Two-Way Fixed Effects versus Panel Factor Augmented

Estimators: Asymptotic Comparison among Pre-testing

Procedures®
Minyu Han Jihun Kwak Donggyu Sul
University of Texas at Dallas Hanyang University University of Texas at Dallas

February 9, 2021

Abstract

Empirical researchers may wonder whether or not a two-way fixed effects estimator (with in-
dividual and period fixed effects) is sufficiently sophisticated to isolate the influence of common
shocks on the estimation of slope coefficients. If it is not, practitioners need to run the so-called
panel factor augmented regression instead. There are two pre-testing procedures available in
the literature: the use of the estimated number of factors and the direct test of estimated factor
loading coefficients. This paper compares the two pre-testing methods asymptotically. Under
the presence of the heterogeneous factor loadings, both pre-testing procedures suggest using the
Common Correlated Effects (CCE) estimator. Meanwhile, when factor loadings are homoge-
neous, the pre-testing method utilizing the estimated number of factors always suggests more
efficient estimation methods. By comparing asymptotic variances, this paper finds that when
the slope coefficients are homogeneous with homogeneous factor loadings, the two-way fixed ef-
fects estimation is more efficient than the CCE estimation. However, when the slope coefficients
are heterogeneous with homogeneous factor loadings, the CCE estimation is, surprisingly, more
efficient than the two-way fixed effects estimation. By means of Monte Carlo simulations, we
verify the asymptotic claims. We demonstrate how to use the two pre-testing methods through

the use of an empirical example.
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1 Introduction

The following two-way fixed effects (TFE) regression has been the most commonly used panel
model:

yit = a; + B'wi + Fy + e, (1)

where a; is an individual fixed effect for ¢ = 1,...,n, and F} is a common shock to all individuals
at time ¢t = 1,..,7", which is called a period or time fixed effect. If the common shock F;, which
can cause cross-sectional dependence among y;:, influences each individual differently, the TFE
regression is not sufficiently sophisticated to isolate the heterogeneous effect from the common

shock. In this case, the following factor augmented regression is used instead:
Yir = ai + 'zit + ViFy + €it, (2)

where F}; does not need to be a single common shock and can be a (r x 1) vector of latent common
factors, and ~; is a (r x 1) vector of factor loadings. More importantly, the (k x 1) vector of

regressors x; may share the same common factors. That is, the regressors can be modeled by
Tyt = b; + F;Ft + \I/;Gt + .%';-)t, (3)

where b; is a (k x 1) vector of individual fixed effects, G; is a (m x 1) vector of other common
factors, I'; is a (r x k) matrix of factor loadings, ¥; is a (m x k) matrix of factor loadings, and z?,
is a (k x 1) vector of idiosyncratic terms.

When the true factor loadings in (2) are homogeneous (y; = «y) but we run (2), the resulting
estimator of [ is less efficient. When the factor loading coefficients in (2) are heterogeneous
(v; # 7), the TFE estimator has the following two problems. First, when I'; is correlated with
v;, the TFE estimator becomes inconsistent since x;; is correlated with €. Second, even when
I'; is not correlated with ~;, the typical panel robust variance estimator is no longer consistent
due to the existence of the cross-sectional dependence. The solution is rather simple. Once the
common factors are included as additional regressors, one can exclude the source of cross-sectional
correlation from estimation. Under some regularity conditions, the latent common components
v F; can be approximated as a linear combination of the sample cross-sectional averages of z;; and
yit- The so-called Common Correlated Effects (CCE hereafter) estimator, a simple and intuitive
estimation method proposed by Pesaran (2006), has been frequently used in practice. Along with
the CCE estimator, empirical researchers have also used the Interactive Fixed Effects estimator (IE
hereafter) developed by Bai (2009). The IE estimator approximates the latent common factors to
regression errors by using the Principal Components (PC) estimation. See Reese and Westerlund
(2018) and Hayakawa, Nagata, and Yamagata (2018) for more recent reference, and Chudik and

Pesaran (2013) for a survey on this literature.



There are broadly three types of pre-tests available in the literature. The first two types are
proposed by Bai (2009): a Hausman-type test and the use of the number of common factors. The
Hausman type test examines whether or not panel factor augmented estimators share the same
probability limit of the TFE estimators. A pre-test with a fixed T is considered by Westerlund
(2019). However, as Castagnetti, Rossi, and Trapani (2015a) point out, the Hausman-type test may
fail when I'; is not correlated with ;. In this case, the TFE shares the same probability limit with
the CCE or IE estimator. The second method is based on estimation of the number of common
factors. As Bai (2009) and Parker and Sul (2016) point out, the TFE residual does not include any
significant factors if v, = ~ for all ¢ since the within group transformation successfully eliminates
unknown common factors. Throughout the paper, we will call this method the BPS method. The
last method is a direct test proposed by Castagnetti, Rossi, and Trapani (2015b, CRT hereafter).
The CRT method tests whether or not the maximum of estimated 4, is significantly different from

the sample cross-sectional average of it.

Table 1: Efficiency Gain from Correct Pre-Testing (T = 25)
Yit = Tit + Wit, Wip = Fy + €4, Tip = 0 Fy + 28, ¥ ~ N (s, 5%)

A VooV Brter)
n V(Bite,p) s=0 s=1 s=2 s=5 s5=10
25 1.738 1.080 2.036 2.954 5.698  10.17
50 0.873 1.093 2.112 3.078 5.937 10.62
100 0.416 1.089 2.036 2.954 5.734 10.30
200 0.207 1.101 2.162 3.225 6.189 11.45
500 0.081 1.099 2171 3.143 6.286 11.00

Since the CCE estimator is consistent regardless of whether 7, # + and the computational cost
is minor, one may think that the TFE estimator does not need to be considered if the efficiency gain
by using the TFE is small. We will show the efficiency gain in detail in the Monte Carlo simulation
section later, but here we provide evidence of why we need a pre-testing procedure. Table 1 reports
the efficiency gain, which is measured by the relative variance ratio of the TFE estimator, Btfevp,
to the CCE estimator, Bccap. The underlying data generating process is given by y;; = x; + Ui,
wip = Fy + i, g = Y, By + x5, v, ~ N (3,32) , and other random variables are generated from
a standard normal distribution. See (23) in the next section for the formula of the pooled CCE
regression. As s increases, the regressor x;; is more cross-sectionally dependent. Both the TFE and
the CCE estimators are not biased in this case. However, as shown in Table 1, the TFE becomes

more efficient than the CCE as s increases. This is because CCE estimation eliminates all factors



from y;; and x;, so that the variance of Bcce,p is asymptotically independent of s. Meanwhile, the
TFE eliminates the homogeneous factor in the regression errors, u;;, and regressor, x;;, but does
not remove the heterogeneous common components in x;;. As a result, as s increases, the variance
of the modified regressor increases, so that the TFE becomes more efficient.

The purpose of this paper is to provide asymptotic analyses of pre-testing procedures when the
slope coefficients are either heterogeneous or homogeneous across cross-sectional units. To evaluate
each pre-testing procedure, we derive asymptotic variances of estimators suggested by pre-testing
procedures. Under homogeneity of the slope coefficients, both the BPS and the CRT methods
detect precisely whether the factor loadings are homogeneous. However, the CRT test allows a
false rejection of the null with probability «, which is equivalent to the size of the test. Due to this
minor difference, the BPS method leads to more efficient estimation than the CRT method.

Under heterogeneity of the slope coefficients (3; # (3), the two pre-testing procedures lead to
different results even when «; = . The BPS procedure requires the homogeneity restriction on
the slope coefficients. Suppose that 3; # B, but one imposes the homogeneity restriction on the
slope coefficients. In this case, the regression error includes the additional term of (3; — 8) . If
regressors, x;+, have heterogeneous factor loadings, then the regression error includes heterogeneous
factor loadings as well. Hence, the BPS method suggests the factor augmented estimation in (2) is
preferrable even when v; = v. Meanwhile, the CRT method examines whether the estimated factor
loadings to the regression residuals are homogeneous, where the regression residuals are estimated
with the heterogenous slope coefficients. If the homogeneity restriction on the slope coefficients is
imposed, it is impossible to identify the source of heterogeneous factor loadings in the regression
errors. Hence, the CRT method tests only whether v, = v regardless of 3; # (. If v, = ~, the
CRT method suggests the TFE estimation in (1) even when (3, # §. As we mentioned earlier, the
homogeneity restriction on [3; leads to heterogeneous factor loadings in the regression error. As a
result, the CRT method may lead to inconsistent estimation when ; # 8 but v, = 7.

The literature of testing cross-sectional dependence is also indirectly relevant. See Pesaran
(2004, 2015), Ng (2006), Pesaran, Ullah and Yamagata (2008), Sarafidis, Yamagata and Robertson
(2009), Baltagi, Feng and Kao (2011), Sarafidis and Wansbeek (2012) and Baltagi, Kao and Na
(2013) for recent references.

The rest of the paper is organized as follows. Section 2 provides a short review and the notion
of local heterogeneity of factor loadings. We also provide a formal pre-testing procedure for the
BPS method. Asymptotic results under homogeneity and heterogeneity of slope coefficients are
discussed in Section 3. Key theorems and some important remarks are provided. Section 4 includes
Monte Carlo results and one empirical example. Section 5 concludes. All technical proofs are in

the Appendix.



2 Extant Pre-Testing Procedures

This section provides a short review on extant pre-testing procedures for panel factor augmented

regressions, and discusses how to evaluate each pre-testing procedure.

2.1 Hausman-type Test

Here we assume the true data generating process of y;; is given by
Yit = a; + 5/$it + uz¢, with u = ’y;Ft + €it. (4)

If v, is correlated with T';, which is the vector of factor loadings in regressors in (3), then the
regressors, x;, are correlated with the regression error, u;;, even when both ~, and I'; have zero
means. Define §;; as the deviation of y;; from its time series mean. For example, §;; = yi —

71 Zle Yir, and Ty = x — T 71 Zthl x;. Further define 9;; and z;; as

. - 1 . . - 1l
Yit = Yit — — E L Yit, Tit = Tip — — E . Tit-
n =1 n =1

That is, it = yir — T " Zthl yie —n Yy TN Zthl yit- Then the TFE regression

can be rewritten as

n =1

. L 1 = o
Yir = '@ + i with i = <’Yi -=> %’) Fi + i (5)

If v; # =, then the TFE estimator in (5) becomes inconsistent since Z;; is still correlated with ;.
Meanwhile either the CCE or the IE estimator is consistent. Bai (2009) points out this difference,
and proposes a Hausman-type test to detect whether or not ; = . Westerlund (2019) extends this
test to the case where the number of time series observations is small.

