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Abstract

Model selection by BIC is well known to be inconsistent in the presence of incidental pa-
rameters. This paper shows that, somewhat surprisingly, even without fixed effects in dynamic
panels BIC is inconsistent and overestimates the true lag length with considerable probability.
The reason for the inconsistency is explained and the probability of overestimation is found
to be 50% asymptotically. Three alternative consistent lag selection methods are considered.
Two of these modify BIC and the third involves sequential testing. Simulations evaluate the
performance of these alternative lag selection methods in finite samples.
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1 Dynamic Panel Lag Order Estimation

Specification of the appropriate lag order to capture response time and feedback is a delicate econo-
metric issue in time series models. Some early work by Peter Schmidt (1971, 1973, 1974) and
Schmidt and Sickles (1975) partly addressed this problem in the context of Almon distributed lag
models and suggested various solutions. In dynamic panel models the problem is known to be even
more complex in part because of the presence of fixed effects which mean that the dimension of
the parameter space increases with the sample size.

Stone (1979) first demonstrated the inconsistency of the Schwarz (1978) information criterion
(hereafter BIC) in a simple incidental parameter context. Since then some generalized criteria
have been developed for this problem that have better properties and correspond more closely to
Bayes factors (Berger et al, 2003; Chakrabarti and Ghosh, 2006; Lee, 2011). The inconsistency
of BIC that was studied in Stone (1979) arises specifically because of the presence of incidental
parameters. That outcome seems unsurprising at least in panel models given the well known bias
effects of incidental parameters in dynamic panels.

Much more surprising, however, is the fact that BIC fails to produce a consistent lag order
estimator in simple dynamic panels. The present paper shows, somewhat remarkably, that BIC is
inconsistent for lag order estimation even in panel models with no fixed effects. Thus, the large
sample good behavior of BIC is compromised in dynamic panel models even in the absence of an
incidental parameter problem. The reason for the failure of BIC even in simple dynamic models
with no fixed effects is that the BIC penalty is too small to compensate for the additional terms
from cross section averaging (O (n) such terms) that enter into the BIC model fit comparison
when overfitting.! These additional terms arise from differences in the number of time series
observations used in the calculation of the residual variance estimates (57, 620) in a panel model
with k& and ko lags. As we show, they satisfy a CLT and are of Op(ﬁ) in relation to the BIC
penalty of O(2£2L) So they produce a strong tendency to overfit the panel autoregression as

nT
n — oo. The overfitting tendency is as high as 50% asymptotically.

To address the inconsistency of BIC, the paper develops some modified information criteria that
are consistent in dynamic panels. These criteria involves simple modifications to BIC and are easy
to implement in practice. They are compared in simulations to assess finite sample performance of
the various criteria. Some comparisons are also made with standard sequential testing procedures

1These terms also arise in conventional time series applications of BIC, but produce no overfitting tendency because
there are only a finite number of these terms. In a panel context this finite number is scaled by the number of cross
section observations, thereby disturbing the asymptotic properties of BIC.



for lag order determination.

For brevity we consider the following simple panel AR(k) process
k
@ ve=)Y _, PsYit—s + Eir, Where ey, ~ tid N(0,06%),i=1,.,n; t=1,..,T

which will be sufficient to make the main points of the paper. Let &, be the true value of the lag
order in (1). Define Xx i+ = (Yit—1,- .-, yu—x) and B, = (py, ..., p;)". Conditioning on the initial

observations {y;1, ...,y }, the Gaussian log-likelihood is
nT) nT) 1 »n I
2) LBy 0% = ——EIn2r — —fno® - 52 > > (Wi — Bsz:,it)Q;
2 2 20% i3 12

where T, = T — k. In view of (2), the maximum likelihood estimator (MLE) of 3, is the same
as pooled least squares (OLS), viz., B, = (30, St 1 XnieXha) (0 o pir Xbtit),
with corresponding error variance estimator 63 = (nT},) "1 Y1, Zf:kﬂ &7 i Where &, = iy —
X, B

Let ko be the true lag length in the model (1), i.e., ko = min{k : p, # 0, p; = 0Vj > k}.
The order parameter £ is frequently estimated using an information criterion (IC) according to the
typical extremum rule k= arg ming<,... [Co(k) for some given ky,.x > ko where IC commonly
satisfies

()  ICy(k) — ICy(ke) = In(67/67,) + (k — ko)ear,
and ¢, is some penalty function. The BIC penalty has the typical form
4) ¢y =In(nT) /nT,

which reflects the overall sample size »T" in this panel data case.
To fix ideas and provide a rigorous development we make the following high level assumptions,
which are easily shown to hold for stationary and asymptotically stationary panels.

Assumption A. (i) (nTy)* >0, ZtT:kH Xt X}, CONverges in probability to a positive defi-
nite matrix for all fixed k;

(i) (nTy) 2 30 S Xeuean = Op(1) for all k;

(i) B), — B, = O,(n /2T, /) for k > k.

These conditions can be considerably relaxed at the cost of additional complexity. For in-
stance, the zero intercept and normality in (1) are unnecessary and the iid error condition can be
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replaced with independence over ¢ and uniformly bounded heteroskedasticity and higher moments
(Supi,t E( ‘Eit’4+6)
means of the second moments of 2 are well defined so that the main results of this paper go

= M < oo for some 6 > 0). Under uniformly bounded fourth moments, the

through.? While normality is not needed for the limit theory, it is conventionally employed to
justify the form of the IC criterion (3) by means of the explicit likelihood (2). That formula can,
of course, be easily generalized to allow for nonnormality by using an asymptotic development
of the Bayes factor (e.g., Hartigan 1983; Phillips, 1996; Phillips and Ploberger, 1996) or by other
mechanisms that may be more expressive functions of the whole data distribution (as noted by
Ebrahimi et al, 1999, in their discussion of entropy measures in ranking distributions). Also, while
Assumption A does not hold for nonstationary panels with a unit root in (1), we expect that all
our main results continue to apply in that case under a suitably modified form of Assumption A
with convergence rates adjusted for the directions of nonstationarity and stationarity — see Phillips
(2007) and Cheng and Phillips (2009, 2012) for related time series model selection cases.

Lag order may also be selected by sequential (general to specific, hereafter GS) ¢-testing in
which case k is determined as

(6) k= max{k  |tp,| > dand ;| < dforall j =k +1, ...,kmax}

where t, = p,/se(p,) and d is the critical value used in the test sequence. This GS testing
procedure will be used in simulations later in the paper for comparisons with BIC and its various
consistent modifications.

