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Abstract
Carrier frequency offset (CFO) introduces spectrum misalignment of the transmit and receive
filters, causing energy loss and distortion of received signal. A recent study presents an accurate signal
model which incorporates these characteristics. However, CFO estimators in the existing literature were
developed based on the signal models without these characteristics. This paper generalizes the accurate
signal model with CFO to include timing offset and sampling offset, and then studies what effects the
accurate signal model bring to the CFO estimation and how to address them. We investigate different
existing CFO estimators and find some of them lose their optimality under the accurate signal model.
We also develop two new integer normalized CFO (ICFO) estimators under the accurate signal model
using only one OFDM symbol; one of them is a pilot-aided estimator using both pilot and data and
the other one is a blind estimator using data only. Compared with the existing approaches, both of the
new estimators make better use of channel and energy loss information, thus yielding more accurate
estimation. Furthermore, the proposed methods overcome the existing approaches’ limitation to phase
shift keying modulation. Simulation results corroborate the advantages of the new estimators. Analytical
performance results are also provided for the proposed estimators.
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Carrier frequency offset (CFO), estimation, sampling offset, timing offset, OFDM, signal model,
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I. I NTRODUCTION
Carrier frequency offset (CFO) introduced by oscillator instabilities and/or Doppler shifts
can severely degrade the performance of orthogonal frequency-division multiplexing (OFDM)
systems [1], [2] if the issue is left unaddressed. Various CFO estimation and compensation
techniques have been proposed to solve this issue [3]–[13]. A common practice is to divide
the normalized CFO (defined as the ratio of CFO to the subcarrier spacing) into a fractional
part and an integer part; the former produces inter-carrier interference while the latter results
in a cyclic shifting of all subcarriers. Separate algorithms are used to estimate and correct the
fractional and the integer normalized CFO (FCFO and ICFO). Some of the existing works
incorporate practical issues/scenarios, e.g., pilot-aided FCFO estimation jointly with channel
and phase noise [14], in the presence of I/O imbalance [15], blind FCFO estimation with timing
synchronization [16], with noise power and SNR estimation [17] and with multi-antenna channel
estimation [18]. However, these existing works overlook that when a CFO occurs, the receiver
filter’s spectrum becomes misaligned with the received signal. This mismatch leads to energy
loss and signal distortion. The commonly used signal model in the literature (e.g., [3]–[11])
assumes an equivalent channel gain independent of the CFO. So, previous CFO estimation
approaches only work with the CFO-induced phase rotation of the received signals, but the
CFO-related energy loss is neglected. A further consequence is that the respective optimality of
their associated CFO estimators is uncertain. Recently, the accurate signal model for systems
with a receive matched filter is proposed and elaborated in [13]. An enhanced CFO compensation
approach is also presented in [13] using existing CFO estimators.
Our main contributions in this paper are the development of an accurate signal model for
OFDM with CFO, timing offset and sampling offset and two corresponding ICFO estimators
(a pilot-aided estimator and a blind estimator). The new signal model is a generalization of
the signal model in [13] (which did not include timing and sampling offsets) and it reveals
detailed characteristics of the equivalent channel in terms of energy loss and distortion induced
by CFO and sampling offset, and channel tap energy dispersion due to timing and sampling
offsets. In contrast to the existing CFO estimators, the proposed ICFO estimators exploit these
characteristics and achieve substantially enhanced estimation performance. We also derive approximate analytical expressions for the estimation failure probability of the proposed estimators.

April 30, 2015

DRAFT

Copyright (c) 2015 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.

This is the author’s version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
The final version of record is available at http://dx.doi.org/10.1109/TSP.2015.2432743

3

To the best of our knowledge, such an analytical expression for a blind ICFO estimation in a
frequency-selective fading channel is unavailable in the literature.
The remainder of the paper is organized as follows. Section II describes the generalized
accurate signal model. Section III discusses effects of the accurate signal model on the existing
FCFO and ICFO estimators. Section IV proposes a new pilot-aided estimator and a new blind
estimator under the accurate signal model, and then compares their operational characteristics
with the existing estimators. Performance analyses are presented in Section V while simulation
results and complexities are compared in Section VI. Section VII finally concludes the paper.
For ease of access, we list main variables used in the paper in Table I while some of them will
appear with their definitions in later sections.
Table I
M AIN VARIABLES /N OTATIONS
N

Number of OFDM subcarriers (DFT size)

ε

CFO normalized by the subcarrier spacing

τ

Integer timing offset (in sample)

ζ

Fractional timing offset or sampling offset

ak,m

Symbol transmitted at the kth tone of the mth OFDM symbol

Rk,m

The kth received tone of the mth OFDM symbol

Gn (ε, ζ)

Equivalent filter gain on tone n in the presence of CFO ε and sampling offset ζ

Gn (ε)

Approximate of Gn (ε, ζ) used in the estimator
Sample-spaced L-tap fading channel

h
Hn

Channel gain on tone n (nth output of DFT of h)
Sample-spaced L′ -tap effective channel in the presence of timing and sampling offsets

h̄
H̄n

Effective channel gain on tone n (nth output of DFT of h̄)

X̄[n, ε, τ, ζ]
[·]

x[n] or X[n] indicates sampled signal (in either time or frequency domain)

(·)

x(t) or X(f ) indicates signal in analog domain

v

Integer normalized CFO

ṽ

A trail value of v

x̂
∗

Equivalent channel gain (including filters) on tone n in the presence of CFO, timing and sampling offset

T

B ,B ,B

Estimate of x
H

Conjugate, transpose, and conjugate transpose of B, respectively

N (b, Σ)

Gaussian distribution with mean vector b and covariance matrix Σ

CN (b, Σ)

Complex Gaussian distribution with mean vector b and covariance matrix Σ
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II. S YSTEM M ODEL
We consider an OFDM system with discrete Fourier transform (DFT) size N and cyclic prefix
length of Ncp samples, which is longer than the effective channel impulse response to eliminate
the interference between consecutive OFDM symbols. There are S pilot tones, V null tones,
and N − S − V data tones distributed at known subcarrier positions denoted by P, V, and D,
respectively. The symbol transmitted at the kth tone of the mth OFDM symbol is ak,m , where
ak,m is a pilot for k ∈ P, a data for k ∈ D or null for k ∈ V; the corresponding discreteP −1
j2πkl/N
time transmit signal is sl,m = √1N N
with l = −Ncp , . . . , N − 1. The OFDM
k=0 ak,m e

symbols are transmitted over a carrier through a channel which is assumed to be quasi-static. At
the receiver, a local oscillator is used to down-convert the passband signal to the baseband. When
the local carrier frequency of the receiver is not matched to that of the received signal, a CFO
of ∆f (Hz) will appear. Let ε , ∆f N T represent the CFO normalized by the subcarrier spacing
where T is the OFDM sampling interval. Denote the frequency responses of the transmit filter,
the receive filter and the lowpass-equivalent channel by GT (f ), GR (f ) and H(f ), respectively.
We assume that timing synchronization gives an inter symbol interference free timing point1

with a residual integer timing offset of τ samples and a fractional timing offset/sampling offset
of ζ sample (|ζ| < 0.5). Then, based on the accurate signal model in [13], the lth sample of the
mth OFDM symbol is given as
rm [l] = ej(θ̄+ϕm (ε)+2πεl/N )

N
−1
X

n=−Ncp

sn,m x[l − n − τ, ε, ζ] + zm [l],

(1)

where θ̄ = θ + 2πε(Ncp − τ − ζ)/N and ϕm (ε) = 2πεm(N + Ncp )/N . θ represents an arbitrary
phase shift, zm [l] denotes an AWGN sample and
Z ∞
X(f, ε, ζ)ej2πf lT df
x[l, ε, ζ] =

(2)

−∞

with
X(f, ε, ζ) , GT (f )H(f )GR (f +
1

ε
)e−j2πf ζT .
NT

(3)

A sufficient cyclic prefix length and a timing advancement will yield this (see [19] for details).
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Note that ej θ̄ can be absorbed into the channel response and hence will be omitted afterward.
The kth received tone2 of the mth OFDM symbol is
Rk,m

N −1
N
−1
X
1 X
−j2π lk
jϕ
(ε)
m
N = e
rm [l]e
=√
an,m X̄[n, ε, τ, ζ]φn,k (ε) + Zk,m
N l=0
n=0

(4)

π

π(n−k+ε)
, and Zk,m is the noise term. X̄[n, ε, τ, ζ] is the
where φn,k (ε) , ej N (N −1)(n−k+ε) Nsin
sin π (n−k+ε)
N

equivalent channel gain on tone n, and is given as
2πτ n

e−j N
X̄[n, ε, τ, ζ] =
T

+∞
X

k=−∞

X(f −

k
, ε, ζ)
T

.