However, this test is not airtight in the sense that the TFE can be consistent even when v, # ~.
If ; is not correlated with I';, or simply regressors do not have any common factors, then both TFE
and factor augmented estimators are consistent. Castagnetti, Rossi, and Trapani (2015a) point out
this issue, and formally show that the Hausman-type test for testing 7, = 7 is not consistent

asymptotically. Therefore, we do not consider this test in this paper.

2.2 CRT Test

The second test is a maximum value test proposed by CRT. Instead of (2), CRT consider the

following factor augmented regression.

Yit = a; + Bizit + i Fy + €it (6)



The basic idea of the CRT test is straightforward. The null hypothesis of the CRT test! is given
by

Ho:vi=1- (7)
If v, = 7, then the number of common factors becomes one. For example, consider the case of the
two factors, and rewrite . Fy as vy1;Fir + Y9 For. If v1; = 1 and vy = 79, then v, Fiy + v9;For =
Y1 F1t + v9 For = F3; where Fs; is a (T x 1) vector. If the estimated number of the common factors
is more than one, then the null hypothesis is naturally rejected.

Here we provide a step-by-step procedure for the CRT test.
Step 1: Define é;; = yit — a; — B:wzt as the residual from the CCE regression for each 1.
Yit = ai + Bixit + 0y Tt + 0y il + it (8)

where Z; = n '3 2y and g = n~t 3" | yir. Alternatively, one can run the IE regression

augmented with the PC estimators of F; proposed by Song (2013).

Step 2: Set the number of common factors r = 1, and estimate ~; by applying the PC estimator

to é;.2 Let 4, be the PC estimator. Then construct the following Mahalanobis distance.?
Oi = (3 — tn)" /%, (9)
where [, and 2‘7 are the sample mean and variance of 4,. That is,
i, = %Z;% and £, = - i S G i)
Step 3: Construct the following max-type test given by
Synr =T - max O;. (10)

1<i<n
CRT show that the limiting distribution of S, ,7 becomes a Gumbel distribution. The exact

critical value, cqy, can be calculated by
Can =2Inn —Inlnn —2InT(1/2) —In|ln (1 — a)?, (11)

where I' (+) is a gamma function, and « is the significance level.

! Note that CRT (2015b) also propose a pre-test for F; = F for all t. The procedure is exactly identical, but here

we do not consider this test jointly since in practice, the null hypothesis of 7, = v becomes of interest.
2As CRT (2015b) claim, there is no reason to test the null of homogeneous factor loadings when the number of

common factors is more than one. To see this, let it = 1, F1t + v9;F2¢ + €ic. Suppose that v;; = v; and v,5; = 7,
for all 4. Then u; has a single factor, or uyy = Fy + €4 with Fy = v, F1¢ + voFor. If 1, = 71 but 7y, # 74, then uy

has two factors.
3The Mahalanobis distance is a well known statistic to measure the degree of outlyingness. As 4, departs further

from its center or central location, the outlyingness approaches infinity. There are many statistical outlyingness

functions available. See Zuo and Serfling (2000) for more discussions.



Here we address an important issue. Suppose that one imposes the homogeneity restriction on (6).

Then the factor augmented regression in (6) becomes
yir = a; + B'zit + wir, with uy = (8; — ) zit + viFy + it (12)
Substituting (3) into (12) results in
uir = [(B; = B)' Ti+7i] Fr+ (8 — B) WG + (B; — B) a3, + €. (13)

When 3, = 8 for all 4, it does not matter whether one imposes the homogeneity of 8; on (6) since
wit = v, Fy + €. A serious problem exists when 3; # . When 3; # 8 for some 4, the regression
error includes extra terms of (3; — B) TiFy + (8; — B) WiGy + (B; — B) z5,. In this case, the CRT
test is no longer directly testing the homogeneity of ~,. That is, the CRT test fails to perform its
own purpose, which is directly testing the homogeneity of v,. If 5, # 3, but the homogeneous
restriction is imposed on (6), then the CRT test will reject the null (y; = ), even when ~; = 7.

2.3 BPS Procedure

Both Bai (2009) and Parker and Sul (2016) use the estimated number of common factors to evaluate
the homogeneity of factor loadings. Suppose that a panel data w;; follows a single factor structure?
given in

wit = a; + v, + wiy, (14)

where wg, is a pure idiosyncratic term. Taking off the time series and cross-sectional averages yields

. 1 n 1 T .
Wit = <’yl — ﬁ Zi:l ’}/,L> <Ft — T Zt:l Ft) + wft. (15)

The homogeneity of v; leads to w;; = wg,. Define # (w;;) and # (w;;) as the true and estimated

number of common factors to w;; = w;; — T~} Zthl wjt, respectively. Then it becomes obvious that
# (Wir) = 1 & # (i) = 0. (16)

Hence following Bai and Ng (2002, BN hereafter), as n, T — oo,
Pr[# (@) =1] =1 & Pr[F () =0| =1, (17)

with a proper information criterion.
In a regression setting, this method can be easily implemented as well. Here we propose the

following two-step procedure.

4 As we mentioned earlier, if the number of common factors to w;: is more than one, the factor loadings are

heterogeneous.



Step 1: Run the following two-way fixed effects regression with the homogeneity restriction on ;.
Yit = B'Eit + it (18)
Get the residuals, 4 = i — Bzfei:it, where B, is the TFE estimator in (18).
Step 2: Use BN’s IC, criterion to estimate the number of common factors with ;.

From (13), it is easy to show only with v, = v and 3; = g for all ¢, the number of common factors

with 4;; becomes zero.

# () =0if v, =7 & 8, = B. (19)
Otherwise, the true number of common factors with ;; becomes a non-zero constant. That is,
# (t;) > 1 if either 7, # v or 5, # f. (20)

It is because the BPS method is not directly testing the null of «; = 7, but just focusing on whether
or not w; has a factor structure. If # (t¢) > 0, then the following CCE type regression should be

run.

{ a; + Bz + 0% ;T + dy,iyt + €ix  for CCE Mean Group (CCEMG), (21)
Yit = ’

ai + it + 0% ;e + 0yt + €t for CCE Pooled (CCEP).
Note that instead of the CCEP and CCEMG, the pooled IE estimation by Bai (2009) and the
heterogeneous IE estimator by Song (2013) can be used in (21), respectively.
If # () = 0, then it implies that both 5, = § and ; = . Hence in this case, the TFE
regression in (18) or (1) should be run for the pooled estimation. For the MG estimation, one can
run the following regression.

Yit = Biit + €ir- (22)

2.4 Summary and Resulting Estimators

We consider the following two cases separately: pooled and MG estimation. Except for a few,
almost all empirical studies have considered pooled estimation. Consider the following two choices

we discussed in the Introduction.

ai + 'z + Fy + €
Pooled Case: y; = ' 5/ " /t - " ~ . (23)
a; + B it + 85Tt + 0y iYe + €t
Alternatively, researchers may be interested in an individual-specific estimator for the slope coeffi-

cient. In this case, the following two choices are considered.

a; + Bz + Fr + €it

, . - (24)
ai + BiTit + 0y ;T + Oyl + €it

MG Case: {

®Sul (2019) reports that BN’s IC» criterion performs best among other criteria considered by Bai and Ng (2002).



The first and second regressions for each case yield TFE and CCE estimators, respectively. Let Btfevi
be the LS estimator in the first regression, and Bcceﬂ- be the LS estimator in the second regression
in (24). Then the TFE MG and CCE MG estimators can be constructed by taking the sample
cross-sectional averages of Btfm and Bcceyi, respectively.

Table 2 shows the results of the BPS and the CRT methods under four different conditions.
Since the BPS method imposes the homogeneity restriction on the slope coefficients, and the CRT
method does not impose the restriction, the pre-testing results do not alter whether or not empirical
researchers are interested in either the pooled or MG estimation. There are two differences between
the BPS and the CRT methods. Table 1 shows the first difference between the two pre-tests. When
either 8, # B or ~; # 7, the BPS method always recommends the CCE estimator asymptotically.
Meanwhile the CRT method precisely differentiates the heterogeneous v, from the case of the
homogeneous factor loadings. Hence, the two pre-tests recommend different outcomes when 3; # 8
but v, = . The CRT procedure suggests TFE, while the BPS recommends CCE. If empirical
researchers are interested in pooling regressions, then the BPS method provides a ‘correct’ answer
in this case since the regression error, ;, includes more than a single factor as it is shown in
(20). When the MG estimation becomes of interest, the situation becomes converted. The CRT
method assists a ‘correct’ guide under the case of 5, # 3. However, it does not imply that the TFE
estimator in the case of 8; # 8 and ; = v is more efficient than the CCE MG estimator. We will

investigate this case asymptotically in the next section.

Table 2: Pre-Testing Results Under Various DGPs

Conditions BPS CRT
Bi=B& ;=" TFE TFE
Bi=B&~; #~ CCE CCE
Bi# B &y =7 CCE TFE
Bi#B & # CCE CCE

The second difference between the two pre-tests is not shown in Table 2. Precisely speaking,
the BPS method is not a test, but just an identification procedure since the BPS method utilizes
BN’s 1Cq criterion. As n,T — oo, the probability of selecting a correct number of common factors
becomes unity. Meanwhile the CRT method is a well constructed test, so that it makes a mistake

with probability «, where « is the significance level. This difference is minor, but in the Monte

Note that instead of the CCE estimators, one may consider IE least squares estimators suggested by Bai (2009).
However, in this paper we consider only the CCE estimators to avoid any issues related to weak factors. When both
Zi and uge in (4) have weak factors, it is well known that Bai’s estimator becomes inconsistent. Meanwhile, the CCE

estimator is still consistent in this case.



Carlo simulation, this difference matters somewhat significantly.

In the next section, we will provide asymptotic comparisons between the two pre-tests.

3 Asymptotic Comparison

We first consider the case of 8, = 8 for all <. In the next subsection, we consider the case in which
B; # B for some i. As we discussed in the previous section, the results of the asymptotic comparisons
are hinging on the assumption of the slope coeflicients. Since it is unknown whether or not 3; = 3,
an overall comparison will be made at the end of this section.

