting (49) from (44) yields (47).
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3. y; is not serially correlated but x; is very persistent (p is near unity). And more
importantly b # 0. Then the regression in (44) is not well specified. Simply it becomes
unbalanced regression. In this case, to balance out the serial correlation, u;; should be

negatively correlated with x;;.
(a) Example: Stock return predictability & UIP:
Yit = a; + by + uy

where y;; is either stock return or depreciation rates, which are almost white noisy.
x; is either interest rate differential (for UIP), or dividend ratio (stock return).
Both interest rate differential or dividend ratio is highly serially correlated. If

b # 0, then x;; should be negatively correlated with w;,.

(b) Hence u;; is serially correlated in this case also.

14.2 Modeling Dynamic Panel Regression

There are several types of dynamic panel regressions. Depending on the regression types, the
properties of LSDV estimators are quite different. Hence modeling dynamic panel regression

becomes very important.
M1: Vit = @ + BT + Ui, Uip = PUip—1 + € (50)
M2: Vit = i + pYir—1 + BTi + it (51)

where I didn’t include common time effects and linear trend components either. Note that

M1 and M2 can be restated as
M1: Zit = 04 F Ui, Zit = Yit — BTit, Uip = PUiz—1 + Ei (52)
M2: Yit = 04 + Wip, Uip = PUip—1 + €51, €t = BT + €t (53)

Note that in M1, x;; is correlated with y;; in level. Meanwhile in M2, x;; is correlated with

the quasi-differenced y;;. Alternatively we can rewrite M1 as
M1: yi = a; + pyis—1 + Brip + YTi—1 + €. (54)
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Hence if (51) is true, then (54) is not misspecified. Simply v becomes zero if (51) is true.
However, if (54) or M1 is true, then (51) becomes misspecified, which results in inconsistent
estimator for J as well as p in (51). In this sense, (54) nests (51).

The economic interpretations are different across models. M1 states that the quasi-
difference (y; — pyi—1)is explained by x;. Meanwhile M2 implies that the level of y;; is
explained by z;;. Hence usually z;; in (51) is assumed to follow a white noisy process (no

serial correlation). Meanwhile z;; in (54) does not have such restriction.

14.3 Inconsistency of LSDV estimator
Here we analyze why the LSDV estimator under fixed effects becomes inconsistent as N — oo
but fixed 7. The model we study is given by

Yit = Qi + pYie—1 + Wir, uie ~ iid (0,02)

Nickell Bias (1981, Econometrica) Nickell extends the so-called ‘Kendall’ (1954, Bio-

metrika) bias to the panel data setting.

1. To understand Kendall bias, we consider an univariate simple AR(1) model with
constant

Y = a+ PYt—1 + uy. (55)
The OLS estimator is given by

Zthz gtfl?jt

ﬁ = T - )
thz %271

and its expectation gives

Ep=E

il | A
ZtT:2 Ui Br

From Marriott and Pope (1954, Biometrika), we have

Ay BAy
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Cov (ArBr) Var (Br)
E(Ar)E(Br) = [E(Br)]®
Note that £ (Cr) # 0 usually due to asymetric distribution of p. In the finite

E(Cr) =

sample, the empirical distribution of p is not a normal but skewed left a little bit.
This asymetric distribution yields the small sample bias but usually it goes away

quickly as 7" increases
. The major bias arises from the first term EA7/EBr. To see this

EAT S E ZZ;Q gtflﬂt
EBr E Zf:Q Ui

Note that
T T T 1 T T
EZﬂt—lﬁt = EZ (Y1 —¥) (uy — ) = Ezyt—lut - TE (Z yt_l) (Z ut)
=2 =2 =2 =2 t—2
] T T
—2 =2
Since

a = .
Yt = a+ pYi—1 + U = 1_p+j§ﬁjut—j

so that Ey,us = 0 for all t < s. However

E (Z yt—l) (Z Ut) =E(y+...+yr—1) (ue + ... + up)

and note that
Eyyuy = 0, Eysur = E (py1 + us) uy = pos, ..

hence this term is not eqaul to zero.