2 Asymptotics of Information Criteria

The maximal log-likelihood in (2) leads to the usual formulation of the BIC criterion as 1Cy(k) =
né: + kin(nT)/(nT) or IC; (k) = Iné; + kIn(nTy)/(nTy), after adjusting for degrees of free-
dom. This traditional form of BIC prevents under-estimation as desired but typically overestimates
ko with considerable probability, as we now discuss.

We start with two useful preliminary lemmas that lead to Theorem 1 below. These results hold
as nT — oo, covering cases of fixed 7" and T" — oo. Proofs of these lemmas and the subsequent

21t is sufficient for our main result that the following CLT

IZ Z €2 #N(O Z lim — ZE >

i=1 t=ko+1 t=ko+1

holds for all fixed &£ which is so by virtue of independence over i and the existence of fourth moments of ¢;;.
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theorems are given in the Appendix.
Lemmal. Fork, > 1land k < ko, plim,;_ (67 — 67,) > 0.

Lemma2. (i) For k > ko and T fixed as n — oo,

k—k
VT (67— 67,) = N (0, 20 (k — ko) (1 + 7 °)> :
k

(ii) For k > ko, asn, T — oo, \/nT; (67 — 67,) = N (0,20* (k — ko)) .

The variance expressions in these limit distributions of \/nT} (67 — &zo) hold when ¢;; ~ iid
N (0,02) and clearly need adjustment in heterogeneous and non-normal error cases.

Theorem 1 (Inconsistency of BIC). Let k= arg ming<<,... 1Co (k). Then, as n — oo and
provided X — 0,

(i) P{k < ko} — 0,

(i) P{k > ko} — 0.5.

The heuristics of Theorem 1 are as follows. By virtue of the central limit theory of Lemma 2,
VT In(67/67,) ~ /nTy(67 — 67,)/0* which converges weakly to a centered Gaussian distrib-
ution, whereas \/nT In(nT)/(nT) — 0 as n — oo for any T satisfying the condition % — 0.
Thus for k > ko, \/nT[ICy(k) — ICy(ko)] converges to a centered normal distribution for which
there will be an asymptotic 50% chance that ICy(k) < ICy(ko) asn — oo. In effect, the probabil-
ity of overestimation can be as large as 50% as n — oc. The underlying reason for the overestima-
tion is that, when k& > ko, the residual variance estimates 6 and &7, can contain many terms that
are mutually independent. In particular, 6%0 contains innovations that relate to t = ky+1, ..., k none
of which enter the formula for 5%. In a panel model, there are a total of n (k — ko) of such terms
(as compared with & — k, such terms in a simple time series model®), which is comparable in mag-
nitude to n7 unless 7' — oo. In consequence, In(63/67,) ~ (67 —6%,)/62, = O, (n~'/2T) rather
than O, (n~'T). The result is that the order of the BIC penalty term In (nT") / (nT) is dominated
by ln(&i/éio) asn — oo for k > ky and the BIC penalty term does not prevent overestimation.

Note that a degrees of freedom adjustment in the penalty does not change this outcome.

3Note that when k.., — oo the number of such terms potentially becomes large in a time series setting.



There are two obvious solutions to correct the criteria and avoid the problem of overestimation.
First, the penalty can be adjusted so that it decreases slowly enough to dominate In(63 /&io) for
k > ko as n increases. Since In(67/67,) is of order \/nT, we may correspondingly adjust the
penalty to /nT In(y/nT'). This adjustment is designed to deal with the difficulty explained in the
preceding paragraph.

A second solution is to truncate the sample so that both &3 and 67 are computed using the
same observations. That is, for all k¥ we estimate 3, and o2 using t = kpax + 1,...,7T (in-
stead of using ¢t = k + 1,...,T). Let these estimates be denoted by (3,,5%) and (Bko,éio),
e, 67 = (L) Y S, &, where T = T — ke, Erie = Yir — Xp.0), and
Be = (S 1 Xt Xh ) O S 1 Xnaeyie) for all k. While the original BIC
criterion is inconsistent and overestimates k, frequently, these modified BIC criteria are designed
to produce consistent lag order estimators, as we now demonstrate.

To fix ideas suppose ICj is the original panel BIC criterion and let 7C; use /nT In(y/nT) as
the penalty, and 7C5 truncate the data so that observations for ¢t = k.. + 1, ..., 7T are used in the
regressions for all k. Define

ICy(k) = Iné} + kIn(v/nTy)/(VnTy),
ICy(k) = Inéi+ kln(nT,)/(nT.), where T, = T — Kpax.

It is asymptotically unimportant, but we may also use the correct degrees of freedom for the com-
putation of 57 and 52 by using the standardizations nT}, — k — 1 and nT, — k — 1, respectively, in
these estimates. Let I%(j) = arg Ming<j<g,.. L C;(k) for some given k.. > ko and j = 1, 2. Both
I1C; and IC5 are consistent.

Theorem 2 (Consistency of Modified BIC). Under Assumption A, IP’{I%(]-) =ko} — lasnT, —
oo forj =1,2.

Some remarks and discussion of this result now follow.

Remark 1 (Local to zero coefficients). It is well known that model selection criteria are blind
to local alternatives (Phillips and Ploberger, 2003; Leeb and Pdtscher, 2005). Hence, in station-
ary time series models with sample size 7', BIC is unable to identify the correct lag order if p;
is in an O(T~%/2) neighborhood of zero. For example, when k; = 1 and p, = O(T~*/2) in
the model above, we have 67 = %ZL e? + O,(T~1) for both & = 0 and k£ = 1 so that
In (63/63) = O, (T~'). This variance ratio fails to dominate the penalty (In7")/7" and so BIC
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systematically under-estimates the lag order. For panel data information accumulates with », and
eventually the probability of under-estimation diminishes to zero for every 7" as n — oo. But
when the autoregressive parameter is close to zero, the cross-sectional dimension n required to
avoid under-estimation with reasonable probability can be impractically large, especially for 1C
as the following remark discusses.