(5)

f = NnT

It reflects the effects of time and frequency misalignment between transmitter and receiver.
Given a sample-spaced L-tap fading channel h = [h0 , h1 , . . . , hL−1 ]T , the channel frequency
response H(f ) is actually periodic with period 1/T . Therefore, the equivalent channel gain in
(5) can be simplified as
X̄[n, ε, τ, ζ] = e−j2πτ n/N Hn Gn (ε, ζ),
where Gn (ε, ζ) ,

P+∞

k=−∞

+ε
GT ( n−kN
)GR ( n−kN
) · ej2π
NT
NT

n−kN
N

ζ

(6)

is the equivalent filter gain on

tone n in the presence of CFO and sampling offset, and Hn , the nth output of the DFT of h,
is the channel response at tone n. Provided that GT (f ) and GR (f ) are the same squared-root
raised cosine (SRRC) filters, we have Gn (0, 0) = 1, namely, the overall frequency response of
the transmit and receive filters becomes flat when the two filters match and no CFO, timing or
sampling offset exists. In this case, X̄[n, 0, 0, 0] reduces to Hn .
Most existing works are developed based on a simplified signal model which ignores the
spectral misalignment, timing and sampling offset effect. A common treatment is that X̄[n, 0, 0, 0]
is used in place of X̄[n, ε, τ, ζ]. In other words, the commonly used signal model (CUSM)
considers the equivalent channel gain (including filter responses) to be independent of CFO,
timing and sampling offsets. As a result, the kth received tone of the mth OFDM symbol is
Rk,m = e

jϕm (ε)

N
−1
X
n=0

an,m X̄[n, 0, 0, 0]φn,k (ε) + Zk,m = e

jϕm (ε)

N
−1
X

an,m Hn φn,k (ε) + Zk,m .

(7)

n=0

By comparing (7) and (4), it is clear that the CUSM fails to reflect influences of CFO and
sampling offset on the equivalent channel. The actual received signal (4) experiences energy
2

For simplicity, we use tone index to refer to the DFT index, thus band edges correspond to tones around index N/2.
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loss and signal distortion in the presence of CFO and sampling offset. First, the reduced signal
energy degrades the performance of CFO estimation [11]. The CUSM is blind to this effect and
always assumes optimistic received signal energy. The expected estimation performance based
on the CUSM might not be fulfilled especially when the CFO is large. Second, besides the
frequency-selectivity of the multipath channel, there are additional variations on the equivalent
channel depending on the CFO and sampling offset.
Note that with τ = 0 and ζ = 0, the proposed signal model reduces to that in [13]. The
additional implications of the timing and sampling offsets on the equivalent channel and the
ICFO estimator development will be discussed in Section IV-A.
The CFO estimation is often decomposed into two stages: FCFO estimation and ICFO etimation. We have the normalized CFO ε = v + µ, where µ is the FCFO taken care of by
FCFO estimation while v is the remaining ICFO. These two stages are discussed sequentially
in Section III-A and Section III-B. The estimation of the fractional part has been investigated
in [3], [4], [6], [7], [20]. This paper mainly focuses on the ICFO estimation assuming that the
FCFO has been estimated and corrected before the ICFO estimation by means of an approach
whose performance is not affected by an ICFO, e.g., [7], [20]. When the FCFO is equal to zero,
the accurate signal model in (4) becomes
Rk,m = ak−v,m X̄[k − v, v, τ, ζ] + Zk,m = e−j2πτ n/N ak−v,m Hk−v Gk−v (v, ζ) + Zk,m ,

(8)

where the subcarrier indexes of a, H, X and G are modulo N throughout the paper. Stacking
the received tones together as Rm , [R0,m , R1,m , · · · , RN −1,m ]T , we have
Rm = Am (v)G(v, ζ)FL h + Zm ,

(9)

where FL = [f0 , f1 , · · · , fL−1 ] with fk = [1, e−j2πk/N , · · · , e−j2π(N −1)k/N ]T , Zm = [Z0,m , Z1,m ,

· · · , ZN −1,m ]T , and the diagonal matrices Am (v) and G(v, ζ) are defined as
Am (v) = diag{a−v,m , a1−v,m , · · · , aN −1−v,m },

(10)

G(v, ζ) = diag{G−v (v, ζ), G1−v (v, ζ), · · · , GN −1−v (v, ζ)}.

(11)

III. I MPACTS OF ACCURATE S IGNAL M ODEL ON E XISTING CFO E STIMATORS
A. Effects on Existing FCFO Estimators
Correlation-based algorithms are usually used for FCFO estimation [3], [4], [6], [7]. The
basic principle is to extract the CFO information embedded in the CFO-induced phase rotation
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by means of correlation between time-domain received signal segments which possess certain
duplicate structure at the receiver side. As can be seen from (1), the identical training signals
go through the same equivalent channel. Hence, except for the phase rotations, the noise-free
received time-domain signals sustain the same periodicity as long as the equivalent channel
length is less than Ncp . Therefore, those correlation-based estimators can be directly applied to
the FCFO estimation under the accurate signal model.
However, the performance of the correlation-based estimators are undermined by the energy
loss due to CFO. In contrast to a flat mean squared error (MSE) curve versus different CFO values
if analyzed based on the CUSM, under the accurate signal model, we could expect a performance
degradation as the CFO increases, since the effective received signal energy decreases. This effect
is verified by simulation results in Section VI.
B. Effects on Existing ICFO Estimators
Like the existing approaches on ICFO estimation [6], [7], we assume FCFO has been taken care
of with, for example, the algorithms discussed in the previous section. We first briefly describe
three sets of existing pilot-aided estimators (PAEs) and blind estimators (BEs), namely, T.
Schmidl’s (TS) PAE [7] and BE [21], M. Morelli’s (MM) PAE and BE [8] and D. Toumpakaris’s
(DT) PAE and BE [22], and then study the impact of the accurate signal model on them.
A common feature of the above representative PAEs and BEs is that they use two successive
OFDM symbols. They utilize the phase shift induced by CFO between two successive symbols
and further require that all the symbols (pilot and data) belong to a PSK constellation. The
transmit symbols satisfy the following relationship:

 P , k∈P
k
a∗k,m−1 ak,m =
 Dk , k ∈ D,

(12)

where {Pk } are known pilots and {Dk } are unknown random PSK signal (|Pk | = |Dk |). Those
estimators are designed under the CUSM for AWGN channel. In other words, they assume τ = 0,
ζ = 0, Gk (v, ζ) = 1 and Hk = 1 for all k without considering the CFO and sampling offset
induced energy loss. Hence, from (8) with β , Ncp /N , their received signal model is
Rk,m = ej(2πvmβ) ak−v,m + Zk,m ,
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where Zk,m ∼ CN (0, σ 2 ). Their estimators use the following correlation between two received
OFDM symbols:
∗
′
Yk = Rk,0
Rk,1 = ej2πvβ a∗k−v,0 ak−v,1 + Zk,0
,

(14)

′
∗
∗
where Zk,0
= a∗k−v,0 Zk,1 + ej2πvβ ak−v,1 Zk,0
+ Zk,0
Zk,1 .

1) Existing PAE: Three existing PAEs will be briefly described. DT’s PAE in [22] reads as
v̂ = arg max {Mp (ṽ) + Md (ṽ)},
ṽ

where Mp (ṽ) is the pilot-based metric calculated as
(
Mp (ṽ) = R e−j2πṽβ

X
k∈P

Yk Pk∗

)

,

and Md (ṽ) is the data-based metric calculated as





X
I{Yk+v e−j2πṽβ }
R{Yk+v e−j2πṽβ }
2
+ 2 cosh
log 2 cosh
Md (ṽ) = σ
σ2
σ2
k∈D

(15)

(16)

(17)

where R(·) and I(·) mean the real part and the imaginary part of the enclosed quantity,
respectively. In practical OFDM systems (e.g., [23], [24]), the power of a pilot subcarrier is
set Ep (> 1) times larger than the average power of a data subcarrier in order to aid reliable
synchronization. In this case, the transmit symbols satisfy the following constraint:
 p
 E P , k∈P
p k
a∗k,m−1 ak,m =
 Dk ,
k ∈ D,

(18)

and the DT’s PAE is modified to
v̂DT

= arg max{Mp (ṽ) + Md (ṽ) + Mp,cor (ṽ)}

PAE

ṽ

(19)

where the energy correction factor equals
Mp,cor

1
=
2



1 X
|Yk+ṽ |2 .
1−
Ep k∈P

(20)

When signal to noise power ratio (SNR) is large enough and the system uses QPSK modulation, [22] simplifies Md (ṽ) as
Md,simp (ṽ) =
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TS’s PAE performs a sliding correlation of received tones with known pilots as [7]


2
X

∗
v̂TS PAE = arg max
Yk+ṽ Pk
.
ṽ



(22)

k∈P

MM’s PAE performs a similar sliding correlation but with an additional mapping to the phase
direction 2πṽβ and incorporates the effect of null tones through the received pilot and data
energy term in the metric as
v̂MM

PAE

= arg max
ṽ

(

R

X

Yk+ṽ e−j2πṽβ Pk∗

k∈P

1
1 X X
|Rk+ṽ,i |2
+
2 k∈P∪D i=0

)

.

