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There are many typed A-calculi, of which we will study two. The first is known as the
simply-typed \-calculus or A7. Here are some of the operations commonly included in A7

en=n integers
| v variables
| Av:T.e abstraction
| eqes application

| true | false

booleans

|er aop eq arithmetic ops
|er bop eq boolean ops
ler emp eq integer comparison
| (e1, €2) pairs
| me | me projection
| () unit
|in]'"™e | in}'"™e injection

| (case e of inj(v1) — €1 | ing(ve) — €3)

The type system for the above language is as follows.

case distinction

T u=1nt integer
| bool boolean
|71 — 7o function
| 71 X T product type

unit unit type
Y

| 71 + 7 sum type

| void uninhabited type



CEn:int (1) 't ey : bool ' ey : bool

Tk v: () 2) I' ey bop ey : bool
Tl il be:n - FFF@F: int F.Fbewlmt ©)
F'E(Avim.e):m —m €1 cmp €z - 000
ke :7— 1 I'key:T A hei:n he:n (10)
F}_€16227'I () Fl_(€1,€2)17'1><7‘2
I'F true : bool (5) Pheimxm  ieih2h )
'+ € 1T
'+ false : bool (6) e
: , T'E(): unit (12)
I'key:int I'keq:int 7)
'k e aop ey int Fe:m ie{1,2} (13)
[Finl"" e + 7
FFe:m+m Cloy—7nlkFe =7 [lvg = ] Feg: T (14)

'k (case e of ing(vy) — €1 | ing(vg) — €3) : 7

Since simply-typed A-calculus is strongly normalizing, it is sometimes augmented with an
explicit fixed-point operator u:

en=--- | pv:t.e
pu:T.e —q el(pv:T.e)/v]

Fo—=r7lke:r

15

D'k (u:t.e): 7 (15)

System F [Girard 1972, Reynolds 1974], also known as the polymorphic A-calculus, extends

the simply-typed A-calculus with type variables. Valid System F expressions contain no free
variables and no free type variables.

en=---|Aae polymorphic abstraction
| e[T] polymorphic instantiation
Tio= |« type variables
|Va.T universal types

(Aae)[T] =1 e[T/q]

'Fe:7 (16) I'e: Va1
I'FAa.e:Var I'Felr]:7'[T/a]