Remark 2 (Small-sample performance of IC1). For an AR(1), /C; can under-estimate the
lag order with high probability compared to 7Cy or ICs when the autoregressive parameter (p)
is close to zero. Because 6° = o2 + O (F) and 67 = 2 7z 10 ( —), we have 1Cy(1) —
IC1(0) = In(1 — p?) + il L O ( —). So, loosely speaklng, n and T should be such that

/T
II%ETT < —1In(1— p?) in order to avoid under estimation with non-trivial probability. For example,
if p=0.1(s0 —1In(1 — p?) ~ p? = 0.01), then /nT needs to be at least 644. For T' = 10, this
means that » should be at least as large as 4200. According to simulations, even for n = 5000

and 7 = 10, 22T ~ 0.0093 and the probability of under-estimation is still about 50%. (With

/nT
n = 10,000 and T' = 10, 1%T ~ 0.007 and the probability of under-estimation by 7C; falls to
about 5%.) This is because I%T decreases very slowly as n increases while the variance ratio is

distributed around a value close to unity when p ~ 0. When the true parameter is p = 0.05, in
order to expect performance of IC; similar to the case n = 4200, 7" = 10 and p = 0.1, we would
need n to be larger than 100,000 (with 7" = 10)!

Remark 3 (Impact of over-estimation). Under-estimation is usually considered more problem-
atic than over-estimation because under-estimation causes inconsistency. Theorem 1 indicates that
1Cy, does not under-estimate lag length asymptotically. Thus, some practitioners may be comfort-
able using ICy in practice. On the other hand, we lose nk observations for an AR(k) specification
and the efficiency loss due to unnecessarily large k£ can be substantial especially in short panels.

Remark 4 (The unit root case). Suppose that y;; = y;;—1 + i and n, T — oo. Then Bk — 0=
O, (n™Y2T7Y) for k = kg = 1and 8, — 8 = O, (n"**T~'/2) for k > ko = 1. Also, for both
k = 1,2 we find that (c.f., Phillips, 2008)

M R e R C ]

N1y (=1 =k Tk i=1 2k

Hence, for k = 2, ln(&i/éio) = O, (n"Y2T~") as in the proof of Lemma 2. Meanwhile the
penalty function for ICy, In (n/2T) / (n/2T) goes to zero much slower than In(67 /67, ). In other



words, Pr(k > ko) — 0as nT — oo. For ICy, we have In(6%/52 ) = O, (n'T~1) as in the
proof of theorem 2. But the penalty function for /C5 is O (In (nT") / (nT')). Hence both IC; and
1C5, estimate kg consistently.

Remark 5 (Models with fixed effects). For panel dynamic models with fixed effects, it is well
known that the within-group (WG) estimator is inconsistent and the bias is O(7~'). In this case,
we expect none of the above methods to work well unless 7" is large. The WG estimator has
downward bias of order O(7"—) so the zeros of p, for j > ko are likely to be estimated by negative
numbers of order 1/T'. Thus, for k > ko, there can be O(7"~!) differences between In 6; and In 67,
while the penalties decrease as n — oo. Thus, for large n, the penalty may be dominated by the
differences in In &2, in which case for any given T the considered information criteria will lead to
over-estimation. For the panel AR(1) model, /C; asymptotically selects k,.x as n/T — oo. The
general-to-specific sequential testing procedure that we explain below behaves similarly. It seems
of little interest to analyze the properties of lag selection methods that are based on inconsistent
estimators, especially when there are alternative consistent procedures. We can instead use the
consistent estimation method based on X-differencing recently proposed in Han, Phillips and Sul
(2011, 2012). For other recent work on dynamic panels with fixed effects that utilize the results of
the present paper to achieve consistent lag order selection, see Lee and Phillips (2013).

Lag Selection Using Sequential Testing

An obvious alternative approach that avoids the data loss involved in IC; is a general-to-specific
(GS) sequential modeling procedure. This selection procedure may be implemented in the usual
way. The sequence begins by estimating the largest model — the panel AR(k,.x) model for some
given kyax — and tests the significance of p, . If the null hypothesis that p,, = 0 is not rejected
at the chosen level, then the panel AR (k. — 1) model is fitted and the null hypothesisp, ;=0
is tested. This sequential process of estimating and testing is continued until the null hypothesis
is rejected, and % is defined as the largest k value such that the regressor y;_; is significant, as
specified in (5). All available time series observations are fully utilized in this process, giving the
approach a finite sample advantage over 7Cs.

The GS methodology applies conventional statistical tests. If the significance level of the tests
is fixed, then the order estimator inevitably allows for a nonzero probability of overestimation.
Furthermore, as is typical in sequential tests, this overestimation probability is bigger than the
significance level when there are multiple steps in the order reductions from k.., because the



probability of false rejection accumulates as & step downs from k., to k.

These problems can be mitigated (and overcome at least asymptotically) by letting the level
of the test be dependent on the sample size. More precisely, following Bauer, Pétscher and Hackl
(1988), we can set the critical value d,,7 in such a way that (i) d,,r — oo, and (ii) 7, ;d,r — 0 as
n, T — oo, where 7,7 is the convergence rate of the estimator. (Here, condition (i) prevents over-
estimation and condition (ii) prevents underestimation.) The critical value in this case corresponds
to the standard normal critical value for the significance level o, = 2[1 — ®(d,,7)], where ®(-) is
the standard normal cdf.

The following rule was found to work well in our simulations:

(6)  ur = exp{In(p)VnT/10}, p=0.25.

This choice of «,,7 delivers a nominal size of 25% for nT" = 100, so under-estimation is prevented
at the cost of over-fitting for small samples. Because In p < 0, we have «,,7 — 0asn1 — oo, and
the associated critical value d,,r = ®~*(1 — a,,7/2) satisfies Bauer et al.’s (1988) conditions stated
above. Note that under a local alternative in which the long run autoregressive coefficient has the
form p = 57:1 p; = ¢/\/T, the GS method identifies the true length asymptotically well as long
as n — oo irrespective of the size of T', which is corroborated in the simulation results that follow.

3 Simulations

We use two data generating processes to examine the finite sample performance of the suggested
methods: a panel AR(1) and panel AR(3) specified as follows:

P y
(7)) yu= ijl PYit—j + Wi, wi ~ iid N (0,1).