(23)

2) Existing BE: Three popular blind estimators in [8], [21], [22] are briefly given below. TS’s
BE works with M -PSK data tones (no null tones) and it estimates ICFO via the CFO-induced
phase change as
v̂TS

BE

( 
)
X (Yk e−j2πṽβ )4 
= arg max R
.
3
ṽ
|Y
k|
k∈D

(24)

MM’s BE and DT’s BE use both data tones and null tones. MM’s BE uses null tones to detect
the cyclic shift of the subcarriers, and it is given by
)
(
i=1
XX
|Rk+ṽ,i |2 .
v̂MM BE = arg max
ṽ

(25)

k∈D i=0

DT’s BE is also based on PSK modulation and uses both phase change and cyclic rotation
information to estimate ICFO as
v̂DT

BE

= arg max {Md (ṽ)} ,
ṽ

(26)

where Md (ṽ) is defined in (17).
The accurate signal model introduces CFO, timing offset, and sampling offset dependent
channel gains, but it causes no change in the phase shift difference and hence no impact on
the underlying estimator design principle of TS’s PAE and BE. Their design principle when
applied to the accurate signal model yields the same estimators as in the CUSM. However, their
performance may deviate from the inaccurately optimistic results built on the CUSM when the
CFO or sampling offset induced energy loss becomes significant. Such energy loss information
was not incorporated in those estimators, leaving open for development of new estimators which
exploit the energy loss information for further performance improvement.
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MM’s PAE and BE exploit null tones on each band edge. The remaining tones are pilots
multiplexed with data for PAE and data only for BE. The estimator principle is the same for both
PAE and BE except the presence or absence of pilot tones, and it utilizes a second order Taylor
series approximation of the likelihood function. Let al,0 and al,1 denote the data/pilot symbols on
the lth tone of the first and second OFDM symbol, a0 and a1 represent corresponding data/pilot
vectors of the first and second symbol, respectively, and Rl,m be the received tone l of mth
symbol. Under the accurate signal model, the likelihood function for v, ζ, a0 and a1 is
( "
#)
X
2
Λ(ṽ, ζ̃, ã0 , ã1 ) = exp
X (ṽ, ζ̃, ã0 , ã1 ) −
G2n (ṽ, ζ̃)
,
σ2
n∈P∪D

(27)

with

X (ṽ, ζ̃, ã0 , ã1 ) ,

1
X
X

m=0 n∈P∪D

i
h
R ã∗n,m Gn (ṽ, ζ̃)Rn+ṽ,m ej2πṽNcp /N .

(28)

In the CUSM, Gn (ṽ, ζ̃) = 1 for all n, ζ̃ and ṽ, thus the argument of the exponential item in
(27) does not need the second term because it is a fixed number for all ṽ. X (ṽ, ζ̃, ã0 , ã1 ) has a
small value since ã0 and ã1 are random. Thus, under low SNR, the second order Taylor series
approximation holds. However, in the accurate signal model, the second term of the exponential
item in (27) is no longer a fixed number for different values of ṽ and cannot be dropped. Gn (ṽ, ζ̃)
is almost equal to one on majority of tones and the argument of the exponential item in (27) is
no longer a small number. Thus, the above Taylor series approximation does not hold, violating
the requirement of the design principle of [8].
Next, we consider a related pilot design condition. To maintain the design validity of MM’s
PAE, for the pilot symbol, we can set the number of null tones at each band edge to be larger
than the CFO range so that the subcarrier attenuation caused by the CFO-induced filter mismatch
will be eliminated by null tones. Consequently in (27), the subtraction term will be constant and
independent of ṽ, so it can be dropped from the likelihood function. In this case, the estimator
design principle of [8] holds for the accurate signal model and leads to the same estimator as
in the currently used model. Fig. 1 shows that the use of null tones at band edge improves the
performance of MM’s PAE under the accurate signal model, however it is at the expense of data
rate loss due to the null tones.
DT’s PAE and BE exploit both the phase shift over consecutive OFDM symbols and the
cyclic shifting of all tones within each OFDM symbol. When they exploit the phase-shift, the
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MM’s PAE, no null tones
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Figure 1. MM’s PAE with different numbers of null tones at the band edge (perfect synchronization, 16 pilot tones, v = 4)

weights on tones are proportional to the received tone energies, and such weighting yields the
same estimators under CUSM and the accurate signal model. The tones with CFO-induced
energy loss give significant information on CFO but such information is unknowingly adversely
processed in their estimators when those tones are scaled by smaller weights due to energy
loss. Thus, their performance will become more sub-optimal when the CFO induced energy loss
becomes significant.
IV. P ROPOSED ICFO E STIMATORS
In this section, we first present how timing and sampling offsets impact the effective channel
impulse response. Using this result, we develop our pilot based ICFO estimator. Then we present
our blind ICFO estimator.

April 30, 2015

DRAFT

Copyright (c) 2015 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.

This is the author’s version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
The final version of record is available at http://dx.doi.org/10.1109/TSP.2015.2432743

12

A. Impact of Timing and Sampling Offsets
The equivalent channel gain in (6) can be expressed as
X̄[n, v, τ, ζ] = H̄n (τ, ζ)Gn (v, ζ)

(29)

where
H̄n (τ, ζ) , Hn e−j2πn(τ +ζ)/N
Gn (v, ζ) ,

+∞
X

k=−∞

GT (

n − kN
n − kN + v j2πkζ
)GR (
)e
.
NT
NT

(30)
(31)

H̄n (τ, ζ) represents the response on tone n due to the wireless channel in the presence of timing
and sampling offsets, and Gn (v, ζ) stands for the response on tone n due to the transmit and reP −1
j2π nl
N
ceive filters in the presence of CFO and sampling offset. Then, h̄l (τ, ζ) , N1 N
n=0 H̄n (τ, ζ)e
represents an effective wireless channel impulse response in the presence of timing and sampling

offsets. For an underlying uncorrelated fading channel {hi } with σi2 = E[|hi |2 ], the power of the
l-th tap of the effective channel can be straightly computed as
L−1 N −1
L−1
1 X 2
n(l − i − τ − ζ)
2 XX
E[|h̄l (τ, ζ)| ] =
).
(N − n)σi2 cos(2π
σi + 2
N i=0
N i=0 n=1
N
2

(32)

The plot of E[|h̄l (τ, ζ)|2 ] is shown in Fig. 2 for h with an exponential power delay profile
(3 dB per tap decaying factor). We can observe that the (integer) timing offset will shift the
channel h while the sampling offset will cause spreading of each channel tap energy to adjacent
taps cyclically (most of the leaked energy is on the two (cyclically) adjacent taps). The effective
channel {h̄i (τ, ζ)} spans over all N taps. To avoid significant energy leakage of h0 to h̄N −1 (τ, ζ)),
we should have τ ≥ 1 for ζ < 0, which can be easily established by using a timing advancement
in timing synchronization [19]. After interference-free timing synchronization, we have 1 ≤
τ ≤ τmax where a smaller τmax would be obtained by a better timing synchronization. As the
effective channel taps with energies well below the noise level can be neglected, in our estimator
development, we can use an effective channel h̄ , [h̄0 (τ, ζ), · · · , h̄L′ −1 (τ, ζ)]T where we can set
L′ = L + τmax for high SNR range. For low SNR range, we can further omit last few taps if

their energies are well below the noise level on those taps (e.g., L′ = L + τmax − 2). The effect
of the choice of L′ will be illustrated in Section VI-B.

Fig. 3 presents how the effective filter gain is affected by different values of CFO and sampling
offset ζ. In obtaining the result, Gn (v, ζ) is approximated by the summation of 3 dominant terms,
April 30, 2015

DRAFT

Copyright (c) 2015 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.