We take the following assumptions.
Assumption 1 (Common Factors)

(i) 3IM >0, B || F||"* < M and E||G¢|"* < M.

(ii) The unobserved common factors, Fy and Gy, are distributed independently of € and xf, for

all i, t and s.

(iii) As T — oo, T7! ZtT:1 FF] =P Yp >0 and T1 Zthl GG, =P X >0 for somer xr and

m X m matrices Xgp and Xq.

Assumption 2 (Individual-Specific Error) 3IM > 0,
(i) B[l < M.
(ii) E <eit$§s) =0, for all i,j,s and t.

T r T 9|7/2 .
(i) E ‘thl Ticit| < ME }thl (Titest) for all 7, r < 6.

Assumption 3 (Factor Loadings) The unobserved factor loadings v;, I'; and U;, are indepen-

(]

dently and identically distributed across i, and of individual specific errors j; and z3,, the common

factors, Fy and Gy for all i, j and t with fired means v, I' and ¥, respectively, and finite variances.

Assumption 4 (Serial and Cross-Sectional Weak Dependence and Heteroskedasticity)
dM, My > 0,

(i) E(ey) = 0 and BEley|'* < M.
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(ii) E(eitejs) = Oijtss |Oijes| < i for all t,s and |oijs| < 745 for all 4,5 such that

1 n n 1 T T 1 n n T T
gzzf}ijSMaTZZTtngaﬁZZZZ|Uij7tS‘SM~

i=1 j=1 t=1 s=1 i=1 j=1 t=1 s=1
(iii) For every t and s, B }n 1/2 Yoy leiejs — E(Eitsjs)”4 < M.
(iv)
T T
T2 Y 0 Y D DD leov (susss iptia)l < M,

T T n n
t=1 s=1 p=1 ¢=1 i=1 j=1
T

n n n

T
T n=2 Z Z Z Z |cov (€t jt, E1sEms)| < M.

=1 s=1i=1 j=1 I=1 m=1

3

~+

2
V) 0 (sit —n T Y e — T S e+ (0T Y S git) —P M > 0.

r/2
< ME ‘Zthl Eit forall i, r < 12; E|Y 0 jeu|” < ME|Y 7, Eit\r/Q for all ¢,

T
B ‘Zthl Eit

r < 12.

Assumption 5 (Rank Condition) The total number of common factors in the regression error,

Uit, 15 less than or equal to k + 1, where k is the number of regressors.

Assumption 6 (Homogeneous Slope Coefficients) Under homogeneity,

Bizﬁv

where ||| < M.

Assumption 7 (Identification)

(1) Let X’L = [mila"' 7$iT]/7 }/tl — [yi].v”' ’yiT]/a Zit = [yitax;t],a MZ = IT - Z(Z,Z)_Z/)
Z = [z, ,zr]", and z = n7! S zit, where (Z'Z)” is the generalized inverse of
7'Z. The kxk matrices (nT) S S gyt T-VSE | dyil,, T X!M.X; and
(nT)~1Y" | XIM, X; are full rank.

(i) Let F = (Fy,---,Fr), G = (G1,---,Gr), P = (F,G), Mp = Ip — P(P'P)"' P/, and
My, = It — X; (X!X;)"" X!. The k x k matrices T~ (X/MpX;) and T~ (P'My, P) are full

rank.

11



Assumptions 1 and 2 allow for serial and cross-sectional dependences in both common factors
and individual-specific errors. Assumption 3 entails the factor loadings, with non-zero fixed means,
to be strong in the sense of Chudik et al. (2011). Assumptions 1 through 3 are fairly general since
the case in which the error components might be correlated with the regressor x;; are not excluded.
Assumption 4 allows weak serial and cross-sectional correlation for e;;. Assumption 6 restricts 3; to
be homogeneous. Assumption 7 (i) rules out the possibility that the defactored regressors become
rank deficient. The existence of the 12—th moment of F;, Gy, xf, and ¢ is required to establish
the consistency of the principal component estimator 4, in Step 2 of the CRT test. Assumption 7
(ii) ensures the identification of «; in this step. Further, note that two additional assumptions are
required for the consistency of the CRT test. See Appendix A for the additional conditions.

We define the two pooled estimators as

-1
Bite = (le Ztlec,;ta'c;t> (Zilzjliitlﬁt>, (25)
Bueey = (ijlngZX,)—l (> xiy:). (26)

The MG estimators are defined as

5 I 2 T\ T o

/Btfe,mg = ﬁ Zi:l IBtfeJ with Btfe,i = <Zt:1 xitx;t> <Zt:1 xityit) ) (27)
. ln L 1

ﬁcce,mg = E Zi:l Bcce,i with Bcce,i = (Xz,MzXz) (X;Mz}/;) . (28)

3.1 Under the Homogeneity of Slope Coefficients

When §; = 8, both the BPS and the CRT methods provide the same answer as Table 1 showed.
In practice, it is more realistic that v, # v for a few individuals. Also, the case where the variation
of ~; is small enough not to influence the consistency of the TFE cannot be ruled out. To consider

these cases formally, we define the following notion of local heterogeneity.

Definition (Local-Heterogeneity of v,):  The (r x 1) factor loading vector ~y; is locally-heterogeneous
such that
vi=7+Ti, Ti~1d(0,Q;) (29)

where

._{OOI‘Ti:O ifieg (30)

QoorT1; A0 if 1 € G°

where the number of indiwiduals in G° is a fixzed number v, which is not dependent on n.

12



Here we consider a case where 7, # « for a few individuals. The local heterogeneity implies the

weak factor if v = 0. Note that

B (3= )P = vf/n. (31)

This implies that as n — oo, the variance of 7, goes to zero. The condition in (31) states that
the common factors F; are weak factors if v = 0. Meanwhile the weak factors do not imply local
heterogeneity. For example, Reese and Westerlund (2015) consider the following notion of the weak
factors when v = 0.

Ty =75 /n® with o € (0,1] and 77 = O, (1) . (32)

Under (32), as n — oo, the maximum of 7; also converges to zero (or v = 0). In this case, CRT’s
max-type test fails.” Because of the same reason, CRT assume no weak factor given in (32).
Next, we will study the asymptotic behaviors of the BPS and the CRT pre-testing methods

under the local heterogeneity.

Theorem 1: (Consistency of Tests for Local Heterogeneity of Factor Loadings) Under
local heterogeneity of ~; in (30) and Assumptions 1-7,
(i) as n, T — oo,
nvggoo Pr# (i) = 0] = 1, and (33)
(ii) additionally, if Assumptions 8-10 hold, as n,T — oo with T/n5/3 — 0 and n/T3 — 0,
lim Pr(Synr > can) = 1. (34)

n,T'—oo

The technical proof of Theorem 1 and Assumptions 8-9 are given in Appendix A. Here we provide
an intuitive explanation. Under the homogeneity of factor loadings, the residuals, 4, do not include
any factor so that the estimated number of common factors becomes zero. The point of interest
here is whether a few factor loadings are different from the rest of them. As Parker and Sul (2016)
showed, BN’s (2002) information criteria (IC) are not precise enough to detect weak factors. Under

the local heterogeneity (29) and (30), the demeaned factor loading is given by

- e O,(n7!) ifieg
e nziﬂ%_{Op(l) ifiege

"To see this, assume that v, = v + ¢, with ¢ = O, (n_l/Q) . Then as n,T — oo with T//n — 0, the following

condition becomes
T
Inn

which implies the failure of Theorem 3 in CRT (2015b).

[p—

nlnn

OP(]') - 07

lle:
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As a result, n ™1 Y"1, 9,7 = O, (n™1), which is too small for IC to detect. Moreover, when the
factor loadings to the regression error, v,, is correlated with the factor loadings to the regressors,
I';, the TFE estimator has an O, (nil) bias under the local heterogeneity. Hence, the regression

residuals contain only weak factors:
~ . ~! . > /. o) T .
Uit = Yit — /Btfe,p%’it = (B - 5tfe7p) Tit + Vi Ft + Gt

Bai and Ng’s IC cannot detect any weak common factor even with very large n and T. Meanwhile,
the CRT test is based on the maximum value of Mahalanobis distances. The maximum value is,
of course, very sensitive to a non-zero 7; in (30). Even when only one of ~; is different from the
rest of v; = v, the CRT method rejects the null of homogenous factor loadings. Hence, the CRT
method detects the local heterogeneity precisely as n,T" — oo.

Next, we compare the asymptotic variances of the TFE and the CCE estimators under the
homogeneity of ;. Under suitable conditions, both the TFE and the CCE estimators are consistent

since asymptotically the modified regressors are independent of the modified regression errors. Let

XZ‘ = [m'il, s ,:'CZ'T]I, XZQ = [:L‘?l, ce ,ﬂng}/ and ¢; = [82‘1, s ,{:‘Z‘T]/ . Further define Qcce,p and Qtf(),p
as
1 n ol . _Ivyo 1 L
Qcop =Bz > XV X7, & Qupep =B > Xiziei X, (35)
and
. 1 n ol vo . 1 n <
Qecep = phmn,Tﬂooﬁ Zi:l X7 X7, & Qitep = phmn7T4>ooﬁ i1 X; Xi. (36)

The main difference between the two variances comes from the asymptotic covariance of the modified
regressors. Interestingly, the CCE estimation cleans up the common components of the regressors
effectively by projecting out the cross-sectional averages of y;; and x;;. The covariance matrix
with the remained terms becomes asymptotically equivalent to the covariance matrix with the
idiosyncratic terms of z;;. Meanwhile, the TFE estimation does not effectively eliminate the common
components of x; if the factor loadings to x;+ are strongly heterogeneous, which results in a larger
covariance matrix of the modified regressors. This difference makes the TFE estimator more efficient
than the CCE estimator in general. Only when the two-way within group transformation eliminates
the common components of x;; effectively, does the discrepancy between two variances become zero
asymptotically.
Define the asymptotic variances of TFE and CCE pooled estimators as

Vip = Qu Qs (37)

for ¢ € {cce, tfe}. It is easy to show that as n,T — oo, under i.i.d. assumption of €;; over i and ¢,

the difference between Vice, and Vif ;, becomes non-negative definite. That is,

VZ:ce,p - ‘/tfe,p > 0. (38)
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The equality holds only when the factor loadings to x;; are homogeneous.