We discard the first 100 observations to avoid the impact of the initial observation on estimation.
Table 1 reports the simulation results for an AR(1) coefficient of p = 0.1, which is intentionally
small in order to give an exacting test of the procedures. The maximal lag order k.. is set to 2
for this experiment (results for larger values of k... are reported in Table 3 and 4. We discuss
the performance of the BIC criteria first. The first 9 columns show the under-, exact- and over-
estimation frequencies of the BIC criteria 1Cy, IC; and IC5. Note that the conventional BIC
criterion IC) estimates the true lag length consistently only when 7' — oo with n fixed. The
first four rows in Table 1 corroborate the good performance of ICj in this case for small fixed n.
All lag selection methods estimate the true lag consistently as 7" — oo but there are differences
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in performance for moderate 7. When k., = 2 the GS method is marginally superior but the
performance of all the other estimators is also good. When T is small and n is larger, the four
order estimators show major differences. Notably, /C, seriously overestimates the true lag as
n — oo, in some cases by over 40%, corroborating Theorem 1. The finite sample performance
of IC} is somewhat disappointing even though 7C; is consistent. In particular, when 7" is small,
I1C4 underestimates the lag length with significant probability as » increases. Only when 7' is
large enough (for example 7" = 30), does the performance of /C substantially improve with very
large n, as suggested in Remark 2 to Theorem 1. In contrast, /C5 performs very well as an order
estimator. When either n or 7" increases, the finite sample performance of /C, noticeably improves
and by a significant margin.*

The last 9 columns in Table 1 show the performance of various versions of the GS method.
To highlight the differences, we show the consistent data dependent rule (6) as well as GS order
selection applied with fixed critical values at the 5% and 25% levels. Obviously with 5% and 25%
significance levels, the over-estimation probability converges to 0.05 and 0.25, respectively. Later
we will consider the impact of varying k.., on GS methods with fixed significance levels. Com-
pared to the inconsistency of GS methods based on fixed significance levels, the data dependent
rule (6) exhibits its consistent behavior as either n or 7" increases. In fact, except for a couple of
cases, the performance of the data determined GS selector dominates the BIC methods.

Table 2 shows results for the local to zero case where the AR(1) coefficient is set to 1/+v/T.
As we discussed in Remark 1, all methods fail to identify the true lag length in this case with
univariate time series because information criteria are blind to local departures. As Table 2 shows,
this behavior is manifest for small n (n = 5), where the under-estimation probability approaches
one for all methods, especially 7C;. However as n increases, performance improves and for large
enough, all of the consistent methods estimate the true lag length with high probability. This
simulation evidence corroborates Theorem 1 and the discussion in Remarks 1 and 2.

Table 3 demonstrates the impact of k., on the performance of both BIC and the GS meth-
ods. Somewhat surprisingly, the finite sample performance of the GS data dependent rule is little
affected by the larger maximum lag length. However, the performance of /(' is more seriously
influenced, especially with small » and 7". This outcome is explained by the fact that /C, suffers a
loss of an additional 4n observations when k., = 6 comparing to when k.., = 2. Nonetheless,

“A referee suggested the Hannan-Quinn (1979, HQ hereafter) penalty function In (In \/nT}) / (v/nT},) instead of
I1C. The HQ penalty is much weaker than IC;. We examined their respective finite sample performance and found
that the HQ criteria performs better than 7Cy only when n is large. Moreover, as discussed shortly, 7C5 outperforms
14 and the HQ criteria. Hence, the finite sample performance of the HQ criterion is not reported here.
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both under-estimation and over-estimation rates go to zero quickly as n or 7" increases. On the
other hand, the GS selector with fixed significance levels is heavily dependent on the choice of
kmax @and, as k., increases, the probability of over-estimation increases.

Table 4 considers the AR(3) model with p; = p, = p; = 0.1 and k.x = 6. Apparently, the
finite sample performances worsen as the true lag length increases. This holds for all methods and
comparisons among the methods is not clear cut for small » and 7". However as n or 7" increases,
both IC5 and the GS data dependent selector work well.

Table 5 shows the impact of a unit root on the performance of both BIC and GS methods for
models with fixed effects. In the experiment here we consider only the consistent X-differencing
estimator. For when p < 1, we found that the finite sample performance of /C, and the GS selector
using X-differencing is similar to that of pooled OLS estimator without fixed effects. Hence we
do not report results for the stationary case. And we report results only for the data dependent GS
selector in view of its better performance. Interestingly the over-estimation probabilities of /C
are much higher than those of GS. However as 7' increases, the over-estimation probabilities of
1C5 gradually decrease to zero.

Table 6 reports the impact of lag selection on panel estimation bias and variance of the X-
differenced estimator when p = 1. As Table 5 reveals, the under-estimation probability of all
methods goes to zero quickly as 7" increases. Correspondingly, the evidence in Table 6 confirms
that the bias of the X-differencing estimator also tends to zero as 7" increases. However for small
T, the biases arising from estimation based on 7C and 1C5 model selection are larger in absolute
value than those based on ICj selection. Overall the data based GS selection leads to estimation
with the minimum bias. As noted in Remark 2, over-estimation affects variance. Since the over-
estimation probability under GS selection is smallest, coefficient estimation variance based on GS
is correspondingly smallest. The main differences arise for small 7. For moderate values of T’
there is little difference in either estimation bias or variance among the procedures.

While these simulations cover a range of interesting alternative models and procedures, the
results in this section apply only to the considered data generating processes and further studies
are warranted for a more thorough comparison.

4 Concluding Remarks

Practical empirical work with dynamic panel models relies on the choice of lag order in the dy-
namics. Test outcomes, consistency, and estimation efficiency are all likely to be dependent on
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correct lag length selection. While it is well known that the presence of incidental parameters like
fixed effects and incidental trends disturb model selection procedures and can lead to inconsisten-
cies in order estimation, the present paper shows that these difficulties also arise in the absence
of such effects. In particular, application of the conventional BIC selection criterion in dynamic
panels with no intercepts yields inconsistent lag order selection and typically leads to considerable
overestimation of lag order. This result may be surprising to many, given that received wisdom
has primarily focused on the obstacles posed by fixed effects and other incidental parameters in
dynamic panel estimation. The reason for the failure of BIC even in simple dynamic models with
no fixed effects is that the BIC penalty is too small to compensate for the additional terms from
cross section averaging that enter into the model fit comparison In(67/67,) when k > kq in the
BIC criterion, producing a strong tendency to overfit the panel autoregression as n — oc.