This is the author’s version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
The final version of record is available at http://dx.doi.org/10.1109/TSP.2015.2432743

13

0

10

τ = 1, ζ = 0.1
τ = 1, ζ = 0.25
τ = 3, ζ = 0.25

−1

10

l

E[|h (τ,ζ)|2]

−2

10

−3

10

−4

10

−5

10

0

10

20

30

40

50

60

63

Effective channel tap index

Figure 2. Impact of timing and sampling offsets on the effective wireless channel taps

i.e., Gn (v, ζ) ≈

P1

k=−1

+v j2πkζ
)GR ( n−kN
)e
. CFO causes spectral mis-alignment of the
GT ( n−kN
NT
NT

transmit and receive filters, thus attenuating band-edge tones. Sampling offset also induces similar
energy loss on the band-edge tones which can be observed from (31) where ζ only affects the
terms with k 6= 0 which mainly contribute to the band-edge tones. We can also observe from
Fig. 3 and (31) that the effect of sampling offset occurs on top of the CFO effect, i.e., sampling
offset introduces additional energy loss based on the CFO-induced mis-aligned spectrum shape.
Thus, the number of tones with energy loss is larger for a larger ICFO. With oversampling in
the timing synchronization or sampling time synchronization, ζ will be small (e.g., |ζ| < 0.125)
and in this case the additional effect of sampling offset is not significant. An application of this
observation is that in our estimator development, Gn (v, ζ) can be replaced with Gn (v, 0).
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Figure 3. Effects of CFO and sampling offset on the equivalent filter gain: Top (v = 0), Middle (v = 4), Bottom (v = 8)

B. Proposed ICFO Estimator with Pilot and Data
Here, we propose a new ICFO estimator based on one OFDM symbol, where both pilot and
data tones are used to do joint channel and CFO estimation, and can be used with both PSK
and QAM schemes. We will omit the OFDM symbol index to the variables as Rl , Zl , al since
the proposed estimator requires only one symbol.
With the use of h̄ in (29), we can express (9) as
R = A(v)G(v, ζ)FL′ h̄ + Z,

(33)

G(v, ζ) = diag{G−v (v, ζ), G1−v (v, ζ), · · · , GN −1−v (v, ζ)}.

(34)

where


We have R ∼ CN A(v)G(v, ζ)FL′ h̄, σ 2 I given v, ζ, h̄ and A. For a fixed ζ, maximizing the
joint log-likelihood function of trial channel h̄˜, trial data Ã and candidate CFO ṽ is equivalent
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to minimizing the distance metric
Λ( h̃, Ã, ṽ h, A, v) = R − ÃG(ṽ, ζ)FL′ h̄˜

2

.

(35)

In (35), we can approximate G(ṽ, ζ) by either G(ṽ, 0) for practical small ζ (based on the result
in Fig. 3) or E[G(ṽ, ζ)] where the expectation is over a presumed probability density function
(pdf) of ζ. Denote this approximate by G(ṽ).
Next, to substitute h̄˜ in (35), we use the pseudo-random pilots {api } transmitted on the tones
P = {p1 , p2 , · · · , pS } to estimate h̄. With an ICFO v, pilots will be received on tones v + P.
Let Rp (ṽ) , [Rp1 +ṽ , Rp2 +ṽ , · · · , RpS +ṽ ]T denote the assumed received pilot tones in R for a
candidate ICFO ṽ. Then, for each candidate ICFO ṽ, we obtain estimate of h̄ as
ˆ (ṽ) = BH (ṽ)B(ṽ)−1 BH (ṽ)R (ṽ)
h̄
p

where

(36)

B(ṽ) , Ap Gp (ṽ)FL′ ,p
Ap , diag{ap1 , ap2 , · · · , apS }
FL′ ,p , [f0,p , f1,p , · · · , fL′ −1,p ] .
In the above, FL′ ,p is an S × L′ matrix consisting of the rows of FL′ corresponding to P, i.e.,
fk,p = [e−j2πp1 k/N , e−j2πp2 k/N , · · · , e−j2πpS k/N ]T .

ˆ (ṽ) , [H̄
ˆ (ṽ), H̄
ˆ (ṽ),
Then the frequency-domain channel estimates for the candidate ICFO ṽ, H̄
0
1
ˆ
ˆ
(ṽ)]T = F ′ h̄(ṽ), is
· · · , H̄
N −1

L

ˆ (ṽ) = F ′ BH (ṽ)B(ṽ)−1 BH (ṽ)R (ṽ).
H̄
L
p

(37)

Define an S × N matrix Y(ṽ) for a candidate ICFO ṽ as

Y(ṽ) = Gp (ṽ)FL′ ,p BH (ṽ)B(ṽ)

−1

FH
L′ ,

(38)

and denote its kth column by yk (ṽ). Y(ṽ) can be pre-computed to save complexity. The
ˆ (ṽ) can be simplified as:
estimation of H̄
k

ˆ (ṽ) = yH (ṽ)AH R (ṽ).
H̄
p
k
p
k

(39)

In order to compute the distance metric (35), we also need to have the estimates of the transˆ (ṽ), G(ṽ), and R, we can get the estimate of the transmitted
mitted data based on each ṽ. Using h̄
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data A for a candidate CFO ṽ, denoted as Ã(ṽ) = diag{ã−ṽ (ṽ), ã1−ṽ (ṽ), · · · , ãN −1−ṽ (ṽ)}, as
follows. First, we estimate the transmitted symbol by:
ãk (ṽ) =

Rk+ṽ
ˆ (ṽ)G (ṽ)
H̄
k
k

,

k ∈ D.

(40)

Then, the closest signal constellation point to ãk (ṽ) was chosen as âk (ṽ) for k ∈ D. Since the
transmitted symbols are known on pilot tones, we have âk (ṽ) = ak , for k ∈ P. Note that the
modulation method is not constrained, both PSK and QAM can be used. Now we have
Â(ṽ) = diag{â−ṽ (ṽ), â1−ṽ (ṽ), · · · , âN −1−ṽ (ṽ)}.

(41)

Substituting G(v, ζ), h̄˜ and Ã in (35) with G(v), h̄ˆ(ṽ) and Â(ṽ), and optimizing over ṽ, we
have the approximate ML ICFO estimator based on the accurate signal model as:
v̂ = arg min M(ṽ)

(42)

ṽ

with the metric
ˆ (ṽ)
M(ṽ) = R − Â(ṽ)G(ṽ)FL′ h̄

2

.

(43)

If applied to the CUSM, all {Gk (ṽ)} in the above equation are equal to 1, ζ = 0, and the
received signal model becomes
RCUSM = A(v)FL h + Z.

(44)

Then, the CFO estimator under CUSM is the same as (42) except that the metric is
MCUSM (ṽ) = R − ÂCUSM (ṽ)FL ĥCUSM (ṽ)

2

,

(45)

where the estimates ÂCUSM (ṽ) and ĥCUSM (ṽ) are under CUSM and all {Gk (ṽ)} in (36) and
(40) are equal to 1.
C. Proposed Blind ICFO Estimator based on Data Only
In the blind estimation, we assume the transmitted data are independent and identically
distributed with the same average energy and zero mean. The channel response on each tone
is distributed as CN (0, 1). The received signal on the kth tone Rk has zero mean and variance

σR2 k = E[|ak−v |2 ]G2k−v (v) + σ 2 , where E[|ak |2 ] = 1 when k ∈ D and E[|ak |2 ] = 0 when k ∈ V.
We can observe from (8) that the pdf of Rk is zero-mean complex Gaussian for constant amplitude
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modulations and a weighted sum of zero-mean complex Gaussian pdfs with different variances
for multi-amplitude modulations. Thus, we can approximate the received signal on each tone
as a zero-mean complex Gaussian random variable. As Rk and Rl for k 6= l are uncorrelated,
we have R ∼ CN (0, ΣR ) where ΣR is a diagonal covariance matrix with diagonal elements

{σR2 k }. Then the ML estimate of the ICFO v is the integer ṽ that maximizes the above Gaussian
likelihood function of R. Taking the negative of the log of the likelihood function and dropping
constant terms yield the following minimizing metric for ICFO estimation:
X
X
X |Rk |2

|Rk |2
Λ(ṽ) =
log G2k−ṽ (ṽ) + σ 2 +
+
,
2
2
2
(ṽ)
+
σ
G
σ
k−ṽ
k−ṽ∈D
k−ṽ∈D
k−ṽ∈V

(46)

where the first and second items both exploit the effect of energy loss due to CFO and sampling
offset, while the second and third items use the effect of cyclic shifting of all subcarriers caused
by ICFO. The ICFO can be estimated by
v̂ = arg min Λ(ṽ).
ṽ

(47)