In Theorem 2, we compare the asymptotic variances of the CCE and the TFE estimators under
the local heterogeneity. Since both estimators are consistent under the local heterogeneity, it is not
hard to show that the probability limits of the denominator terms for the CCE are smaller than

those of TFE estimators in general as n,T — oo with T'/n — 0.

Theorem 2 (Comparison of Asymptotic Variances) Assume that Assumptions 1-7 hold,
and further assume that € is i.i.d. over i and t. As n,T — oo with T/n — 0, the asymptotic
variances satisfy that

‘/cce,p - ‘/tfe,p > 0. (39)

See Appendix B for the proof of Theorem 2. Note that Pesaran (2006) already showed the asymp-
totic variance of the CCE pooled estimator. Here we fix the weight function in Pesaran (2006) at
1/n. The result for the asymptotic variance of the TFE estimator may be new, but nothing special.
When €;; is not i.i.d. over i, it is not easy to show that Theorem 2 holds unless we know the weak
dependence structure. The equality holds only when f‘z = \Tll = 0 for all 7.

Next, we consider the mean group estimators,
1 n
Bé,mg = n Zﬁf,i’ with £ € {cce,tfe}.
i=1

It is well known that the pooled estimator can be re-written as

n -1 n
B&p = (Z Wg’i> (Z Wuﬁm) , with £ € {cce,tfe}, (40)
i=1 i=1

where the weight function Wy ; is given by

Wi =

)

(41)

TIXPX? if £ = cce
TIX.X; if £ = tfe

When §; = B for all ¢, it is easy to show that the asymptotic variance of the CCE MG estimator
is relatively larger than that of the TFE MG estimator under i.i.d. assumption of £;; over 7 and t.
Finally, we combine the results of Theorem 1 and Theorem 2 together. Define the BPS and

CRT estimators as

Baps = ?tfe,p ?f #(uzt) =0 and By = ?tfevp ?f SynT < Can
Becep if #(tuy) #0 Becep if Syt > Can
or alternatively they can be rewritten as
Bm7p = metfe,p + (1 - wm)Bccep’ with m € {BP87 CRT}, (42)
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where wpps = 1[#(0;) = 0] and werr = 1 (Synr < Can). Note that 1(-) is an indicator function,
so that Bmm is not a weighted average of Btﬂ%p and Bcce,p. The asymptotic variances of the BPS

and CRT estimators can be written as

V(Bm,p) = wmvvtfep + (1 - wm)V;:cc,p- (43)

Similarly we can define the MG BPS and CRT estimators as follows.

/3111,mg - metfe,mg + (1 - wm)Bcce,mg7 with m € {BPS, CRT} : (44)
Note that the indicator function is not dependent on the choice of the MG or pooled estimation.

Now, we are ready to propose the following Theorem.

Theorem 3 (Asymptotic Comparison under Homogeneous Slope Coefficients) Under

Assumptions 1-10, as n, T — oo with T/n — 0 and n/T? — 0,

Vertp — VBpsp > 0, & VeRTmg — VBPS,mg > 0. (45)

See Appendix C for the proof of Theorem 3. Note that Theorem 3 holds when 8; = 3 by Assumption
6. The equality holds if wppgs = wery. There are two cases in which the equality always holds.
The first case is when regressors have the same or zero factor loadings (fz = U; = 0 for all i). In
this case, the BPS estimator becomes equivalent to the CRT estimator. The second case is when
v; # 7 for all 4. In this case, the equality holds since the power of the CRT test becomes unity
as n, T — oo. Meanwhile under the null of v, = v, the variance of the CRT estimator is always
greater than that of the BPS estimator since worpr = 1 with probability . Lastly, under the local
heterogeneity of v,, the inequality holds since asymptotically worr converges to unity, but wppg
converges to zero.

The next subsection considers the case where [3; # .

3.2 Under the Heterogeneity of Slope Coefficients

To investigate the heterogeneous slope coefficients case, we change Assumption 6 to 6A.

Assumption 6A (Heterogeneous Slope Coefficients) (i) Under heterogeneity,

B; = B+ n;, with n; ~ iid (0,€,), (46)

where ||B]| < M, ||Qy]| < M, Q, is a k x k symmetric non-negative definite matriz, and
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ii) the random deviations m, are distributed independently of ~v., I';, U;, €44, vir for all i and
) 7 J J

Assumption 6A is a standard assumption for the heterogeneous slope coefficients. Note that we
particularly need the independence between n; and x;a},. Otherwise, any pooled estimator leads
to inconsistency due to the correlation between the weights in (40) and f;.

It is very important to note that if 5, # [ for some ¢, the regression error has heterogeneous
factor loading coeflicients even when ~; = v for all 7. Suppose that empirical researchers are inter-
ested only in pooled estimators even with 3; # 8. Imposing the homogeneity restriction on the

slope coefficients leads to
Yit = a; + Bz + wy, with uye = (0jT5 + ;) Fr + nj WGy + &y, (47)

where 7, = 3; — 8 and &;, = xS, + €t

Recall that the CRT method in (6) is based on the panel regression without imposing the
homogeneity restriction of 5; = . In contrast, the BPS method requires imposing the homogeneity
restriction. As shown in Table 2, when ; # 3, the BPS suggests the CCE regardless of v; # 7.
It is natural since w;; in (47) has heterogeneous factor loadings as long as 5, # §. Meanwhile,
the CRT’s max-type test examines only whether or not v; = . Even when ~, = ~, as shown in
(47), the regression error, u;;, includes multiple factors if either I'; # 0 or ¥; # 0. If Assumption
6A (ii) is violated, then the TFE pooled estimator becomes inconsistent, so that the CRT method
leads to an inconsistent estimation. Only when I'; = I' and ¥; = ¥ for all 4, does the TFE
pooled estimator become consistent. However, even in this case, the CCE pooled estimator could
be more efficient. To see this, let M; = IVF; + UGy, and rewrite (47) as 9z = ('@ + i, with
Uiy = (Bi —n ! Yo /Bi)/ M, +éit. The TFE error, 1, still has a single factor M;. Meanwhile, the
CCE error, &;;, does not have any factor structure.

If either I'; # I' or ¥; # ¥, but Assumption 6A (ii) holds, then the TFE pooled estimator
becomes consistent. However, as shown in Appendix D, the TFE pooled estimator may not be
efficient compared with the CCE pooled estimator. See next Monte Carlo simulation section for
more detailed discussions.

Next, we consider the MG estimation, which is an alternative way to pool the cross-sectional
and time series information as shown in (40). The only difference between the MG and pooled
estimators is weight functions®: the MG estimation assigns an equal weight, 1/n, meanwhile the
pooled estimation assigns heavier weights if the variances of regressors are larger. We consider

the case where the MG estimation becomes of interest to empirical researchers. Suppose that the

8See Lee and Sul (2020b) for the asymptotic comparison between the MG and the conventional pooled estimations.
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CRT’s test does not reject the null of v, = . Then the TFE MG estimator in (27) is expected to

be used. That is, the following regression is supposed to be run.
Yit = ai + Biwit + Fy + it (48)

Interestingly, it is not straightforward to run (48). The typical two-way fixed effects transformation
leads to

Yit = Bidi + eit, (49)
where

eit = &ip + i, with & = 5% Z:;l Tjt — % Z:;l Biit.

Since the cross-sectional average of z;; approximates the common factors to T, &;; can be treated
as additional common components in the modified error term, e; in (49). The existence of &
influences the asymptotic variance of the TFE MG estimator. There are various other ways to
reduce the asymptotic variance. For example, an iterative method might work in this case. Let Bll
be the first stage estimator for each i based on (49). Next, estimate the common factor by taking

the cross-sectional average of the following residuals.

. 1 n 5 A11
Fre=— Zi:l <yit — Bi CUit) : (50)

n
A2
Next let 3; be the second stage estimator for each 4 in the following regression.
it — Fy.c = Biis + errory (51)

Repeating (50) and (51) until the LS estimator converges. This estimator is almost equivalent to
the IE estimator proposed by Bai (2009). Instead of the PC estimation for Fj, here we use the
cross-sectional average of the residuals. However, we do not consider this estimator further simply
because this new iterative estimator cannot be viewed as a TFE MG estimator anymore.

Next, we provide an important remark regarding dynamic panel regressions.

Remark 1 (Dynamic Panel Regression): A latent model can be written as follows.
Yit = i + pyic—1 + N Fy + e, (52)

or

yir =ai (1 —pL) L+ NF,(1— pL) Y+ e (1 — pL)™t,

where L is a lag operator. Let pg, be the one-way fixed effect or within group (WG) estimator.

From a direct calculation, as long as the pooled estimator is used, we can show that
@it = it — PreBit—1 = Eit + N Fy + (p = Pro)Bit—1 = &5 + N FY, (53)
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where F = Fy + (p — pg.) >0 P E_1_j, and & = Ei + (p — Pro) >0 p?Eit—1—j. Therefore the
number of common factors is not influenced by the WG estimation. Hence as n, T — oo,

lim Pr[#(ai) = 0] = 1.

n, T'— oo

Meanwhile if \; £ A, then it is easy to show that

i Pri (i) = 0] = 0.
Appendix E provides a general proof of remark 1 in the dynamic panel models with weakly exoge-
nous (or predetermined) regressors. Remark 1 states that the BPS method works continuously in
dynamic panel regressions. However, to achieve a more efficient estimation, one should use a bias
corrected estimation method. See Chudik et al. (2018) for more discussion.
Lastly, we discuss how to implement the BPS method in unbalanced panels in Appendix F.

Specific Stata estimation methods and commands are also described.

4 Monte Carlo Simulations and an Empirical Example

This section consists of two subsections. The first subsection examines theoretical findings of this
paper, and investigates how the pre-testing methods perform in finite samples by means of Monte
Carlo simulations. The second subsection demonstrates the usefulness of the suggested method

with violent crime rates across 48 US contiguous states.

4.1 Monte Carlo Simulations

The data generating process (DGP) is given by

2
Yit = Zﬂj,i%‘,z‘t + i Ft + €,
j=1

where each regressor has the following factor structure.

Tjit = NjiFy + 05:G + x5, for j =1,2.