To address the deficiency of BIC, three alternative lag selection methods are suggested here,
each of which is consistent. The first two methods modify BIC by increasing the penalty and by
adjusting the sample fit comparisons so that they are homogeneous in the sample observations used
by means of sample truncation. The final method involves GS sequential testing and our suggested
procedure involves a data-determined critical value that ensures consistent order selection. Sim-
ulation findings indicate that modified BIC using sample truncation and data-determined GS lag
order selection both perform well in finite samples for a range of different sample sizes (n, 7)),
including cases with small 7", and models with a unit root.

References

Bauer, P., Potscher, B. M., Hackl, P. (1988). Model selection by multiple test procedures. Statistics
19:39-44.

Berger, J.O., Ghosh, J.K., Mukhopadhyay, N. (2003). Approximations and consistency of Bayes
factors as model dimension grows. Journal of Statistical Planning and Inference 112:241-258.

Chakrabarti, A., Ghosh, J. K. (2006). A generalization of BIC for the general exponential family.
Journal of Statistical Planning and Inference 136:2847-2872.

Cheng, X., Phillips, P. C. B. (2009). Semiparametric cointegrating rank selection. The Economet-
rics Journal 12:S83-S104.

12



Cheng, X., Phillips, P. C. B. (2012). Cointegrating rank selection in models with time-varying
variance. Journal of Econometrics 169:155-165.

Ebrahimi, N., E. Maasoumi, Soofi, E. S. (1999). Ordering univariate distributions by entropy and
variance. Journal of Econometrics, 90, 317-336.

Han, C., Phillips, P. C. B., Sul, D. (2011). Uniform Asymptotic Normality in Stationary and Unit
Root Autoregression. Econometric Theory 27:1117-1151.

Han, C., Phillips, P. C. B., Sul, D. (2012). X-Differencing and Dynamic Panel Model Estimation.
forthcoming in Econometric Theory.

Hannan, E. J., and B. G. Quinn (1979). The Determination of the Order of an Autoregression.
Journal of the Royal Statistical Society, B, 41, 190-195.

Hartigan, J. A. (1983). Bayes Theory. New York: Springer-\erlag.

Lee, Y. (2012). Model selection in the presence of incidental parameters. Unpublished working
paper, University of Michigan.

Lee, Y., Phillips, P. C. B. (2013). Model Selection in the Presence of Incidental Parameters. Un-
published working paper, University of Michigan.

Leeb, H., Pétscher, B. M. (2005). Model selection and inference: Facts and fiction. Econometric
Theory 21:21-59.

Phillips, P. C. B. (1996). “Econometric Model Determination”, Econometrica, , Vol. 64, No. 4,
July 1996, pp. 763-812.

Phillips, P. C. B. (2008). Unit root model selection, Journal of the Japan Statistical Society 38:65—
74.

Phillips P. C. B. and W. Ploberger (1996). “An Asymptotic Theory of Bayesian Inference for Time
Series”, Econometrica, 64, 381-413.

Ploberger, W. Phillips, P. C. B. (2003). Empirical limits for time series econometric models. Econo-
metrica 71:627-673.

Potscher, B. M. (1983). Order estimation in ARMA-models by Lagrangian Multiplier tests. Annals
of Statistics 11:872-885.

13



Schmidt, P. (1971). Estimation of a distributed lag model with second-order autoregressive distur-
bances: A Monte Carlo experiment. International Economic Review 12:372-380.

(1973). On the difference between conditional and unconditional asymptotic distrib-
utions of estimates in distributed lag models with integer-valued parameters. Econometrica
41:165-169

(1974). A modification of the Almon distributed lag. Journal of the American Statistical
Association 69:679-681.

Schmidt, P., Sickles, R. (1975). On the efficiency of the Almon lag technique. International
Economic Review, 16. 792-795.

Schwarz, G. (1978). Estimating the Dimension of a Model. Annals of Statistics, 6, 461-464.

Stone, M. (1979). Comments on model selection criteria of Akaike and Schwarz. Journal of the
Royal Statistical Society Series B 41:276-278.

14



A Appendix

We use the notation 7, = T — k forall £ > 0 and T, = T — k.. Recall that X}, =

o2 _ e A2 1 n T ~2
(Yit—1s - - s Yit—k)s kit = Yit — Xk,itﬁk and 6, = WTh Y i Zt:k—i-l €k, it

A.1 Inconsistency of IC)

Proof of Lemma 1. For k < kq define 3, = (5,0}, ) 50 X} .0, = X.,5, forall t > k, where
Xt = Xy, i+ Tor notational brevity. (Note that the identity holds even though some elements of X,
are unobservable for ¢ < ko) As 2.y = i — (X} 1B — X48) = e — X4,(By, — ), we have

2 1 & L, 28 2 e - JA At
8 oi=—+ > Ei T > caXy(By — B) + By — B)Qu(By, — B).
(L e (0 o

The first term converges in probability to o as n7}, — oo, the second term is O,(1/+/nT}.) by
Assumption A because BZ — [ is stochastically bounded, and the third term is asymptotically
strictly positive because plim BZ # B (since p,, # 0 by assumption) and Q). is asymptotically
nonsingular. The stated result then holds as nT" — oo, and in particular as n — oo for both fixed
TandasT — co. =

A

Proof of Lemma 2. (i): For all £ > ko we have &, ;; = i — X[,(8, — [,) So that

R 1 n T " “ 2 n T N
Q) o&r=— S oen+ (B — B QB — B) — =2 2 it Xyt (B, — Br),
nTy i=1 t=k+1 nTy i=1 t=k+1

where Q). = (nT}) " S0, iy XeitXp o When By, — 8, = O,(n~V/?T;, /%), the second and
third terms are O, (n =17}, "), and thus

1 n T 1 n T
~2 ~A92 2 2 —1p—1
O — 0 = € — = gy +O0p(n T,
ko k nTkO Z;[ t:%+1 t nTk 2221 t:%l t p( )
1n IR
(10) = - ;ng + Op(n IT* 1)7
where T, = T — k.. as before and
1 T 1 Z
br = 7 X e 2 &
g Ty 1= T on "

k _ T
IRERR T
- T git T T git

ko t=ko+1 kolk t=k+1

1 k k—ky L
(11) = — e, —a°) — e — o’
Tho t:%—i—l( ! ) T T 1~ " )
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The mean of &, is zero and the variance of n ™' " | &, is
1 (k — ko) k—ko\* T,
“EeE = 2 _lvar (&2 “Evar (&2
n ng ’I’LT,?O (gzt) + (TkoTk n (6115)
(b — ko) + T, " (k — ko)?