Null tone design for a large estimation range: The proposed BE can be applied with any
choice of null tone locations. However, for the scenarios requiring a large ICFO estimation
range, we propose distinctively spaced null tones, where adjacent null tone spacings are all
distinct, in analogy to the distinctively spaced pilot tones used for the same purpose in pilotbased estimators [9], [10]. The underlying rationale is as follows. From the estimation metric
(46), we can see that the overlap amount between the received null tones set {v +V mod N } and
a trial null tones set {ṽ + V mod N } influences the estimation performance and small overlap
amounts for all ṽ 6= v are desirable. The distinctive spacing of adjacent null tones provides such
property, and hence it represents a good null tone design for a large estimation range.
D. Differences from the Existing Methods
Here, we describe differences in terms of operational characteristics between the proposed
methods and the reference methods. The existing pilot-aided and blind ICFO estimators [5]–
[8], [22] are all based on correlation between two successive OFDM symbols while the proposed
estimators use only one OFDM symbol. The above existing methods can be applied only for
PSK modulation and some of them are sensitive to the number of cyclic prefix samples. The
proposed estimators can be applied to both PSK and QAM modulation, and they are also not
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sensitive to the number of cyclic prefix samples. In addition, the proposed PAE also provides
effective channel estimates in addition to the ICFO estimate while the reference PAEs do not.
The existing PAEs are devised under the CUSM which does not capture the energy loss and
distortion induced by CFO and sampling offset. The existing BEs are derived under the AWGN
channel ignoring both the channel fading and CFO-induced energy loss. So their optimality is
not well justified when applied to a multipath fading channel under the accurate signal model.
The proposed estimators are developed based on the multipath fading channel with the accurate
signal model and they exploit the characteristics of energy loss and distortion caused by CFO,
timing offset and sampling offset. Thus, the proposed methods yield better performance than the
reference methods as will be shown in Section VI.
V. P ERFORMANCE A NALYSIS
In this section, we will develop approximate expressions for ICFO estimation failure probability of the proposed PAE and BE under the accurate signal model with perfect timing
synchronization and FCFO estimation. In this case, Gk (v, ζ) = Gk (v, 0) (or simply denoted
Gk (v)) and H̄k (τ, ζ) = Hk .
A. Proposed PAE
In the proposed PAE, for a candidate ICFO ṽ, [Rp1 +ṽ , Rp2 +ṽ , . . . , RpS +ṽ ] are taken as the
received pilots. Let dk (ṽ) = Rk − R̂k (ṽ) denote the distance between the received symbol on the
kth tone Rk and its estimated version R̂k (ṽ) = âk−ṽ (ṽ)Ĥk−ṽ (ṽ)Gk−ṽ (ṽ) for a candidate ICFO
ṽ. If ṽ = v, dk (ṽ) is determined by the receiver noise and the channel estimation error and it
can be assumed as CN (0, Vk (ṽ)). If ṽ 6= v, Ĥ(ṽ) will be totally wrong and â will be detected
based on a random Ĥ(ṽ). In this case, we can also assume dk (ṽ) ∼ CN (0, Vk (ṽ)) where the

value of Vk (ṽ) will differ from the previous case. Denote d(ṽ) = [d0 (ṽ), d1 (ṽ), . . . , dN −1 (ṽ)]T .
Then the distance metric in (43) can be represented as M(ṽ) = d(ṽ)H d(ṽ). Then, we have the
following result.
Proposition 1: Under the assumption of independent {M(ṽ)} at different candidate ICFO
points, the failure probability of the proposed pilot-aided ICFO estimator PPAE

fail

can be

approximated as
PPAE
April 30, 2015

fail

≈1−

Y

ṽ6=v

Q

uM (v) − uM (ṽ)
p
2
2
σM (ṽ) 1 + σM
(v)/σM
(ṽ)

!

(48)
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2
where Q(·) is the Gaussian tail probability, uM (x) and σM
(x) are the mean and variance of

M(x) and their computations are given in Appendix A.
Proof: See Appendix A.
As a wrong ICFO would result in a packet error, the failure probability of ICFO estimator
represents a lower bound on the packet error probability or on the outage probability.
B. Proposed BE
To determine whether the estimation is a success or not, we need to compare the metric
value Λ of the correct ICFO point with those of all K wrong candidate ICFO points (for an
ICFO estimation range of [−⌊K/2⌋, ⌈K/2⌉]). Let {ṽi } denote ordered wrong candidate CFO
points such that ṽi < ṽi+1 , and El1 ,l2 ,··· ,lk represent the event (Λ(ṽl1 ) > Λ(v))&(Λ(ṽl2 ) >
Λ(v))& · · · &(Λ(ṽlk ) > Λ(v)) and P [El1 ,l2 ,··· ,lk ] denote its probability. Define P [Ei ] , Pi and
C(Λ(ṽi ), Λ(ṽi+1 )) , ρi , i = 1, · · · , K − 1 where C(x, y) is the correlation coefficient between x
and y. First, we consider a pair-wise metric difference as

where c(ṽ) =

Λ(ṽ) − Λ(v) = RH Υ(ṽ)R + c(ṽ),
(49)


P
P
log G2k−ṽ (ṽ) + σ 2 −
log G2k−v (v) + σ 2 and Υ(ṽ) is a diagonal

k−ṽ∈D

k−v∈D

matrix with diagonal elements

1
1


2
2 − G2
2,
G
(ṽ)+σ
(v)+σ

k−ṽ
k−v



 2 1 2 − 12 ,
σ
Gk−ṽ (ṽ)+σ
Υk (ṽ) =
1
1


− G2 (v)+σ
2,

σ2

k−v


 0,

k − v ∈ D & k − ṽ ∈ D
k − v ∈ V & k − ṽ ∈ D

(50)

k − v ∈ D & k − ṽ ∈ V
k − v ∈ V & k − ṽ ∈ V.

Denote |A(v)| , diag{|a−v |, · · · , |aN −1−v |}, ΘA (v) , diag{a−v /|a−v |, · · · , aN −1−v /|aN −1−v |},

i.e., A(v) = |A(v)|ΘA (v), where ak−v /|ak−v | is replaced with 0 for ak−v = 0, and q ,

H
H H
H
|A(v)|G(v)FL h+ΘH
A (v)Z. Then, we have Cq , E[qq ] = |A(v)|G(v)FL Ch FL G (v)|A (v)|

+CZ where Ch and CZ are the covariance matrices of h and Z, respectively. By Cholesky
decomposition, we obtain Cq = LLH , where L is a lower triangular matrix with real and
positive diagonal entries. For a multipath Rayleigh fading channel, we have q = Lq̄ where
q̄ ∼ CN (0, I). Next, we have Ῡ(ṽ) , LH Υ(ṽ)L = U(ṽ)H Σ(ṽ)U(ṽ) where U(ṽ) is an unitary

+
−
matrix and Σ(ṽ) is a diagonal matrix with n+
ṽ positive eigenvalues {λi (ṽ)} and nṽ negative

eigenvalues {λ−
i (ṽ)}. Then we have the following result.
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Proposition 2: The probability of ICFO estimation failure for the proposed BE can be approximated as
PBE

fail





= 1 − P E1,2,··· ,K ≈ 1 − P1

K
Y
i=2

ρ2i−1 (1 − Pi ) + Pi



where Pi for ṽi = ṽ is given by
 + −
nṽ nṽ
−
P +
P

λ+
−
+

i (ṽ)λj (ṽ)
c(ṽ)/λ+
i (ṽ)

,
c(ṽ) < 0
ς
(ṽ)ς
(ṽ)λ
(ṽ)e
−

i
j
i
λ+
i (ṽ)+λj (ṽ)
i=1 j=1
P [Λ(ṽ) > Λ(v)] =
nṽ+ n−
−

ṽ
P
P
λ+

−c(ṽ)/λ−
i (ṽ)λj (ṽ)

j (ṽ)
 1−
ςi+ (ṽ)ςj− (ṽ)λ−
(ṽ)e
, c(ṽ) > 0
+
j
λ (ṽ)+λ− (ṽ)
i=1 j=1

i

(51)

(52)

j

and the computation of ρi is given in Appendix C.
Proof: See Appendix B.