Based on restrictions on factor loadings with z; ;;, the following two cases are considered: A;; # 0,
0ji #0v.s. Aj; =0;; =0. In the first case, both regressors have two common factors. The second
case does not allow any cross sectional dependence in the regressors. All common factors, g, 5
are drawn from N (0, 1), and factor loadings are drawn from A (1,1). Here we report only the first

case to save the space. All other simulation results are reported online.
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We compare the finite sample performances of the following three estimators: BPS, CRT and
CCE pooled and MG estimators. Note that the CCE estimator is robust compared with the BPS
or the CRT estimator since the factor augmented regression nests the TFE regression. We first
consider the finite sample performances of three estimators in the case of the homogeneous slope
coefficients.

We set ;; = By; = 1. Table 3 shows the finite sample performances of three estimators when
v; = 7. As we discussed in Section 2, ICy always selects the correct number of common factors.
Surprisingly even with small n and T, ICy never fails. Meanwhile the S, ,7 statistic shows a
somewhat mild size distortion with small n. The nominal size used in the test is 5%. With n = 25,
the size of the test is slowly decreasing over T', but never reaches the 5% level even with T" = 200.
However as n increases, the size distortion quickly disappears. With n = T = 200, the CRT test
shows little size distortion. As we discussed in Introduction and Theorem 3, the variance of the BPS
pooled estimator is always the smallest among three pooled estimators when the factor loadings in
regressors, x; ;t, are heterogeneous (or the signal-to-noisy ratio is strong). Only when the regressors
do not have any factor structure (\;; = d;; = 0) or the signal-to-noisy rate is very weak, the
variances of other pooled estimators are similar to the variance of the BPS pooled estimator. See
the online supplementary appendices for more detailed evidence. Meanwhile, the variance of the
BPS MG estimator is more or less similar to that of the CRT MG estimator. The CCE pooled and
MG estimators are robust but the least efficient.

Table 4 reports the case of v; # . Evidently, both the BPS and the CRT methods detect this
case precisely, which leads to the relative variance ration becoming unity. Also note that in this
case, both the BPS and CRT methods always suggest the CCE estimation. Hence the relative
variance ratio of the CCE pooled to the BPS pooled estimator becomes unity. A similar finding is
observed for the case of the MG estimation.

Table 5 displays the case of the local heterogeneous factor loadings. Only one factor loading is
different from the rest. As Theorem 1 shows, the CRT detects this case precisely even with large
n. As either n or T — o0, the rejection rate becomes unity. Meanwhile the BPS method fails
to detect the local heterogeneity, so that the BPS method always suggests the TFE estimation.
As Theorem 2 states, in this case, the variance of the TFE estimator is smaller than that of the
CCE estimator. Meanwhile the CRT method is suggesting the CCE estimation more as n,T" — oo.
Hence asymptotically the variance of the BPS estimator is smaller than either the CCE or CRT
estimator. By combining all results from Table 3, 4 and 5, we can confirm our theoretical findings
in Theorem 3.

Next, we investigate the finite sample performance under heterogeneous slope coefficients. Table

6 reports the case where 8, # 8 but 7, = v. As shown in Table 3, the BPS method suggests the
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CCE estimator, while the CRT method leads to the TFE estimator. As n,T — oo jointly, the CRT
method selects the TFE estimation more. As shown in Lemmas 1 in Appendix D, both the BPS
pooled and MG estimators are more efficient than the CRT pooled and MG estimators.

Table 7 shows the case where 3, # 8 and v; # 7. In this case, both pre-testing procedures

suggest the CCE estimator. Hence the variance ratio becomes unity even with small n and 7.

4.2 Empirical Example: Determination of Violent Crimes

This subsection demonstrates how to use the pre-testing procedures studied in the previous section
in practice. Levitt (1997) investigated the determinants of the change in the violent crimes (Cj)
across cities in the US. The main variable of interest was the number of sworn police officers per
capita. Figure 1 shows national trends of violent crime rates and the number of sworn police officers
per capita. We take the logarithm of all variables. As shown in Figure 1, the crime rates had been
increasing until 1991, and have been declining continuously since then. Meanwhile, the number of

police officers had been continuously increased until 2010.
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Figure 1: National Trends of Violent Crime and the number of Police Offiers

Levitt used several control variables. Furthermore, Levitt used contemporaneous variables as
regressors, which may invite the non-zero correlations between regressors and regression errors. To
avoid such endogeneity, Levitt used various election variables as IVs. Here we use pre-determined
variables to detour this issue. Among various control variables, we select only two control variables:
unemployment rates (U;;) and the percentage of the black population (B;;). Adding more control
variables does not change the results dramatically. The annual violent crimes and the number

of sworn police officers (P;;) across 48 contiguous states from 1970 to 2013 are collected from
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the uniform crime statistics reported by the FBI. Unemployment rates and black population are
collected from the Bureau of Economic Analysis and Census survey, respectively. The following

two modified regressions are run.

AlnCy = a;+ Fy+ B1;AIn Py + By ;AlnUp—1 + B3 ;Aln Bt 1 + €1t, (54)
AlnCy = ai+B1;AnPy 1+ By ;AlnUy_1 + B3,;AIn By_1 4+ NjFnt + 2,01, (55)

where F,,; is a vector of the cross-sectional averages of regressand and regressors. We follow the
CRT’s procedure from (8) to (11), and get the CRT’s test statistics: S,,7 = 13.99, but the 5%
critical value is 11.28. Hence we reject the null of the homogeneous factor loadings. The CRT
procedure suggests using the CCE estimation. Meanwhile, with homogeneous restrictions on all
slope coefficients except for a;, the residuals from (54) do not have any factor so that the BPS’

procedure suggests running TFE regressions.

Table 8: Comparison between TFE and CCE Estimations

Sample: 1970-2013 WG MG
Variables TFE  t-ratio CCE  t-ratio | TFE  t-ratio CCE  t-ratio
Aln Py 0.018 0.204 0.022 0.256 | -0.060 -0.875 -0.057 -0.763
AlnU;— -0.073 -3.894 -0.070 -3.786 | -0.070 -3.516 -0.076 -3.647
Aln Bj_q -0.748 -3.015 -0.538 -1.464 | -0.634 -2.241 -0.458 -1.044

Sample: 1991-2013

Aln Py 0.119 1.526  0.102 1.381 0.088 1.127  0.088  0.944
AlnUy_q -0.027  -0.857 -0.024 -0.653 | -0.023 -0.684 -0.040 -1.082
Aln By -0.363 -0.668 0.468  0.590 | 0.167 0.286  0.668  0.686

Table 8 reports the pooled and mean group TFE and CCE estimates. Interestingly, regardless
of the choice of estimations, the estimates of the slope coefficient, 5;, on Aln P;;_; become insignif-
icant. For the WG estimation, the panel robust covariance estimation is used for the t—ratios.
The WG estimators for 3, are all positive, but the MG estimators are all negative. But they are
not significantly different from zero. Note that Levitt (1997) reported the negative, but significant
estimated slope coefficient on Aln Pj;_1. Nonetheless the difference between the TFE and CCE
estimation can be found on the estimated #3. The TFE estimates are slightly larger in absolute
value: By, is -0.748, but B, is -0.538. Similarly By g 18 -0.634, but Beee g is just -0.458. Both

CCE pooled and mean group estimates are insignificant.
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Since the negative correlation between the crime rates and the number of sworn police officers
is found after 1991, we consider the sub-sample period from 1991 to 2013. We re-examined the
two pre-testing procedures. The BPS’ procedure continuously suggests the TFE. The CRT’s test
statistics are now changed to 7.66, so that the CRT test suggests the TFE as well. However, we
cannot find any empirical evidence that the growth rate of the number of police officers is negatively
correlated with the growth rate of the crime rates. In fact, the point estimate of Bufe’p is positive,
and more importantly, becomes significant at the 20% level. Since the FBI crime rates are all rates
reported by local and federal agencies, this result may be interpreted that the more police officers

are hired, the more criminals are captured.

5 Conclusion

This paper compared the effectiveness of the two pre-testing procedures — BPS and CRT methods
— asymptotically, and showed that the BPS method is more effective. When the slope coefficients
are homogeneous, the BPS and the CRT methods are basically the same except for the case of
the local heterogeneity of the factor loadings. Of course, the CRT method is based on a max-type
test so that it allows some minor mistakes under the homogeneous factor loadings. Surprisingly,
when the slope coefficients are heterogeneous, the BPS always suggests running a correctly specified
regression. Meanwhile, the original CRT method fails to suggest one under the homogeneous factor
loadings case. We did not consider altering the original CRT method in this paper, which does
not impose the homogeneous restriction on the slope coefficients. But if the restriction is imposed,
then the modified CRT method restores the virtue except for the local heterogeneity case.

The finding of this paper is helpful for empirical researchers. After a TFE regression is run, a
simple BPS procedure can be run to check whether or not a factor augmented regression is needed

to be run.
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Technical Appendix

Appendix A: Proof of Theorem 1

The consistency of the CRT test requires the following conditions.

Assumption 8 (Serial Dependence)

(i) Let 6 > 0 and « € (1,400). &4, Fi, and z are Loy s-NED (Near Epoch Dependent) of size

» 2a-1
of size —q/ (¢ —2) and ¢ > ==

o on a uniform mixing base {v;};%°__

i
(ii) Let VEE .= T-1E [(ZL Fiea) (X01 Feer) } . VEE > 0 uniformly in T, and as T — oo,
!
Vilff — VZF8 with HVZFQH < 0o. The same holds for V2§ := T71E [(ZtT_l xitait) (Zthl l‘z‘t&‘t) ] )
Vlgx =T"1E (wﬁ%ff’) with (Df%” = vec (Zthl thﬂ) —E [Uec (Ethl th;tﬂ, and VAT =
T7'E (0%o%) with @ = vec (Zthl :Bitiﬁét) —E [Uec (Zle xit:p;tﬂ )

(iii) Let wl? be the kth element of Fye;s and define S,ffm = Z?;;LT_H wke. There exists a positive
definite matrix Qf°¢ = {wf,f} such that 771 ’E (S,f;ms,f;m> — wf,f‘ < MT~Y, for all k and

h and uniformly in m, with ¢ > 0. The same holds for x;.;.

Assumption 9 (Cross Sectional Dependence) It holds that 7} Zthl Zstl |E (eitgjs)| Inn —
0 as n,T — oo for all ¢ # j.