_ o var (<2)

~ (k— ko) 9 k — ko
= var (e3,) ( 1+ i

which shows that \/nT'(67, — 67) = O, (1). The result holds as n — oo for both fixed 7" and as
T — oo. Next, using (10), (11), and standard central limit arguments as n — oo with 7" fixed

V(62— 62) = ﬂkiszm n1r2)

w o r e (0 {1551

k
giving (i) asn — oco. When n — oo and T' — oo we have
k

\/ET(&zO - 6%) = \/— th kZH (81215 - 02) +0p (1)

= (i =a N (0,20" (k — ko)) ,
giving (ii). =
Proof of Theorem 1. (i): This follows by Lemma 1 and the fact that In(1 + x) > 0 for all z > 0.
Thus,

ICy(k) — ICh(ko) = In(63/6%) + (k — ko) (nnT)/(nT)

A2 A2
InnT
= 14 2Tk +O(nn)
Uko nT

so that P(k < ky) — 0 as n — oo for both fixed 7" and as 7" — oc.

(ii): For k > ko, we have 67 — 62 = o, (1) and
k ko p

VATICH(K) — ICy (k)] = ﬁﬂn{u&z&f’i}}+<k—ko>1“3?

In (nT)

= Awr {1+ 0,(1)} + (k — ko) o
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where A,r = \/nT(67 — 62,)/0% = O, (1) by virtue of Lemma 2. Further, by (12) and Lemma 2
we deduce that

AnT = \/— 2 Z flT + ) ( 1/2)
N (o, 2 (k — ko) {1 v %}) = (oo Tor T fixed
N (0,2 (k = ko)) := Cp_p, when T — oo.

Thus, provided In (nT") /4/n — 0 we have

VT ICy(k) — 1Cy(ko)] = ¢" = Copy 17 fixed + Chropo 17005
and then

P{ICy(k) < ICy(ko)} — P{C* < 0} = 0.5.

This implies that lim P{l% > ko} > 0 and proves the stated result for both fixed 7"and 7" — oo
provided % — 0. On the other hand, if (InnT)/\/n — oo or equivalently ev™/T" — 0, then
P{ICy(k) > ICy(ko)} — 1, implying that P{k > kq} — 0. Thus, BIC is consistent only if T
tends to infinity extremely rapidly relative to n. m

A.2 Consistency of IC and 1C5

Proof of Theorem 2. Lemma 1 continues to apply for j = 1. With minor adjustments to the
proof of Lemma 1, we find that for j = 2, ko > 1, and k < ko we have plim,,;, (67 — 63,) > 0.
It therefore suffices to show that P{/C;(k) > IC;(ky)} — 1for j =1,2when k > ko. For j =1,
and k& > ko, we find by virtue of the proof of Lemma 2 that

VT[IC, (k) — ICy (k)] = Apr {1 4 0,(1)} + (k — ko) In (nT) — o0,
as nT — oo so that P{IC4 (k) > IC(ko)} — 1for k > kq. In a similar fashion we have
nT,[ICy(k) — ICy(ko)] = Apr {1+ 0,(1)} + (k — ko) In (nT,),

where A, = nT,(6% — G7,)/ 0%, for k > ko. Now, proceeding as in the proof of Lemma 2, we
find that

nT.(6; — &3,) = nT. {

Hence

oy 2o Ly a?t}+0p<1>=0p<1>.

nT* 1=1t=kmax+1 nT*z 1t=kmax+1

nTL[IC(k) — ICs(ko)] = O,(1) + (k — ko) In (nT.) — oo

from which it follows that P{/C5(k) > 1Cy(ko)} — 1, giving the required result. m
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Table 1: Finite Sample Performance of BIC, Modified BIC, and GS with no Fixed Effects under Fixed Alternative:
(AR(1), p=0.1, kmax = 2)

ICO IC1 IC2 GS GS with 5% GS with 25%
N T k<l k=1 k>1 | k<l k=1 k>1|k<l k=1 R>1 | k<l k=1 k>1 | k<l k=1 k>1 | k<l k=1 k>1
5 501|725 225 51 (936 62 03 808 183 1.0 |473 403 124|63.5 304 6.2 |26.0 48.0 26.0
5 100(58.6 364 5.1 |8.8 131 02 |63.6 358 06 |41.1 536 54 |39.3 551 57 |124 614 263
5 200|340 60.8 53 |713 286 0.2 327 66.7 0.7 |275 715 1.1 |126 825 5.0 | 1.7 733 250
5 1000{ 0.0 96.5 35|03 997 0.1 |00 999 02 ] 01 999 00| 00 959 41 | 0.0 77.1 23.0
50 5 |60.6 26.7 12.8{988 12 0.0 {933 6.7 0.1 |52.7 364 11.0]699 250 5.1 |295 442 264
50 10 {504 32.6 17.0985 15 0.0 |733 265 0.3 [43.6 519 46 |41.5 53.6 50 |12.8 61.2 26.1
50 20 |37.7 438 18.6|976 24 0.0 |368 629 04 |287 703 1.1 |13.2 813 55 | 2.6 71.6 259
50 30 |23.3 55.7 21.1[9.5 36 00 [166 831 04 |172 825 04 | 35 916 50 ] 02 734 264
100 5 (524 314 16.3]99.8 02 00 |879 120 0.2 |48.8 46.6 4.7 |475 474 52 |14.6 61.0 245
100 10 (394 38.6 22.1{994 06 0.0 466 53.0 0.5 |316 672 13 |146 80.7 4.8 | 3.1 72.7 243
100 20 [19.6 54.7 257976 24 00| 82 913 06 106 8.0 05| 08 936 57 |01 76.6 23.3
100 30 | 88 63.1 28.1[945 56 00|08 988 04 | 33 9.7 0.1 | 0.0 952 49 | 0.0 755 245
200 5 |43.8 35.7 20.5|1000 0.1 0.0 |70.6 293 0.1 |[36.5 625 1.0 |182 769 5.0 | 3.5 72.8 23.7
200 10 [25.7 456 28.71994 06 0.0 |13.7 8.8 06 (114 883 03| 09 937 55| 0.1 76.2 23.8
200 20 | 6.7 600 334|966 34 00|00 996 04 | 0.7 993 0.0 | 0.0 949 52 | 0.0 752 249
200 30 | 1.5 664 32.2 878 122 0.0 | 0.0 997 04 | 01 999 00 | 0.0 955 4.5 | 0.0 753 24.7
1000 5 |17.5 50.6 32.0|100.0 00 0.0 |19 979 03 |13 987 0.1 |00 938 6.2 | 00 748 253
1000 10 | 2.0 576 405,988 1.2 00 | 00 999 0.1 | 0.0 1000 0.0 | 0.0 945 56 | 0.0 757 244
1000 20 | 0.1 58.8 412|672 329 00 | 00 999 0.1 | 0.0 1000 0.0 | 0.0 953 48 | 0.0 744 256
1000 30 | 0.0 60.2 399] 98 902 0.0 | 00 999 0.1 | 0.0 1000 0.0 | 0.0 954 46 | 0.0 758 243