VI. P ERFORMANCE C OMPARISON
In this section, the performances of the proposed PAE and BE are compared with those of
DT’s, TS’s and MM’s estimators by Monte Carlo simulation. The simulation settings are as
follows. OFDM has a total of N = 64 subcarriers and Ncp = 10 cyclic prefix samples. A
Rayleigh fading channel is used with 8 taps and a 3 dB per tap decaying power delay profile.
GT (f ) and GR (f ) are the same SRRC filter with a support −10T 6 t 6 10T and a roll-off
factor β = 0.15. The SNR is defined as the average per tone SNR across N tones, and several
QAM modulation orders are considered. In the pilot aided ICFO estimation, 16 pilot tones are
employed with 48 data tones. In blind ICFO estimation, 8 null tones and 56 data tones are used.
A. Impact on FCFO Estimation Performance
As mentioned in Section III-A, the fractional normalized CFO estimation can directly make
use of any one of the existing correlation-based estimators [3]–[6]. We simply use pilot-only
signal with two identical time-domain segments for the fractional normalized CFO estimation,
thus the estimator is based on the correlation of the two received pilot signal segments. We
test the estimation performance with CFO of [0.5, 1.5, 3.5, 7.5] at SNR of 5 and 10 dB under
106 channel realizations. The MSEs of the fractional normalized CFO are shown in Fig. 4.
The results show that the correlation based fractional CFO estimator is insensitive to timing and
sampling offsets. This is expected as they do not affect the repetitive structure of the received pilot
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Figure 4. FCFO estimation performance of a correlation-based estimator under the accurate signal model

signal. The MSE just slightly increases with the CFO since the actual received signal suffers the
energy loss. Such energy loss can be relieved by inserting null tones in place of pilots around
band edges. This is shown in Fig. 4. The solid curve corresponds to using N/2 = 32 pilot
tones as typically considered under the CUSM. Comparatively, by putting 8 guard tones on
each band edge (still possessing identical pilot signal segments) to approximately accommodate
vmax = 8, namely, using 24 pilots instead, the MSE curve (the dashed line in the figure) becomes
approximately flat within the considered CFO range. We notice that the performance difference
between the two pilot setups, although noticeable, is not significant due to the limited CFOinduced energy loss given the normalized CFO being below 8 in this case. This result also
supports that the correlation-based estimators are robust to different underlying signal models
as discussed in Section III-A. Furthermore, band edge null guard tones may be beneficial if the
range of potential CFO is large.
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B. Performance Comparison between Proposed and Existing ICFO Estimators
P
For our estimator implementation, we use Gn (v) ≈ 1k=−1 GT ( n−kN
)GR ( n+v−kN
), i.e., with
NT
NT

3 dominant terms only, and L′ = 8 if not mentioned explicitly. The use of Gn (v) = E[Gn (v, ζ)]
gives almost the same simulation results and hence they are omitted.

Fig. 5 presents the probability of failure of the considered PAEs in the multipath Rayleigh
fading channel under perfect timing synchronization and no fractional CFO. We keep the same
pilot energy for all the PAEs (i.e., Ep = 2). As can be seen, the proposed PAE performs much
better than MM’s PAE and TS’s PAE because their developments correspond to AWGN channel
and neglect energy loss information. The proposed PAE also outperforms DT’s PAE substantially
and the reasons are as follows. The proposed PAE uses knowledge of both the CFO-induced
energy loss (to be illustrated in Fig. 6) and limited channel delay spread while DT’s PAE
neglects those factors. The proposed PAE exploits both magnitude and phase information of the
transmitted symbol constellation while DT’s PAE only uses the phase information. The CFOinduced energy loss yields a model mismatch for DT’s PAE which still remains even if SNR
becomes large, causing a performance floor. The performances of the proposed PAE and DT’s
PAE under sampling offset are also shown in dashed curves; as mentioned in Section IV-A,
sampling offset causes additional energy loss on edge tones and degrades performance of both
estimators.The proposed PAE is more sensitive to sampling offset, however it still outperforms
other estimators even when the sampling offset increases to its maximum possible value 0.5.
In Fig. 6, we show the performance of the proposed PAE using versus ignoring the energy
loss information in the accurate signal model under perfect timing synchronization and no
fractional CFO. The results clearly show that using the energy loss information improves the
proposed PAE’s performance. When the CFO value increases, the received filter output signal
has more energy loss which will lead to performance degradation. However, if we use the CFOinduced energy loss information as we did in the proposed PAE, we can compensate for the
loss substantially. As we can see, when the normalized CFO value changes from 4 to 8, the
performance degradation in terms of SNR loss at 10−4 failure probability is about 4 dB if energy
loss is ignored and only about 1 dB if energy loss is incorporated.
Fig. 7 gives the performance comparison between the proposed PAE and DT’s PAE in the
presence of different timing and sampling offsets and ICFOs. Comparison between the two sub-
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Figure 5. Performance comparison of different ICFO estimators under the accurate signal model with v = 4

plots shows that timing offset τ affects the performance of the proposed PAE. The reason is
that the proposed PAE uses the knowledge of limited channel delay spread which is affected by
both timing and sampling offsets. As mentioned in Section IV-A, the effective channel length L′
can be set appropriately to alleviate the impact of timing and sampling offsets. A longer length
L′ is needed to absorb the effect of timing and sampling offsets in the proposed PAE but it
also increases the noise level of the channel estimate. At low SNR where the increased noise
level is more dominant than the tail channel taps with very weak energy, L′ = L gives better
performance. At high SNR where the tail channel taps are more significant than the increased
noise level, a longer length L′ = L + τ yields a better result.
Fig. 8 presents the effect of residual fractional CFO on the proposed PAE and DT’s PAE
under perfect timing synchronization as well as under a more practical scenario with uniformly
distributed random timing offset, sampling offset, and CFO (τ ∈ {1, 2}, ζ ∈ [−0.125, 0.125], and
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Figure 6. ICFO estimation performances of the new PAE using versus ignoring the energy loss information under the accurate
signal model.

ε ∈ [3.5, 4.5]). The proposed PAE uses L′ = 8 at low SNR (≤ 6dB) and L′ = 10 at high SNR
(> 6dB). The FCFO estimator in [7] is adopted to compensate for the FCFO. Both methods
experience slight performance degradation if compared to the case with perfect fractional CFO
compensation. The proposed PAE still exhibits significant gains over DT’s PAE.
Fig. 9 shows the performance of the proposed PAE and DT’s PAE for several QAM data
modulation orders (under τ = 0, uniform ζ ∈ [−0.125, 0.125], no residual FCFO). Because DT’s
PAE assumes PSK constellation, it shows degraded performance in high order QAM systems.
However, our proposed PAE performs well in both low and high order QAM systems, with
just slight performance degradation for high order QAM at high SNR. Fig. 9 also compares the
analytical approximate failure probability of the proposed PAE with the simulation result. At low
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Figure 7. Performance comparison between the proposed PAE and DT’s PAE in the presence of timing and sampling offsets
at v = 4.

SNR (≤ 6dB), (56) and (48) are used to calculate the analytical approximate failure probability.
The detection performance of data tones improves as SNR increases, and thus (60) is used at
high SNR (> 6dB). We observe that the analytical result is within about 1.5 dB SNR of the
simulation result. The performance gap is due to approximation inaccuracy in applying central
limit theorem for the distance metric and in the independence assumption between distance
metrics in developing the analytical result. As simulation results show that higher order QAM
experiences just small performance degradation, the analytical result derived for 4-QAM can
still be used as an approximate one for higher order QAM.
Fig. 10 compares the probability of failure of the proposed BE with DT’s BE under different
ICFO values. Fig. (a) is under perfect timing synchronization and no FCFO. Fig. (b) is for a
more practical scenario with uniformly distributed random timing offset, sampling offset, and
CFO (same setting as in Fig. 8). The energy loss caused by sampling offset and the inter-carrier
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Figure 8. Effect of residual FCFO on ICFO estimation performance of the new PAE and DT’s PAE.

interference caused by FCFO degrade performance of both BEs slightly. The performance results
with different sampling offsets are almost the same, so we omit the corresponding plots. When
the actual ICFO value increases, the performance of DT’s BE degrades as we discussed in
Section III-B. However, the performance of the proposed BE improves when the actual ICFO
value increases. The reason is as follows. A large value of ICFO causes a serious energy loss
on some tones and the proposed BE exploits that aspect by regarding those tones as attenuated
tones (similar to null tones) in contrast to treating them as unknown data tones as in the existing
BEs. In blind estimation of CFO, null tones play a similar role as pilots in PAE. Thus, the
performance advantage of the proposed BE over the existing BEs is more pronounced at larger
ICFO values.
Fig. 11 shows the effects of QAM data modulation order on the performance of the proposed
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Figure 9. Effects of QAM order on the performance of the new PAE and DT’s PAE, and comparison between the simulation
and approximate analytical results of the new PAE (τ = 0, uniform random ζ ∈ [−0.125, 0.125]).