Assumptions 8 and 9 are identical to Assumptions 6-7 in CRT (2015b).

Part I: Proof of Theorem 1 (i)

First, we show
1 no,. _
E <n Zi:l 72%‘) =0 (” 1) )

under the local heterogeneity defined in Definition 1. Without loss of generality, assume that the

number of individuals in G¢, v = 1, such that
¥ ifi<n
Vi = :
! v+ 1, with 7, ~ iid (0,Q9) ifi=mn
Then the demeaned factor loading is given by

n
N, — JR P — n
Yi Yi nE Z’:lryl n_l']‘n fion )
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in light of which, the following holds,

1 1
B < > fm) = Q0+ 0, (n?). (56)

n

Next, we derive the order of residual, u;, obtained using the BPS method. Define
A . /\, . > I . .
Uit = Yit — ﬁtfe,p%t = (6 - IBtfe7p> Tit + Uit (57)
where
Wit = YiFy + Eire
Consider the first term in (57). The TFE pooled estimator is given by

1 n T o
ﬁZZ@téit + I+ II
=1 t=1

n T

-1
Btfe,p —B= <nlfr Z sztw{nﬁ>

=1 t=1

)

where
1 T Ny - 13Y
I = = thl Zizl L Fl%,,
1 T n S Ny
I =77 Zt:l Zi:l [(qjéGt + x§t> £ ’} '
Note that E&;iéjs = E [(’%Ft + \Tlgét + xft) éjs} =0 for all 7, , s, t, so

n T

n T —1
<an Z Zmndt) nLT Z Zfitéit =0, <n_1/2T_1/2> '

i=1 t=1 i=1 t=1

Next, consider I. By Assumption 1, we have % 2?21 Ftﬁt’ —P X p. If T'; is correlated with v, such
that I'; = ¢y, +I'?, where I'{ is independent of ;. Then I is biased, and the order of which is given

by

1 nooy 1
B (5 30, T4,) =an 00+ 0 (n2) =0 ()

n

which is the same as the bias of CCEP estimator. Let ¥y = E (fzf;), which is bounded by
Assumption 3. If I'; is not correlated with v;, such that

1 T noov, -
E <nT thl Zi:l Fm) =0,
then the following holds,
E

1 nooo,.
n Zi:l I3y,

which implies I = O), (n_l).
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For I, first note that E (/1) = 0 if ¥; is independent of ;. Then it holds that

2

Putting all together, we have

-1
A 1 — T 1 <& T 1 1
/Btfe,p -8 = (nT Z szt$;t> T Z ijitéit + 0, <n> + O, (WT) . (58)

i=1 t=1 i=1 t=1
This implies that we need the T'/n — 0 condition for the v/nT-consistency of TFE estimator under

the local heterogeneity. That is,

n T n

—1
M(Bt ep 5) = <1 jjiti;t> L Ti€it + Op T/n + Op 1/\/’71 .
fe nT;é; ﬁﬁigg © (V ) (1/v/n)

For the second term in (57), it holds that

1, - .
——TlF+é&y ifi<n
n

Uit = n— - (59)
P E ey ifi=n
Let P! = (Fg, ég).
2 " £ T 1 A 1 ! T . ~ r, e
(ﬂ - ﬁtfo,p) (F; t + \I/iGt> - ETnFt + [é‘n + (5 - Btfe,p) :Uft} if i < mn,
g = . /o o~ o~ n—1 N ) ~ ’ o
(8= Buen) (PR WG) 4 "2t ook et (5 Buey) 20| i1,
= A;Pt + Vit, (60)
with
e / = ~ , - . .
, (5 Bite p) It — =71, (ﬁ — Btfe,p) \Il;] if i < n,

N !/
vit = Ei+ (ﬁ - Btfc,p) i';?t'
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Eq. (58) and the local heterogeneity of the factor loadings imply that

| 0 (%) +0, (1) it i < n,

Ailki = Op (%)—FO (\/ﬁ)—l-(n;l)?fnnl if i =n. (61
Define k = # (ti5¢). Last, we need to show that under the local heterogeneity of ~;,

Jim P (i) = 0] =
We shall prove for all 0 < k& < Kmax,
n%}gloo Pr[ICy(k) < IC3(0)] =0,
where
ﬂbm)zm(Vo@>+K<ﬁ;?>hummmﬂw,me):m(Vmg.

Define the eigenvalues of a n x n matrix A as ¥, (A),--- ,1,, (A), ordered from largest to smallest.

Then we have

nTZz 1Zt Bt = Z; 1Y <nT)
- (22)

by optimal algebraic properties of principal components (Jolliffe, 2002, pp. 13-15), with & =
(41, ,0r) and @ = (Gi1¢,- - ,Une)" . The penalty function of ICs(k) satisfies that

RH;TIMmWﬂDZR%+%IMmWﬂD>% Efﬁf‘
[, T

Hence, it suffices to show that

2 (V) -1 (V) <0, (i)

By Assumption 4, V (0) = O, (1) and is bounded away from zero,

n<V(/<;)) —In <V(O)> =In <1:/(n)> < V(H; —-1= —V(H)_V(O)

for (V (k) )V (0)) > 0. It is thus sufficient to show that

V(k)=V(0) = Zj K1 <A/A) Z= </A>
- _231 (A/A> O
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Rewrite the residual given in (60) in matrix form
i =v+ PN,

where P = (]51, e ,PT>/, A= (A1, Ay, v=(v1, - ,or), and v; = (vig,- -+ ,vne)’. Note that
for T' x n matrices A and B for some 1 < T < n, by the singular value version of Weyl inequality,
we have

Oirj—1(A+B)<o0;(A)+0;(B), for1 <4, j, (i+j—1)<T,

where o; (-) denotes the ith singular value. Let i =1, A=v and B = P\, for j=1,--- , &,
o (i) < o1 (v) + 0 (PA’) .

Since 0, (A) = /¢; (A’A),

Vg (@) < /gy (00) + 4 /1) (AP/PA/).
0/t AP'PA ' AP'PN !
Y; <Z;> < vy ( T ) + 1 (Z;) +2,1Y; ( T > Uy <Z;)
Following eq. (61),
AP'PA 1
%‘( nT >20p<n>'
By Assumption 4,

()0 ()0 (2) 0 (1) -0 () ()

Then for a fixed £ < Kmax,

Hence,

Therefore,

Q.E.D.O

Part II: Proof of Theorem 1 (ii)

As long as v; # ~ for any ¢, the local heterogeneity implies the alternative in CRT (2015b). See
the proof of Theorem 3 in CRT (2015b).
Q.E.D.O
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Appendix B: Proof of Theorem 2

. ~ ~ ~ ! ~ ~ - !
Let X; = [, i), X0 = [2%,,a%), F = [FlFT} LG = [Gl,...,GT} and £; =

)

[€i1,- - &) . Under the local heterogeneity, we have

VT (B, — B) = (an S XX) h \/%T S Xii+ 0, (VT/n) + 0, (1/V0).

By definition,

Qecop =B Zizl X{eiei X7, Qupep =B— Zizl Xl&ieh X,
and
. 1 n ol vo . 1 n )<
Qecep = pnélg"loo nT Zz‘:l X7 X7, Qiep = Pn%I_T}OO nT L—i=1 X Xi,

where X; = Ffi + G\le + XZO Note that

1 n o . .
Qtfe,p = Eﬁ Zi:l X{E,SQX,

1 - I ol 4 jod ~ . .
= Bor Z; (FQF’ez-séFFz- + UG el G + Xf’qgQXf) :

and

1 n ..
= li — X! X;
Qtfe,p p n,]lgoo nT jop M

. ! " [ F'ET U O 0l Y0
= p lm o> (DFFT+ UGG+ XRT).

Hence, as n,T — oo with T'/n — 0
Veces — Viter = Qil Qecon@ik . — Qi Qgon Qe
cce,p tfe,p — Wece,p®“cce,pYece,p tfe,p tfe,p tfe,p”
Assume ¢ is i.i.d. over ¢ and ¢, and let Ee;e, = a?] . Then, it is easy to show that
-1 -1 -1 -1 _ 2/n-1 -1
Qcce,pQCC€7PQcce,p - Qtf@thfO,thfe,p =0 (Qcce,p - Qtfep) > 0.

The equality holds when I'; = ¥; = 0.
Q.E.D.OC

Appendix C: Proof of Theorem 3

There are three sub-cases: under the null, alternative and local heterogeneity. We consider each

case separately, and then combine them later.
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Case A: Under the null of v, =7 Asn,T — oo, it is easy to show that

~

lim wpps= lm Pr[#(a;)=0]=1.

n, '— oo n,T'— oo

Meanwhile as n, T — oo with T/n%/3 — 0 and n/T® — 0, CRT (2015b) showed that

lim werr = lim Pr(S,.r < can) = a.
n,T—o00 n, I'—o0

Hence

n:%gloo IBBPS7P = /Btfe7p7 n,%goo /BCRTJ:) = aﬁtfevp + (1 B a) 5cce,p‘

Since Vece,p — Vige,p = 0 in this case, the following inequality holds.
Vepsp — Verr,p < 0.

Similarly, we can show that

n%gloo /BBPS,mg - Btfe,mg? n,%goo /BCRT,mg - aﬁtfe,mg + (1 - a) Bcce,mgv

and

VBPS,mg - VCRT,mg <0.

Case B: Under the alternative In this case, both the BPS and CRT methods suggest the

CCE estimation. Hence we have

VBps,p = VerT,ps & VBPS,mg = VORT mg-

Case C: Under the local heterogeneity Under the local heterogeneity, as n, T — oo, the BPS
method suggests,

lim wppg = lim Pr[#(ﬂit) =0] =1,

n,T'—o0 n,T'—o0
meanwhile as n, T — oo with T/n%3 — 0 and n/T® — 0, the CRT method suggests
lim werr = lim Pr(S,.r < can) =0.
n,T'—o0 n, '— o0
Hence it is easy to show that
n,%i’gloo /BBPS7p - 6tfe,pﬂ néijgoo BCRT,p - ﬂcce,p'

Similarly,

lim /3 = B lim /5 =0 .
n7T_>006BPS,mg 5tfc,mga n,TﬁooﬁCRT’mg Bccc,mg

Therefore

VBps,p — VerT,p <0, & VBPSmg — VeRT,mg < 0

Combining all three cases, we can verify (45).
Q.E.D.0
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Appendix D: Asymptotic Comparison between TFE and CCE Estimators When
Bi# 6

We establish the following lemma. We assume the independence of n; and z;;x},, and we derive the

limiting distributions of TFE and CCE pooled estimators when 8, # 5 but v; = 7.