. Finally we have

) A
Ep=E—==p—b (T) = b (T)

Br
where
EST 4,1 1
bl (T) _ Zt?Q yf;21'U/t — ;p + O (T72)
E Zt:2 Yi 1
_ 2p )
by (T) = _T+O<T )
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It is important to know that the first bias, by (T'), comes from the correlation
between ;1 and 4; (which are the regressor and the regression error after de-
meaning transformation), and the second bias, by (T") , comes from the asymmetric

distribution of p.

4. In panel regressions, this first part of the small time series bias remains perma-
nently when N — oo. However the second part of the small bias goes away. The
underlying reason is straightforward. As N — oo, the distribution of p;gpy be-
comes symmetric. Hence the bias arised from asymmetric distribution goes away
simply. However the first bias b; (1) does not go away since this bias is arised be-
cause of the time series correlation between the regressor, 7; 1, and the regression
error, ;. More formally, we states

N iy Soia i1l

N i i T
plimy & Sy Yo Gl
plimy 5 Zi\il ZtT:2 i1

BE S S i1l

Eg 3l Y Ui

_ 1+p —2
= +0(T7?)

plimy_ . (Prspy —p) = plimy_

Asymptotic Bias when p =1 Nickell (1981) shows the asymptotic bias (or inconsistency
of pLgpy) when p < 1. Here we study how the expression of the bias formula badly fails

when p = 1.
1. Consider the following latent model

Y=+ Y, Y= pyiq +u
then we have
Y = a(l—p)+ pye—1 +uy

so that, if p =1, then

t
yt:yt—1+utzzus:ul+-~-+ut
s=1
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2. In the panel data, we have

By, = E (uag + ... + uit)Z = to? for EuZ, = o> for all 4.

15 RN 1 T
2 _ 2 9 9
ET—1§%“_T—1 D E(un+. tun) =iz t=ou.

t=2 t=1

3. Prove that

3

E(prgpy — 1) = T O(T?) <—=+0(T7?)

2
T
14.4 Inconsistency of the Pooled OLS Estimator

Derive the inconsistency of the pooled OLS estimator

E (f’POLS) =7

1. We are running

Yit = @+ pYit—1 + €it, €t = Qi — a4+ Ujt
2. The POLS estimator is given by

Zf\; Zfzg (?Jz‘tq - ﬁ Zz]\il ZtTZQ yit71> (eitq - ﬁ Zz]\il thzg eit71>

proLs = P+ 5
DA WM (PRESTS vAlp w7y
Note that
E ([ — o] + y5_1) ([es — o] (1 = p) +ua) = 03,
and

3. Let n = 0% /02. And express the inconsistency in terms of 7.
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14.5 Asymptotic Distribution of LSDV estimator

ibLSDV —p = Z%ng% 1UWit
Zz 1Zt 2 1t 1

T
_Eizl (Et 2yit_1> (Et:Q Uit> + Zle ZtT o Yit—1Uit

2112t2zt1 Zlethtl

; ZN ZT . .
= Yit—1 U4t
INT e 2 — 1N (0,1 p?)
NT Zz 1 Zt 2 zt 1

N T 4
Z Zyit—luit =4 N (07 1_7%2)

i=1 t=2

since

4
N~

Now we have

=1 1+p Zz 121: 2 Yit—1Uit
NT</0LSDV _P) = VN \/_
NTZz 121: 2yzt 1

(14 p) N+_/—Zz IZt 2 Yit—1Uit
f— —_— p —
T NTZz 12t2zt1

If%ecasN,T%oo,
VNT (prspy — p) =" —(1+p)c+ N (0,1 —p?)

If%—>ooasN,T—>oo,
VNT (prspy — p) =" 00

If%—>0as N, T — oo, then

VNT (prspy — p) =" N (0,1 = p°)
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Empirical Example Nominal wage = y;;, S; = treatment variable or dummy

Vit = @ + BS; + Wi, Ui = puip—1 + €y, i ~ UdN (0; 02)

where S; is a dummy variable. Suppose that u; is serially correlated (p # 0).
Q1: Find the limiting distribution of /3 and é.

