
All-pairs.ShortestPaths

Given directed graph
0 :(V, E) with edge
weights w:E - R.

Goal: For all n, vEV, compute
dist (n,r):the distance
from a to V.

0(3) time if we can use

BFS, DAGalg, or Dijkstra
(with non-neg

weights)



BellmanFord IVI times

V.OIVE)=0(VE)
=0(V4)

Can we got0cU3) with

some neg.-Wrightedges?
Well assume no negative
weightcycles.



Reweighting:
What if we add a large
value to all weights so

they aren'tnegative?
-Ov

If we add twoto all edges...
Top gets 8+ 4

=

12

Bottom 7+6=13

The new shortestpath is
wrong!



Let'sassign a price-
to each 4: UY IR

Set wi(n r):=
A(u) +w(n+v) - A(r)

tax to leave a f
giftto enter v.

Consider any walk
mevie(n =V,V, ...fu
wi(n-v) =a(r,) +w(v, =v2) - (v)

+ H(v)) +w(v,- Vg)-NIVs)
I...



+H(V, -1) +w(V,--v,) -πu,
=A(u) +w(n,r)

- H(r)
Shortest us-path under

W is shortestunder

Wi

We wantnon-nog, weights.

0 =w((ngr) =A(u) -w(ngr)
+ π(v)(=)

H(r) = 4(u) - w(ux r)



I
relayed polgo wit
dist ances A

So use distances from

some vortexas Ho

↑
Johnson's algorithm

Start with a new vortex

·
↳



;OCES

Y0(VE)

jo(E)
; 0(V2logV +VE)

-0(2)

Timo:OCUYogV+VE)
=0 (V3) (Fig. hoaps)
0 (V3 logU) (binaryheaps)



Dynamic Programming
"Obvious"recurrence

dist(u,r) =0 if u
=

v

Emin (dist(n,x) +u=X w(xY v) aw.

Can'tuse for recursion if

there is a cycle!
We need a parameter to
gotsmaller!



dist (n,r, 1) length of
shortestair-path with
e l edges.

dist(u,v,l) =

8 if b =0 tx=V

if l =0 Guv

dist(u,r,b-1),En Sr(dist(n,x,l- 1) +
W(xY vaw.

dist(u,v) =dist(u,v, NVt1)



Shimbol'43:

Time:Each edge used unce

por o t w.

0 (V).0(V)·0(E)

°(v2E) =0(v)
Basically IV) runs of

Bellman-Ford!



Idea 1:

Try to guess middle
vertex ofbath to use

dist(n,x,e/z) t
dist(x, u,(()

Use Olly V) values of 1.

Total timo O(vlog V)



Idea 2:Limitwhich
vertices can appear in

path instead of edges,

Arbitrarily number vortices

1 through IVI.

M(u,v,v): the shortest
path from a for using

A

mediate vertices

from 91, 2, ..., 13.

Nurseo
If



dist(n,, r):length of
H(n,v,r).

A(u, v, IV)) is true shortest

pathfrom a to V.
=>

dist(u,v) =dist(u, v, (V))

↑(n,v, d) is either wi
or is undefined

--

Nist(w,v,0) =w(uyr) iOnSVEE
E & r.W.



A(nyv,r) --

Green
11
H(u,v,r -1)
Green⑧

- or -

Einlugu,-)

dist(nv,r)=

winec ifrU, USVEE

if LO, USVIE

dist(n, v, r-1),Emin Edistlugu, r)+dist(igr, ns



IVI. IV. (IA)
=

0 (V3) subproblems
0(1) per

0(V3) time total
OCVY) space

(wInkE)

Cleanup:No need to rember

all dist(n,v,r). Just dest
dist(u,v,) found so far.



Don't need to know numbers.

Justloop through all vertices-
Un

A

O(V3) time

0(V2) space