Lemma 1: (Asymptotic Distributions of TFE and CCE Pooled Estimators under Het-
erogeneous Slope Coefficients) Under Assumption 1-5, 6A and 7, if either T'; # 0 or U; # 0,
but v; =7, as n,T — o0,

(1)

VI (Bece = B) = N (0, Qecep)
where Qeeep = Q Qo ano s Qpo gy and Qo are defined in (62).
(ii)
VI (Bt = B) =1 N (0, Qutep)
where Qgep = Q;lﬁﬁﬂQ;l, Qi and Qjz, are defined in (63) and (64).

Proof of Lemma 1 (i) Let Qo; =plimr o T ' X?MpX?. If B, = B8+ mn; and the factor

loadings ; = «y for all ¢, as shown in Proof of Theorem 3 in Pesaran (2006), Bcce,p can be written

o 1 n 1
5cce,p_B: <n Zi:l Qwo,i> ( Zz 1Qar07z771> +O ( >+O (W)

Asn,T — oo,

as

\/ﬁ (Bccc,p - B) —)d N (07 Qccc,p) 5
Qcce,p = Q oc" an;O ’ (62)
where Qo =173 | B (Qq0,i2 Qa0 i), Uy = E (1;1}), and Qo =plimp 7o (N1 Y11 Qo) -

Proof of Lemma 1 (ii) If v, = 7, we rewrite the panel regression as
Yir = a; + B'xip + mizie + v Fy + cir
After the within transformation,
. . - I - .
Yit = B'Ti + 1T — (n Zi:l 772%%) + &it,

with &y = x4 — T71 Zthl zit. The TFE pooled estimator is given by
-1

i =0 = (o 0, S ) x
1 ) 1
G L e o= (3 X )|+ 00 (27)
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By Assumption 7 and the WLLN, as n,T — oo,

. 1 n T o,
phmmT_,ooﬁ Zi:l thl Pl = Qu, (63)

where Q; is a k x k positive definite matrix. By the independence of z;;2}, and n; for all ¢ and j,

1 n T ~ 1 no_,
E {nT Zi:l Zt:1 Tt (ﬁfitm‘ - (n Zizl xitm')) } = 0.

Note that n= 1 " . & n, = O, (n~/2). The variance is thus given by
=1 "it'l p

1 n T . ~/ 1 n ~/
ar {nT Zi:1 thl Tit [mitm - <n Zi:l xitniﬂ }

= n’ Zi:l E (Qiz,8Qiz,) + Op (n7?),

we have

where Q, = E (7;1}) > 0, and Q;3; =plim7r_ 71 Zthl t32;,. By CLT, as n,T — o0,
\/ﬁ (Btf&p - ﬁ) _)d N (07 Qtf(),p) ) (64)

with Qe p = Q3 Q7.4 Q; ", and Qizy = n 130 B(Qiz:Qiz.4) - QE.D.O
Asymptotic Variance Comparison We can further decompose cce, and g, as follows:

Q(:ce,p = Qn + Q;ol {nil Zj:l E [(Qx”,i - Qaco) Qn (on T on)]} on )

ey = € +Q*l{ nt Y B Qs — Qo) (Quni — Qa)) Q7
[ —12 E(Qizi — Q:ﬁ)} Qn+Qn[ —12 B (Qani — Qi)} Q.

Suppose that Qo ; = Qo for all 4, it is easy to show that as n,T" — 00, Qcce, — €1y Next, observe
this.

Qtfe,p - Qcce7p
= Q' {Tfl Z:;l E[(Qizi — Qi) U (Qaz,i — de)]} Q'

+Q;1 |:7’L_1 Zj:l E (Qwi‘,l - Qm)] 977 + Q"? [n_l Z?:l E (ij’l — Q:p) Q;l
= A+ B+C.

Recall that T; = T; —n~ '3, T; and T} = [, ¥/]. By WLLN,
T o, ~ ~ I o
Qiz; = plimp_ T thl (TgPt + :Bft) (TgPt + :fft) = T2 T + Qiozo s,
ey T forms o\ s o) e
Qi = plim,, 7o (nT) ™ Zz’:l thl (T;Pt + fﬂft) (T;Pt + 1‘%) =B (T;EﬁTO + Qso,
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. . _ T c0 ~ . —1 T . .
with Qgoze; =plimy_eoT 1>, 1 #%3%, Qio =plimy, 1o (RT) ™ >oiy > y_q 2039, and Xp =
E (Ptﬁt’) being a (1 +m) x (r + m) positive definite matrix. Since we assume that Qjo; = Qgo,
then

Qivzoi — Qio = Qiogoi — Qioi + (Qioi — Qo)
. — T 0 — n ~ O J—
= phmT—»ooT ! Zt:l Lt (Tl ! Zj:l xj£> =0 ('fl 1) )
Qz'gm‘ — Qw = Y;ZPTZ‘ —E <T;E]5Yl> + O (nil) 75 0, if Tz 75 0 for some 1.
Asn,T — oo,
A=Q;! {n_l Z:;l E[(Qiz: — Q) Uy (Qizi — Qm)]} Q;'>o.

Moreover,

w3 B(Qisi- Qi) = ntY B [T;zﬁri _E (’EPT)] ) (:L)

which implies that as n,T — oo,
= Q, [n’l Z:;l E(Qsz,i — Qab)] Q;' —0,
— Q;l |:n—1 Zi:l I (sz,l — Qm):| QTY — 0.

Therefore, as n,T — oo,
Qtfe,p _Qcce,p =A+B+C— A > 0.

If Qpoi # Quo for some i, then it is not straightforward to compare two variances mathemati-

cally. We investigate this issue by means of Monte Carlo simulations.

Appendix E: Proof of Remark 1

In this part, we establish the consistency of the BPS method in dynamic panel data models with

weakly exogeneous regressors. Consider the following DGP:
Yit = a; + Brit—1 + NiFy + ug,
where we assume

it = AgiFy+ ¢0;Gi +

o o
Ty = G+ pTy_q+Eit,
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and

Uit = 04t + €4t

where g4 ~ iid (O,ag), €1 ~ 1id (O,Uz) and B (ejye;s) = 0 for all ¢, j, ¢, and s. Note that we
can consider a more complicated data generating process, but the main result does not change.
Furthermore, the current setting has been popularly used in this literature. Let Bfe be the one way
fixed effects or WG estimator. We consider the following cases:

For the first four cases (8; = 3), we have

Br — B = 522;1 Sy Gi1éit i S S 1é
¢ T . o ,
2o D=1 PO D

Case 1: When A\, =\, A\;; = A\;, and ¢, = ¢ for all ¢

plim,, (Bfe - 5) - ﬂs? +0, (n—1/2T71/2) .

Then we have
Uit = Wit + (5 - Bfe) 5 g = Ui + Op (T_l) +0, ((nT)71/2> .

Let @ = (4, ,0p), and @y = (Q1g, - ,%n¢)’. As in the Proof of Theorem 1, we can show that

V (k) =V (0) = _nLT ;:1 ¥, (6'a) < Oy <mm[1nT]> .

Case 2: When )\; = ) for all ¢, but A\, ; # \; and ¢; # ¢ for some

Note that T
. 1\ : :
phmn—>oo n Zi:l Zt:l Lit—1Eit 7& _ <1+P>
X _ n T .2 ’
plim, ..o n 1 Ei:1 thl Tit—1 T
since
ol T
plim ~Y"" N @k =03 0%+ 030k + 0% # 0%,
n—oo n L—i=1 £—t=1 *
where
1 n T
5 o . 2 12
A OF P Zi:l thl it
1 n T
5 9 . 2 ~2
$0G D R Zi:l thl G
and

1 n T 2
2 : o
05 =p lim — E E T .
z° pn—>oo n =1 t=1 ( it 1)
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Then we have
Ui = Uit + (5 - Bfe) Git—1 = Uit + Op (T71) + Op(n~12T71/2),
Hence, it is straightforward to show

lim Pr[#(a;) = 0] = 1.

n,'—o0

Case 3: When \; #\, \;; = \;, and ¢, = ¢ for all ¢
In this case, we have

B — B = —5% +0, (n712r712),
then we have

Uit = Uit + ()\7; —n! Z¢:1 /\i) Fi+ (ﬂ - Bfe) i1

Hence the estimated number of common factor becomes non-zero.

Case 4: When \; # A\, \;; # \;, and ¢; # ¢ for some i
In this case, we have
U = Uit + ()\i —n! Zi:l Ai) Fy+ (ﬁ - /Bfe) Tit—1-

Hence the estimated number of common factor must be greater than zero.

Case 5: When j, is heterogeneous (5, = 5+ ;)

Note that

Yie = ;i + Pri—1+ NF+ (B; — B) miv—1 + uir
= @i+ Bri—1 + NiFy + n;xie—1 + i,

N . Y ~ 1 n ~ 2 .
Uip = Uip + N Fy 4+ 1;Tie—1 — (n Zi:l mwz‘t—1> + (ﬁ — Bfe) Tit—1-

Hence, the estimated number of common factor is always greater than zero.
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When p is heterogeneous, an imposing homogeneous restriction on p induces a factor structure
in 4;. In this case, the estimated number of common factor becomes non-zero even when A\; = A,
Az,i = Az, and ¢; = ¢ for all 7. Table E-1 shows the results of an asymtotic factor number in various

cases.