First transform the regression as

1 & 1 & 1 &
yit_N;yit = ﬁ(si_N;Si>+<uit_N;uit>

G = PBSi+ iy, let say

Then ) )
o sz\il S; (ZtT:1 Qit) Zi\il S (25:1 ait)
5 - N gz - 5 + N SQ
Zi:l i Zi:l i
Let
¢ 1 N & T ~
B 5= N 2iz1 Si (Zt:l uit)
- O

Assume that
0ifieGiori=1,..,%
S; = .
l1ifi¢ Gy, ori=5+1,..,N

2 2

N T N
E|> S (Z ut) =FE ST,
i=1 t=1 i=1
where
1 XT: i
P — Uit
! T t=1 t
Observe this
r N T 2
L i=1 t=1
N 2
1 N/2 T 1 N T
= E —§ZZait+§ > Zut]
i=1 t=1 i=N/241 t=1
] N/2 T 2 ] N T 2 ] N/2 T N T
= F 1 Zzﬂzt +Z Z Zﬁz‘t 5 Zzﬂzt Z Zﬂzt
i i=1 t=1 i=N/2+1 t=1 i=1 t=1 i=N/241 t=1




Note that if there is no cross section dependence, then the last third term becomes zero.

Hence we have

2
N/2 T

=1 t=1

N T
E Z Z azt

where we use the fact

T 2 9
o
E E U; = . (To students: Prove this

( ) T )

Note that

T 2 T 52
t=1 t=1
Solution: Use panel robust HAC estimator. Prove this.

Next, Consider the convergence rate: => must be vV NT. Why?

Limiting Distribution: Major (nice) term and nuisance term For LSDV.

Nice term: Nr
Gar = D Yir1Uit
- NT ~
Z yzzt 1

Nuisance term:

1 ZN (ZT yit71> (ZT uit)

NT — — NT ~
T Z %21: 1

Note that

. ST i1l 1
Prspv =P = “=nt 5 = G+ Nvr = Gnr + 0y ( 5 )
> Ui :

and Gt is O, (ﬁ) i

\/L— ZNT Yit—1Uit
VNTGyr = T —* N (0,V?)
NT Z ’Lt 1
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but

_l ﬁ ZN (ZT Z/itq) (ZT Uit)

Nyt T
T ﬁz Uiy
B _l% ZN (ﬁ ZT yiz%l) (ﬁ ZT Uit) B _l% ZN 0,(1)0,(1)
- T TR ~T 0,0
1L 1mYoM00 _on _, (L)
- VNT O, (1) _\/NT_ P NT

Hence

VNT (ppspy — p) = VNTGyr + VNT Ny = 0, (1) + O, (%)

so that as T" — 0o, we can ignore the second term.
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Sample Final Exam:

Part I: Definition and Explanation

Q1: Cointegration

Q2: Unit Root Test

Q3: Weakly Stationarity

Q4: Newey and West Estimator

Q5: Panel Robust Covariance Estimator

Q6: White Heteroskedasticity Consistent Estimator

Q7: Nickell Bias

Q8: Relationship among between, within and pooled estimators
Q9: First Difference GMM/IV estimator in Dynamic Panel Regression
Q10: Hausman Test for Fixed Effects

Q11: Granger Causality Test

Q12: Error Correction Model

Part II: Proof and Derivation

Consider the following DGP

Yit = G T Yy Yip = PYia T Ui, wi ~ d (0,1) 0 yip = wio.
Q1: Assume p = 1. You run the following regression

Yit = QYir—1 + Cit (56)

(a) Show that the pooled OLS estimator in (56) becomes consistent for fixed 7" and large
. That is,
plitny_ Gy = 1

(b) Derive the limiting distribution of d,,0s when N, T — oo jointly.

Now you add fixed effects.
Yit = B; + i1 + € (57)
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(¢) Show that the within group estimator in (57) becomes inconsistent. (for fixed T large
N).
(d) Suppose that N/T' — 0 as N,T — oo. Derive the limiting distribution of érg.

Q2: Assume |p| < 1. You run (56).
(a) Find the moment conditions that the pooled OLS becomes consistent.

(b) Under the conditon of (a), derive the limiting distribution of G-
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