BE and DT’s BE (under τ = 0, uniform ζ ∈ [−0.125, 0.125], no residual FCFO). Because
DT’s BE assumes PSK modulation, it fails in high order QAM systems. However, our proposed
BE maintains similar performance in both low and high order QAM systems with just slight
degradation for high order QAM. Fig. 11 also compares the analytical approximate failure
probability of the proposed BE with the simulation result. The analytical result for the proposed
BE holds for different QAM orders and it shows a close match with the simulation result for
4-QAM and slight degradation in accuracy for high order QAM at high SNR. This is due to the
Gaussian assumption of the received signal in the derivation which is accurate for 4-QAM but
an approximation for high order QAM.
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Figure 10. Effects of different CFO values on the estimation performances of the new BE and DT’s BE

C. Complexity Comparison of the ICFO Estimators
Table II presents the complexities of the considered PAE and BE estimators. For the system
setting as in the simulation, for each value of ṽ, the proposed PAE requires 6063 operations while
DT’s, MM’s, and TS’s PAEs need 995, 1024, and 225 operations; the proposed BE requires 374
operations while DT’s, MM’s and TS’s BEs need 895, 447 and 1568 operations, respectively.
Note that the proposed PAE has higher complexity than the others (but at the same O(n) level
except TS’s PAE) but it also provides channel estimates in addition to better ICFO estimates.
The proposed BE achieves the complexity reduction and performance improvement at the same
time, if compared to the reference methods. Furthermore, both of the proposed methods can be
applied with a broader class of modulation schemes than the reference methods.
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Figure 11. Effects of QAM order on the performance of the new BE and DT’s BE, and comparison between the simulation
and approximate analytical results of the new BE (τ = 0, uniform random ζ ∈ [−0.125, 0.125]).

VII. C ONCLUSIONS
This paper presents an accurate signal model for OFDM systems with a receiver matched
filter in the presence of CFO, timing offset and sampling offset, and based on this model this
paper investigates the effects of these offsets on CFO estimation. CFO causes signal distortion
and band-edge energy loss while sampling offset yields additional band-edge energy loss and
channel energy leakage to adjacent channel taps. Our investigations show that correlation-based
estimators are only affected by the energy loss due to CFO and sampling offset while maximum
likelihood based estimators or their variants which are developed under the commonly used signal
model deviate from their optimality due to all of the above factors. We have also discussed pilot
design conditions to avoid or lessen the band-edge energy loss. Furthermore, we have developed
new pilot-aided and blind integer normalized CFO estimators based on the accurate signal model
and introduced distinctively spaced null tones in blind estimation. We have also illustrated that in
the presence of timing and sampling offsets, the effective channel has a longer length (in delay
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Table II
C OMPLEXITY OF ESTIMATORS AT EACH CANDIDATE ICFO VALUE
Algorithm

Real products

Real additions

New PAE

(4L + 12)N

(4L + 6)N + (4L − 2)S

+(4L − 6)S − 6V

−2V − 2L − 1

DT’s PAE

4(2N − V + 1)

8N − 2S − 6V − 1

MM’s PAE

4(2N + S − V )

6N + 4S − 4V

TS’s PAE

8S + 2

6S − 1

New BE

3N

3N − V − 2

DT’s BE

8(N − V )

8(N − V ) − 1

MM’s BE

4(N − V )

4(N − V ) − 1

TS’s BE

18(N − V )

10(N − V )

domain) and hence any channel estimator which exploits the limited channel delay would need to
incorporate this, especially at high SNR. Analytical approximate failure probability expressions
for integer normalized CFO estimation of the proposed pilot-aided and blind estimators are also
presented. Simulation results corroborate that the proposed estimators have broader applicability
(to both PSK and QAM) and better estimation performance than the existing ones.
A PPENDIX A

Here, we prove the Proposition in Section V-A. We have E [d∗k (ṽ)dk+l (ṽ)] = E (Rk − R̂k (ṽ))∗

(Rk+l − R̂k+l (ṽ)) = 0 for l 6= 0, due to zero-mean independent {ak−ṽ }. Then, with dk (ṽ) ∼

CN (0, Vk (ṽ)), we have independent {dk (ṽ)} for different k, and by the central limit theorem, we

can approximate M(ṽ) as Gaussian. The covariance matrix V (ṽ) of d(ṽ) is a diagonal matrix
with diagonal elements {Vk (ṽ)}. From d(ṽ) ∼ CN (0, V (ṽ)), we obtain that M(ṽ) has the mean
P
P 2
2
uM (ṽ) = Tr(V (ṽ)) =
Vk (ṽ) and variance σM
(ṽ) = Tr(V (ṽ)2 ) =
Vk (ṽ). Thus, the pdf
k

k

2
of M(ṽ) is fM (ṽ) = N (uM (ṽ), σM
(ṽ)). For ṽ 6= v, the pair-wise probability of failure (giving

a wrong ICFO estimate) can be calculated as:
Z t

Z ∞

fM(v) (t)
P M(v) > M(ṽ) =
fM(ṽ) (u)du dt
−∞
−∞


Z ∞
t − uM (ṽ)
) dt.
≈
fM(v) (t) 1 − Q(
σM (ṽ)
−∞
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Using the fact that E [Q(u + λx)] = Q



√ u
1+λ2

P (M(v) > M(ṽ)) ≈ 1 − Q



for x ∼ N (0, 1) [25], we can simplify (53) as
!
uM (v) − uM (ṽ)
p
.
(54)
2
2
σM (ṽ) 1 + σM
(v)/σM
(ṽ)

For a different candidate CFO ṽ, a different set of received tones will be used to estimate the
channel, so we can assume the estimated symbols on the kth tone R̂k (ṽ) for different values
of candidate ICFO ṽ are independent. Then the metric values for different values of candidate
CFO ṽ can also be approximated as independent. Then we have
Y
PPAE fail ≈ 1 −
(1 − P (M(v) > M(ṽ))).

(55)

ṽ6=v

This completes the proof.
In the following, Vk (ṽ) is computed. We have


h
i
n
o
2
2
2
∗
Vk (ṽ) = E |Rk − R̂k (ṽ)| = E |Rk | − 2R Rk R̂k (ṽ) + R̂k (ṽ)

(56)

where E [|Rk |2 ] = G2k−v (v)E[|ak−v |2 ] + σ 2 . In systems with boosted pilots, E[|ak |2 ] = Ep >
1 when k ∈ P and E[|ak |2 ] = 1 when k ∈ D.

The third item in (56) can be written as
i
h
 H

2
2
(ṽ)AH
E |R̂k (ṽ)| = G2k−ṽ (ṽ)E |yk−ṽ
p Rp (ṽ)âk−ṽ (ṽ)|




H
(ṽ)E Rp (ṽ)RH
= E |âk−ṽ (ṽ)|2 Ep G2k−ṽ (ṽ)yk−ṽ
p (ṽ) yk−ṽ (ṽ).

(57)



When received data tones are mistaken as pilot tones for a candidate ICFO ṽ, E Rp (ṽ)RH
(ṽ)
=
p

G2p+ṽ (v) + σ 2 I. When a candidate CFO ṽ corresponds to the scenario with the correct receive

pilot tones set but with a wrong order due to a cyclic shift (it occurs when cyclically equi-spaced


2
2
2
pilots are used), E Rp (ṽ)RH
p (ṽ) = Ep Gp+ṽ (v) + σ I. For k ∈ D, we have E[|âk (ṽ)| ] = 1.

For k ∈ P, we have âk (ṽ) = ak and E[|âk (ṽ)|2 ] = Ep .

In the performance analysis for PAE, we only consider 4-QAM. Since ãk (ṽ) for k ∈ D is
mapped to âk (ṽ) by means of the nearest modulation constellation point, the phase difference
between ãk (ṽ) and âk (ṽ) is always within the range [− π4 , π4 ) for 4-QAM when k ∈ D. Since
Rk+ṽ = ãk (ṽ)Ĥk (ṽ)Gk (ṽ) from (40) and R̂k+ṽ (ṽ) = âk (ṽ)Ĥk (ṽ)Gk (ṽ), the phase difference
between Rk and R̂k on a data tone is also always within the range [− π4 , π4 ) for 4-QAM. When
ṽ 6= v, the received tones used in the pilot-based channel estimation correspond to random
data instead of pilots, and hence the phase of ãk (ṽ) is uniformly distributed in [−π, π) while
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the phase difference between ãk (ṽ) and âk (ṽ) is uniformly distributed within [− π4 , π4 ). Then
the phase difference between R̂k (ṽ) and Rk is also uniformly distributed within [− π4 , π4 ). Since
|âk (ṽ)| = 1, |ãk (ṽ)| is independent of |âk (ṽ)| and |Rk | is independent of |R̂k (ṽ)|. Then, the
second item in (56) becomes
h n
oi 8 Z π4 



∗
E |Rk | · E |R̂k (ṽ)| cos θ dθ, for k − ṽ ∈ D and ṽ 6= v, (58)
E 2R Rk R̂k (ṽ) =
π 0
q 



where |Rk | and |R̂k (ṽ)| are independent Rayleigh random variables with E |Rk | = 21 πE |Rk |2
q 

1
and E|R̂k (ṽ)| = 2 πE |R̂k (ṽ)|2 . If k − ṽ = pi ∈ P, (58) dose not hold because âk−ṽ is given

by the known pilot api and no detection is performed on this tone. In this case, we can compute
the second term in (56) by
h n
oi

∗
2
E R Rk R̂k (ṽ) =R Ep Gk−ṽ (ṽ)eH
i yk−ṽ (ṽ)E[|Rk | ]


2
2
2
=R Ep Gk−ṽ (ṽ)eH
i yk−ṽ (ṽ) Gk−v (v)E[|ak−v | ] + σ

(59)

where ei is an N × 1 vector of which the ith element is 1 and all the others are zeros.