Table 2: Finite Sample Performance of BIC, Modified BIC, and GS with no Fixed Effects under Local to Zero:
(AR(1), p=1/T , kmax =2)

ICO IC1 IC2 GS GS with 5% GS with 25%
N T k<l k=1 k>1 | k<l k=1 k>1|k<l k=1 k>l | k<l k=1 k>1 | k<l k=1 k>l | k<l k=1 k>1
5 501|540 39.2 6.8 [829 16.7 0.5 |59.6 392 13 |255 62.2 124|399 540 6.2 |11.9 62.0 26.2
5 100|586 364 5.1 |8.8 13.1 0.2 |63.6 358 06 |41.1 536 54 |39.3 551 57 |124 614 263
5 200|650 31.3 3.8 |91.5 86 0.0 |69.0 306 05 |634 357 1.0 402 550 49 [11.5 63.7 249
5 1000{71.7 270 13 [958 43 00 |756 243 0.1 [958 42 0.0 [384 572 45 [12.0 654 22.7
50 5 |03 79.1 206|150 89 0.2 | 02 992 0.7 | 0.0 88.6 11.5]| 0.0 948 52 | 0.0 74.6 254
50 1002 754 245|165 834 02|00 992 09 | 00 956 45| 00 950 5.0 | 0.0 743 257
50 20|03 759 239|230 770 0.1 | 0.0 995 0.6 | 0.0 99.0 1.1 | 0.0 945 55 | 0.0 74.0 26.0
50 30102 749 249267 734 00|00 996 05|00 996 04 | 00 951 5.0 | 0.0 733 26.7
100 5 |00 752 248| 1.6 985 00| 0.0 994 06 | 0.0 954 46 | 0.0 952 49 | 00 76.8 23.2
100 10 | 0.0 70.8 29.3| 2.0 981 0.0 | 0.0 992 08 | 0.0 985 15| 0.0 956 44 | 0.0 76.0 24.1
100 20 | 0.0 70.8 29.2| 34 967 00| 00 994 0.7 | 00 996 04 | 00 943 58 | 0.0 77.2 229
100 30 | 0.0 70.7 293|139 9.1 00|00 994 06 | 0.0 999 0.1 | 0.0 952 48 | 0.0 756 245
200 5 |00 735 26.6| 0.0 1000 0.0 | 0.0 997 03 | 00 988 12 | 0.0 951 5.0 | 0.0 753 247
200 10 | 0.0 66.3 33.7| 0.0 100.0 0.0 | 0.0 996 04 | 00 998 03| 00 950 50 | 0.0 751 250
200 20 | 0.0 658 34.3| 0.0 100.0 0.0 | 0.0 995 0.5 | 0.0 100.0 0.0 | 0.0 949 5.1 | 0.0 74.8 252
200 30 | 0.0 67.5 32.5] 0.1 100.0 0.0 | 0.0 99.7 04 | 0.0 100.0 00 | 0.0 958 4.3 | 0.0 75.0 25.0
1000 5 | 0.0 64.8 353 | 0.0 100.0 0.0 | 0.0 998 0.3 | 0.0 100.0 0.1 | 0.0 942 58 | 0.0 73.1 270
1000 10 | 0.0 59.4 40.7| 0.0 1000 0.0 | 0.0 999 0.2 | 0.0 1000 0.0 | 0.0 943 58 | 0.0 758 242
1000 20 | 0.0 589 41.2| 0.0 100.0 0.0 | 0.0 999 0.1 | 0.0 100.0 0.0 | 0.0 950 5.0 | 0.0 753 24.7
1000 30 | 0.0 60.0 40.0] 0.0 100.0 0.0 | 0.0 999 0.1 | 0.0 100.0 0.0 | 0.0 958 43 | 00 76.1 240




Table 3: Role of Kmax Value on Lag Selection with no Fixed Effects under Fixed Alternative:

(AR(1), p=0.1, kmax = 6)

ICO IC1 IC2 GS GS with 5% GS with 25%
N T k<l k=1 k>1 | k<l k=1 k>1|k<l k=1 R>1 | k<l k=1 k>1 | k<l k=1 k>1 | k<l k=1 k>1
5 501|715 21.7 6.8 |93.6 6.2 03 |81.9 17.0 1.2 |29.8 249 454|519 250 232| 82 165 754
5 100(58.3 360 5.8 |86.8 13.1 0.2 |654 338 09 |339 448 21.3|31.7 450 234 | 3.7 19.7 76.7
5 200(33.7 60.5 59 |713 286 0.2 |33.7 655 08 |26.2 68.2 5.7 |106 676 21.9| 0.8 224 76.8
5 1000{ 0.0 957 43|03 997 01 |00 998 03] 01 998 02 ] 0.0 778 223| 0.0 21.6 784
50 10 [454 279 268|985 15 0.0 |884 114 0.3 [353 429 219|323 436 242 3.6 18.1 783
50 20 (350 375 276|976 24 0.0 |51.0 48.7 04 |272 66.2 6.7 | 104 657 24.0| 0.8 22.8 764
50 30 |21.3 484 304[9.5 36 0.0 (229 76.7 05 |169 813 19 | 29 744 228| 0.0 225 775
100 10 (344 323 333|994 06 0.0 |798 19.7 0.6 | 300 63.7 64 |11.8 651 232 | 0.8 224 769
100 20 (174 453 373|976 24 00 |182 812 0.7 |10.6 8.1 14 | 0.8 773 220| 0.1 242 758
100 30 | 7.8 51.5 408|945 56 00 |21 973 06 | 32 967 0.1 | 0.0 77.7 224| 0.0 24.7 753
200 10 [20.6 353 442994 06 0.0 |553 447 0.1 (114 876 1.1 | 0.7 765 228 | 0.0 244 757
200 20 | 49 448 503|9%6 34 00| 08 986 0.7 | 0.7 993 0.0 | 0.0 774 22.7| 0.0 23.7 76.3
200 30 | 1.1 494 49.6 878 122 00 ]| 00 996 04 | 0.1 999 00 | 0.0 779 222| 0.0 246 755
1000 10 | 1.2 356 633]988 12 0.0 | 01 998 0.1 | 0.0 1000 0.0 | 0.0 76.8 23.2| 0.0 25.0 75.1
1000 20 | 0.0 381 620|672 329 00 | 00 999 02| 0.0 1000 0.0 | 0.0 76.5 23.5| 0.0 226 774
1000 30 | 0.0 396 605 98 902 00 | 00 999 0.1 | 0.0 1000 0.0 | 0.0 771 23.0] 0.0 244 75.6