Table E-1: Summary of The Results with Various Cases

Aymptotic Factor Number
Bi=B X=X Xi=Ap, &=0 | limyr o Prl#(i) =0
Xi=X AgiFE A oro,#¢ limy, 700 Pr[#(0;) = 0

NFEN Api=Ag, 0, =0 limy, 700 Pr[#(0i) =0

[# (@) = 0

[#(ait) = 0

)\i 7& A Az,i 7é Aa: or ¢z 7é ¢ liInn,T—>oo Pr
Bi # B No restriction lim,, 7,00 Pr

Appendix F: Unbalanced Panel

Here we only extend the application of the BPS method to unbalanced panels. Let n; be the
number of cross-sectional units observed in period ¢. For¢=1,--- ,n; and t = 1,---,T, we can

modify the proposed two-step procedure as follows:

Step 1: Hansen (2020, p. 620) discusses how to estimate /3,;, for the unbalanced panel data. Here
we briefly describe his procedure. Let 7; be a set of T' dummy variables where the ¢-th element
of 7; is equal to one, otherwise zero. Instead of (18), run the following one-way fixed effects
regression.

it = B'Tit + TLF° 4 wit, (65)
where 7 = vy — T ! ZtT:1 Yits Tit = e — T 71 Z;le xip, and 7y = 7, — T 71 Zle 7¢. This pro-
duces estimates of the slope coeflicients ,@’tfe and the time effects F°. Next, get the residuals,
i = Git — Bugoir — 7L,

Step 2 This algorithm is introduced in Appendix B in Bai (2009) and can be implemented by
regife in Stata, which computes both the factor and the factor loadings 4} and E}*. Obtain

a new balanced panel data matrix! with

~ %/ T ep oA . . .
ot { A FY o if 44 is missing,
it —

ait 0. W.

'See Appendix A in Stock and Watson (1998) for more discussions about different imputing methods of dealing

with specific data irregularities.
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Use BN’s IC; criterion to estimate the number of common factors with 4},.

If # (4},) = 0, then the regression in (65) should be run. Otherwise, the factor-augmented
regressions should be considered. Pesaran (2015, p. 793) provides detailed procedures on how to
deal with unbalanced panel data. Also, note that the CCE estimation in unbalanced panels can be

implemented using the Stata package xtdcce2.
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Table 3: Finite sample performances of pre-testing procedures

under homogeneous factor loadings and slope coefficients

Pooled Case

MG Case

Frequencies* Variance Comparison Variance Comparison

0 T |10 >0 Syur > cam | Virsy “iCRTp ‘;CCE,p Vipsme “;CRT,mg ‘;CCE,mg
BPS,p BPS,p BPS,mg BPS,mg
25 25 0.000 0.255 0.304  1.516 2.997 0.530 1.281 2.040
25 50 0.000 0.185 0.148  1.345 2.709 0.239 1.172 1.803
25 100 | 0.000 0.159 0.072  1.319 2.736 0.113 1.159 1.805
25 200 | 0.000 0.139 0.036  1.333 2.778 0.055 1.164 1.855
50 25 0.000 0.210 0.143  1.531 3.245 0.250 1.264 2.144
50 50 0.000 0.131 0.071 1.268 2.972 0.120 1.125 1.875
50 100 | 0.000 0.099 0.035  1.200 2971 0.058 1.086 1.845
50 200 | 0.000 0.090 0.017  1.118 2.882 0.028 1.036 1.786
100 25 0.000 0.174 0.070  1.414 3.257 0.128 1.203 2.078
100 50 0.000 0.107 0.035  1.229 3.057 0.058 1.103 1.966
100 100 | 0.000 0.084 0.017  1.176 3.118 0.029 1.069 1.897
100 200 | 0.000 0.079 0.009  1.111 2.889 0.014 1.071 1.857
200 25 0.000 0.178 0.036  1.417 3.333 0.066 1.182 2.106
200 50 0.000 0.097 0.017  1.235 3.059 0.028 1.107 1.964
200 100 | 0.000 0.075 0.008  1.250 3.250 0.014 1.071 1.929
200 200 | 0.000 0.056 0.004  1.250 3.250 0.007 1.000 1.857
Note: *) The nominal size equals 5%. All variances are multiplied by 103.
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Table 4: Finite sample performances of pre-testing procedures

under heterogeneous factor loadings but homogeneous slope coefficients

Pooled Case

MG Case

Frequencies Variance Comparison Variance Comparison
P T [IC0 Sy can | Vorsy il IR Ve pui G
25 25 0.990 1.000 1.006  0.990 0.990 1.150 0.989 0.989
25 50 1.000 1.000 0.475 1.000 1.000 0.489 1.000 1.000
25 100 | 1.000 1.000 0.262 1.000 1.000 0.253 1.000 1.000
25 200 | 1.000 1.000 0.155 1.000 1.000 0.140 1.000 1.000
50 25 1.000 1.000 0.474 1.000 1.000 0.555 1.000 1.000
50 50 1.000 1.000 0.271 1.000 1.000 0.231 1.000 1.000
50 100 | 1.000 1.000 0.111 1.000 1.000 0.112 1.000 1.000
50 200 | 1.000 1.000 0.059 1.000 1.000 0.058 1.000 1.000
100 25 1.000 1.000 0.238 1.000 1.000 0.277 1.000 1.000
100 50 1.000 1.000 0.106 1.000 1.000 0.114 1.000 1.000
100 100 | 1.000 1.000 0.053 1.000 1.000 0.054 1.000 1.000
100 200 | 1.000 1.000 0.026 1.000 1.000 0.026 1.000 1.000
200 25 1.000 1.000 0.121 1.000 1.000 0.140 1.000 1.000
200 50 1.000 1.000 0.055 1.000 1.000 0.059 1.000 1.000
200 100 | 1.000 1.000 0.026 1.000 1.000 0.027 1.000 1.000
200 200 | 1.000 1.000 0.013 1.000 1.000 0.013 1.000 1.000
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under local heterogeneous factor loadings and homogeneous slope coefficients

Table 5: Finite sample performances of pre-testing procedures

Pooled Case

MG Case

Frequencies Variance Comparison Variance Comparison
P T 1020 S cun | Vorsy G G| Vorsar g g
25 25 0.000 0.845 0.549 1.590 1.689 0.705 1.451 1.545
25 50 0.000 0.953 0.360 1.189 1.172 0.400 1.123 1.133
25 100 | 0.000 0.993 0.298  0.695 0.681 0.269 0.796 0.788
25 200 | 0.000 0.999 0.248  0.415 0.415 0.208 0.505 0.505
50 25 0.000 0.823 0.198  2.116 2.384 0.300 1.657 1.837
50 50 0.000 0.950 0.122 1.721 1.762 0.155 1.432 1.465
50 100 | 0.000 0.994 0.088 1.136 1.136 0.092 1.130 1.130
50 200 | 0.000 1.000 0.066  0.742 0.742 0.062 0.806 0.806
100 25 0.000 0.784 0.087  2.333 2.655 0.142 1.761 1.951
100 50 0.000 0.934 0.048  2.063 2.125 0.066 1.621 1.667
100 100 | 0.000 0.990 0.031 1.742 1.742 0.038 1.447 1.447
100 200 | 0.000 1.000 0.021 1.190 1.190 0.022 1.182 1.182
200 25 0.000 0.754 0.039  2.564 3.051 0.067 1.836 2.075
200 50 0.000 0.915 0.020  2.500 2.650 0.031 1.742 1.839
200 100 | 0.000 0.987 0.012  2.167 2.167 0.017 1.588 1.588
200 200 | 0.000 0.999 0.007  1.857 1.857 0.009 1.444 1.444
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Table 6: Finite sample performances of pre-testing procedures

under homogeneous factor loadings but heterogeneous slope coefficients

Pooled Case

MG Case

Frequencies Variance Comparison Variance Comparison
P T 1020 S cun | Vorsy G G| Vorsas g g
25 25 1.000 0.320 22.86 1.525 0.999 20.82 1.247 1.000
25 50 1.000 0.251 21.57  1.666 1.000 20.45 1.288 1.000
25 100 | 1.000 0.246 21.37  1.657 1.000 20.76 1.254 1.000
25 200 | 1.000 0.295 20.25 1.577 1.000 19.93 1.203 1.000
50 25 1.000 0.253 11.92 1.647 1.000 10.63 1.246 1.000
50 50 1.000 0.171 10.50 1.767 1.000 10.02 1.276 1.000
50 100 | 1.000 0.153 10.41 1.803 1.000 10.06 1.243 1.000
50 200 | 1.000 0.147 10.40 1.836 1.000 10.32 1.300 1.000
100 25 1.000 0.197 5.603 1.801 1.000 5.077 1.321 1.000
100 50 1.000 0.124 5.311 1.911 1.000 5.030 1.286 1.000
100 100 | 1.000 0.095 5.164  2.025 1.000 4.983 1.298 1.000
100 200 | 1.000 0.092 5.078 1.968 1.000 5.000 1.303 1.000
200 25 1.000 0.179 2.932 1.796 1.000 2.667 1.272 1.000
200 50 1.000 0.100 2.694 1.952 1.000 2.562 1.310 1.000
200 100 | 1.000 0.072 2.644 1.985 1.000 2.578 1.263 1.000
200 200 | 1.000 0.063 2.591 1.969 1.000 2.557 1.282 1.000
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Table 7: Finite sample performances of pre-testing procedures

under heterogeneous factor loadings and slope coefficients

Pooled Case

MG Case

Frequencies Variance Comparison Variance Comparison
P T 1020 Sr>can | Yoy G G| Vorsas g g
25 25 1.000 1.000 26.205  1.000 1.000 21.588 1.000 1.000
25 50 1.000 1.000 23.696  1.000 1.000 20.466 1.000 1.000
25 100 | 1.000 1.000 23.292  1.000 1.000 20.290 1.000 1.000
25 200 | 1.000 1.000 22.985  1.000 1.000 19.830 1.000 1.000
50 25 1.000 1.000 12.315  1.000 1.000 10.546 1.000 1.000
50 50 1.000 1.000 11.690  1.000 1.000 10.443 1.000 1.000
50 100 | 1.000 1.000 11.089  1.000 1.000 10.289 1.000 1.000
50 200 | 1.000 1.000 10.579  1.000 1.000 9.826 1.000 1.000
100 25 1.000 1.000 6.128 1.000 1.000 5.275 1.000 1.000
100 50 1.000 1.000 5.476 1.000 1.000 5.073 1.000 1.000
100 100 | 1.000 1.000 5.164 1.000 1.000 4.909 1.000 1.000
100 200 | 1.000 1.000 5.292 1.000 1.000 5.162 1.000 1.000
200 25 1.000 1.000 3.061 1.000 1.000 2.671 1.000 1.000
200 50 1.000 1.000 2.678 1.000 1.000 2.543 1.000 1.000
200 100 | 1.000 1.000 2.604 1.000 1.000 2.504 1.000 1.000
200 200 | 1.000 1.000 2.538 1.000 1.000 2.503 1.000 1.000
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