If ṽ = v, we have Ĥk (v) = Hk + ykH (v)AH
p Zp (v), and together with an assumption of

âk (v) = ak at high SNR, we can represent Vk (v) as
i
i
h
h
Vk (v) =E |Rk − R̂k (v)|2 = E |ak−v Gk−v (v)Hk−v + Zk − Ĥk (v)Gk−v (v)âk−v (v)|2


2
=E |Zk − ykH (v)AH
p Zp (v)Gk−v (v)âk−v (v)|



=E |Zk |2 − 2R Zk â∗k−v (v)Gk−v (v)ZH
p (v)Ap yk (v)


H
(v)yk−v (v).
+ σ 2 E |âk−v (v)|2 Ep G2k−v (v)yk−v

(60)

If k − v ∈ D, we have E [|âk−v (v)|2 ] = 1 and Zk is independent of Zp (v), which yields
 

E 2R Zk â∗k (v)Gk−v (v)ZH
= 0. If k − v = pi ∈ P, âk−v (v) = ak−v (v) which
p (v)Ap yk (v)
 

is independent of Zk and Zp (v), and we have E 2R Zk â∗k (v)Gk−v (v)ZH
=
p (v)Ap yk (v)

H
2σ 2 Ep R eH
i yk (v)Gk−v (v) . We use (56) to approximate the variance of the distance square

metric on data tones at low SNR (as the data detection results are not so reliable) and (60) at
high SNR (due to reliable data detection results).
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A PPENDIX B
Proof for Proposition in Section V-B is given below. Define q̂(ṽ) = U(ṽ)q̄. Then we can
express (49) as
Λ(ṽ) − Λ(v) = q̂H (ṽ)Σ(ṽ)q̂(ṽ) + c(ṽ)
= α1 − α2 + c(ṽ)
+

where α1 =

nṽ
P

i=1

(61)

−

2
λ+
i (ṽ)|q̂(ṽ, i)| ,

α2 = −

nṽ
P

i=1

2
λ−
i (ṽ)|q̂(ṽ, i)| , and q̂(ṽ, i) is the ith element of q̂(ṽ).

Since q̂ ∼ CN (0, I), α1 and α2 are independent and their pdfs can be obtained from [26] as
+

fα1 (x) =

nṽ
X

ςi+ (ṽ)e

−

x
λ+ (ṽ)
i

−

x
λ− (ṽ)
i

, x > 0,

(62)

, x > 0,

(63)

i=1
−

fα2 (x) =

nṽ
X

ςi− (ṽ)e

i=1

where

ςi+ (ṽ)

=

1
λ+
i (ṽ)

nṽ+

Q

k=1,k6=i

λ+
i (ṽ)
( λ+ (ṽ)−λ
)
+
i
k (ṽ)

and

ςi− (ṽ)

=

1
λ−
i (ṽ)

n−
ṽ

Q

k=1,k6=i

λ− (ṽ)

i
( λ− (ṽ)−λ
). Then a straight
−
(ṽ)
i

k

computation from (61), (62), and (63) yields P [Λ(ṽ) > Λ(v)] as in (52).
Next, we know that


P E1,2




 PP,
ρ1 = 0
1 2
≈
 min(P1 , P2 ), ρ1 = 1.

(64)

The proposed BE uses a set of distinctively spaced null tones and its feature is that Λ(ṽi ),
ṽi 6= v, contains similar small number of overlaps between the received null tones set and a
trial null tones set for adjacent values of i. Thus, the difference between Pi and Pi+1 is small,
e.g., min(P1 , P2 ) ≈ P1 . Based on (64) which gives probabilities at two end points of ρ1 , we
can approximate the probability at an intermediate point of ρ1 as a quadratic interpolation in the
form aρ21 + b which yields



P E1,2 ≈ P1 ρ21 (1 − P2 ) + P2 , 0 < ρ1 < 1.

(65)

Next, we have




 

P E1,2,3 = P E1,2 P E3 |E1,2 .

Since Λ(ṽ3 ) is more correlated with Λ(ṽ2 ) than Λ(ṽ1 ), we can approximate that


P E3 |E1,2 ≈ ρ22 (1 − P3 ) + P3 ,
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and substituting (67) into (66) we obtain




P E1,2,3 ≈ P1 ρ21 (1 − P2 ) + P2 ρ22 (1 − P3 ) + P3 .

(68)

Thus, we can deduce that the estimation success probability of the proposed BE is
PBE

success

K
Y


= P E1,2,··· ,K ≈ P1 (ρ2i−1 (1 − Pi ) + Pi )

(69)

i=2

which completes the proof.

A PPENDIX C
For the performance analysis of the proposed BE, the correlation coefficient between Λ(ṽi )
and Λ(ṽi+1 ) can be computed as


E (Λ̂(ṽi ) − E[Λ̂(ṽi )])(Λ̂(ṽi+1 ) − E[Λ̂(ṽi+1 )])
ρi =
σΛ̂ (ṽi )σΛ̂ (ṽi+1 )

(70)

where
Λ̂(ṽi ) = [A(v)G(v)FL h + Z]H Υ̂(ṽi ) [A(v)G(v)FL h + Z] ,

 2 1
, k − ṽi ∈ D
Gk−ṽ (ṽi )+σ 2
i
Υ̂k (ṽi ) =
 1,
k − ṽi ∈ V,
σ2
q
σΛ̂ (ṽi ) = E[Λ̂2 (ṽi )] − E[Λ̂(ṽi )]2 .

(71)
(72)

(73)

We know that A(v)AH (v) = I′ (v) where I′ (v) is an N × N diagonal matrix with the ith
diagonal element being equal to 1 for i − v ∈ D and 0 for i − v ∈ V. Denote Ψṽi =
H
′
FH
L G (v)I (v)Υ̂(ṽi )G(v)FL and ψṽi (l, j) as its lth row jth column element. Then we have

E[Λ̂(ṽi )] = Tr(Ch Ψṽi ) + Tr(Υ̂(ṽi ))σ 2 ,
E[Λ̂2 (ṽi )] = V1 + 2V2 + 2V3 + V4

(74)
(75)

H
H
where V1 = E[hH Ψṽi hhH Ψṽi h], V2 = E[hH Ψṽi hZH Υ̂(ṽi )Z], V3 = E[hH FH
L G (v)A (v)

Υ̂(ṽi ) ZZH Υ̂(ṽi )A(v)G(v)FL h], and V4 = E[ZH Υ̂(ṽi )ZZH Υ̂(ṽi )Z]. For a uncorrelated multipath Rayleigh fading channel with the power delay profile of {σh2l }, we have
V1 =

L
L
X
X

[ψṽi (l, l)ψṽi (j, j) + ψṽi (l, j)ψṽi (j, l)]

l=1 j=1,j6=l
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·

Similarly, we have

σh2l σh2j

+2

L
X

ψṽ2i (l, l)σh4l ,

(76)

l=1

V2 =Tr(Ch Ψṽi )Tr(Υ̂(ṽi ))σ 2 ,


H
′
2
2
V3 =Tr Ch FH
G
(v)I
(v)
Υ̂
(ṽ
)G(v)F
i
L σ ,
L


V4 = Tr(Υ̂(ṽi ))Tr(Υ̂(ṽi )) + Tr(Υ̂2 (ṽi )) σ 4 .

(77)
(78)
(79)

V
h
i
X
E Λ̂(ṽi )Λ̂(ṽi+1 ) = 2
ψṽi (l, l)ψṽi+1 (l, l)σh4l
l=1

+

V
X

V
X

l=1 j=1,j6=l



ψṽi (l, l)ψṽi+1 (j, j) + ψṽi (l, j)ψṽi+1 (j, l)



· σh2l σh2j + Tr(Ch Ψṽi+1 )Tr(Υ̂(ṽi+1 ))σ 2


H
′
2
+ 2Tr Ch FH
G
(v)I
(v)
Υ̂(ṽ
)
Υ̂(ṽ
)G(v)F
i
i+1
L σ
L


+ Tr(Υ̂(ṽi ))Tr(Υ̂(ṽi+1 )) + Tr(Υ̂(ṽi )Υ̂(ṽi+1 )) σ 4
+ Tr(Ch Ψṽi )Tr(Υ̂(ṽi ))σ 2 .

(80)

Substituting (80) and (75) into (70), we obtain ρi .
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