Table 4: Role of AR order on Lag Selection with no Fixed Effects under Fixed Alternative:

(AR(3), p, = p, = p, =0.1, kmax = 6)
1CO IC1 1C2 GS GS with 5% GS with 25%
N T |k<3 k=3 k>3 | k<3 k=3 E>3 | k<3 k=3 FE>3 | k<3 k=3 E>3 | k<3 k=3 k>3 | k<3 k=3 k>3
5 501|886 87 28 993 07 0.1 937 60 04 |388 31.0 303|593 27.1 13.7|16.4 259 578
5 100|723 239 39 (976 24 0.1 786 21.0 0.5 |38.2 487 13.1|36.0 495 145| 6.0 356 584
5 200(39.7 55.3 5.0 [84.0 16.0 0.1 [364 63.0 0.7 |257 706 3.7 106 759 136| 0.8 41.0 58.3
5 1000{ 0.0 960 4.1 | 0.3 997 0.1 | 00 997 04 | 02 998 0.1 | 0.0 856 145| 0.0 39.1 609
50 10 |71.6 154 13.1|100.0 0.0 0.0 |97.1 28 02 479 379 143|46.0 38.3 158 | 10.7 30.9 58.5
50 20 |48.0 30.3 21.7|100.0 00 0.0 |61.4 380 0.6 |32.6 631 44 |14.6 703 152 | 19 39.3 589
50 30 (30.2 450 249|999 0.1 0.0 [247 750 04 (193 798 09 | 3.6 825 14.0]| 0.3 41.0 58.7
100 10 |56.5 252 18.4|100.0 0.0 0.0 |90.7 9.3 0.1 |44.3 522 3.6 |20.7 646 14.7| 2.8 39.5 57.8
100 20 |26.3 419 31.9|100.0 00 0.0 |183 81.2 05 |149 846 06 | 1.5 851 135| 0.1 42.6 57.3
100 30 | 9.2 536 37.3|99.7 03 00|19 979 03|41 959 0.1 | 0.0 868 13.2| 0.0 41.8 582
200 10 [38.1 32.5 2941000 0.0 0.0 |[619 378 0.3 (254 742 05 | 32 829 14.0| 0.3 436 56.2
200 20 | 8.8 475 4381999 01 00|06 991 03|18 983 00| 00 866 13.5| 0.0 425 57.5
200 30 |19 534 448|979 22 00|00 998 0.2 | 00 1000 0.0 | 0.0 86.7 134 | 0.0 439 56.2
1000 10 | 5.7 43.6 50.8|100.0 00 0.0 | 0.2 99.7 0.1 | 0.1 100.0 0.0 | 0.0 856 145| 0.0 44.0 56.1
1000 20 | 0.0 446 554|913 87 00|00 998 03| 0.0 1000 0.0 | 0.0 851 149| 0.0 41.7 584
1000 30 | 0.0 43.7 56.3|24.4 757 00| 00 999 02| 0.0 1000 0.0 | 0.0 855 145| 0.0 419 582




Table 5: Lag Selection with X-differencing under fixed effects
AR(1), Unit Root Case, kmax =2, N= 200

ICO IC1 IC2 GS

k<l k=1 k>1 k<I k=1 k>1 k<l k=1 k>1 k<l k=1 k>1
5 1.4 0.0 98.7 53.2 0.0 46.8 0.0 57.0 43.1 0.0 98.3 1.8
6 0.6 1.2 98.3 37.2 15.5 47.4 0.0 61.6 38.4 0.0 99.3 0.8
7 0.0 5.6 94.4 0.1 67.9 32.0 0.0 63.5 36.6 0.0 99.6 0.4
8 0.0 10.7 89.4 0.0 82.3 17.7 0.0 62.1 38.0 0.0 99.6 0.4
10 0.0 21.2 78.9 0.0 94.1 5.9 0.0 64.7 35.3 0.0 99.8 0.3
20 0.0 42.5 57.6 0.0 99.9 0.2 0.0 72.7 27.4 0.0 100.0 0.0
30 0.0 52.3 47.7 0.0 100.0 0.0 0.0 78.6 21.4 0.0 100.0 0.0
50 0.0 59.3 40.8 0.0 100.0 0.0 0.0 84.2 15.8 0.0 100.0 0.0




Table 6: Impact of Lag Selection on Biases and Variances
with X-differencing under fixed effects
AR(1), Unit Root Case, kmax =2, N= 200.

Bias Variance
1CO IC1 IC2 GS 1C0O IC1 1C2 GS
5 -0.0124 -0.5362 -0.0531 -0.0003 | 3.2973 25.3016 0.8830 0.6279
6 -0.0067 -0.3800 -0.0275 -0.0003 | 1.2215 23.0854 0.3586 0.2684
7 -0.0022 -0.0098 -0.0168 0.0003 | 0.3007 0.2953 0.1996 0.1604
8 -0.0054 -0.0061 -0.0138 -0.0008 | 0.1772 0.1333 0.1379 0.1160
10 -0.0048 -0.0024 -0.0087 -0.0011 | 0.0855 0.0684 0.0763 0.0668
20 -0.0019 -0.0007 -0.0026 -0.0007 | 0.0146 0.0134 0.0143 0.0134
30 -0.0009 -0.0004 -0.0012 -0.0004 | 0.0059 0.0057 0.0059 0.0057
50 -0.0004 -0.0002 -0.0005 -0.0002 | 0.0020 0.0019 0.0019 0.0019




