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Abstract—We analyze the ergodic capacity of MISO/SIMOOFDM systems with arbitrary antenna and channel tap correlations. Existing works in literature consider the Kronecker model
of antenna and channel tap correlations for capacity analysis.
However, the applicability of such a model holds for not all
practical scenarios. Here we assume a generalized correlation
model and the Kronecker model is a special case of our model.
We analyze the additional conditions beyond that needed by the
Kronecker model for maximizing capacity and the ones that
reduce capacity and derive a closed-form capacity expression.
Our results are validated using Monte-Carlo simulations.
Index Terms—MISO, SIMO, OFDM, Capacity, Correlation

I. I NTRODUCTION
Multi-antenna systems like multiple input multiple output
(MIMO), multiple input single output (MISO), and single
input multiple output (SIMO) along with orthogonal frequency
division multiplexing (OFDM) are popularly used for improving different aspects of communication systems like channel
capacity, diversity and bit error rates. The channel capacity
has been among the most important performance metrics to
characterize these systems.
The capacity of multi-antenna systems for spatially uncorrelated channels with uncorrelated taps (in delay domain) was
found in [1] while [2] and [3] dealt with finding the capacity
assuming transmit and/or receive antenna correlation in a
flat fading MIMO channel. The capacity under antenna and
channel tap correlation in frequency selective channels was
considered in [4]. In the above works as well as other existing
works in literature where an exact closed-form solution for the
ergodic capacity is obtained, the correlation model considered
is the so called Kronecker model where the transmit, receive
and tap correlations can be decoupled. While it has been shown
in [5], [6] that this model holds in many cases, still in practical
scenarios, there can be cases where this model does not hold
[7], [8]. According to [8], the Kronecker model predicts lower
capacity particularly when there exists considerable correlation
at the transmit and/or receive antenna ends. In [9], the authors
considered a generalized correlation model for capacity analysis (without a closed-form capacity expression) and performed
capacity analysis under large number of transmit and receive
antennas approximation or for medium number of receive
antennas under an approximation on the eigenvalues.
Several recent works have focussed on other aspects of
capacity - these include capacity under Rician channel models
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[10]–[12], capacity under space time codes [13], the effect of
interference on multi-antenna networks [14], capacity under
per-antenna power constraint [15], [16], capacity under quality
of service constraint [17], capacity under analog imperfections
[18] and secrecy capacity [19] to name a few. Capacity
analysis while using Kronecker model of correlation was done
using character expansions in [20]. In [21], an asymptotic
approach was used to find the covariance matrix for achieving
capacity under Kronecker channel model.
In this work, we consider a general case of antenna and tap
correlation under frequency-selective Rayleigh fading channels. We analyze the capacity expression at high and low SNR
regimes for arbitrary number of transmit/receive antennas
for MISO/SIMO-OFDM respectively, and find the closedform capacity expression for all SNR regions. In deriving
the above capacity expression, we utilize the probability density function (pdf) of a sum of weighted chi-square random
variables which was developed in [22]. In [22], the authors
dealt with carrier frequency offset estimation without any
capacity analysis, whereas the current work focuses on the
ergodic capacity analysis of a MISO/SIMO-OFDM system
with arbitrary correlation. The case of same tap correlations
for all antenna pairs which is a common model in existing
works is a special case of our model. Due to the general nature
of our analysis, all correlation possibilities that can exist in
MISO/SIMO frequency selective channels are included in our
model.
Notations: (i) bold font: vector/matrix, (ii) regular font:
scalar, (iii) (·)T , (·)H : transpose and hermitian respectively,
(iv) |(·)|: denotes the absolute value if operated on a complex number and the cardinality if operated upon a set, (v)
I N : the identity matrix of size N , (vi) 0N1 ×N2 : all zeros
matrix of size N1 × N2 , (vii) CN (m, C): complex Gaussian
with mean vector m and covariance matrix C, (viii) i.i.d.:
independent and identically distributed, (ix) tr{A}: trace of
matrix A, (x) ⊗: Kronecker product, (xi) (·)! denotes factorial,
in
(xii) diag {Ai }i=i
: a block diagonal matrix with matrices
1
Ai1 , . . . , Ain on the block diagonal locations, (xiii) log:
logarithm to base 2 and (xiv) ln: natural logarithm.
II. S YSTEM M ODEL
We consider a MISO-OFDM system with M transmit
antennas or a SIMO-OFDM system with M receive antennas
and N subcarriers. We use NT to denote the number of
transmit antennas; thus NT = M for MISO-OFDM and
(l)
NT = 1 for SIMO-OFDM. Let hi denote the lth tap channel
gain corresponding to the ith transmit antenna for MISOOFDM and the ith receive antenna for SIMO-OFDM. Let
L be the maximum of the number of channel taps among
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the various transmit-receive antenna pairs. Then we define
(l)
(l)
(l)
(L−1) T
(1)
(0)
] , h(l) = [h1 , h2 , . . . , hM ]T
hi = [hi , hi , . . . , hi
(0)T
(1)T
(L−1)T T
and H = [h
,h
,...,h
] .
In our model, the channel autocorrelation matrix RH ,
E[HH H ] can have arbitrary entries as long as it is a valid
autocorrelation matrix. In contrast, the Kronecker model is of
the specific form RH = Rtap ⊗ RTT for MISO and RH =
Rtap ⊗ RR for SIMO where Rtap = E[hi hH
i ], i = 1, . . . , M
and RT = RR = E[h(l) h(l)H ], l = 0, . . . , L − 1. Let F be
the N × N unitary Discrete Fourier Transform (DFT) matrix,
F L the matrix with the first L columns of F , F√
L,k the kth
row of F L and f k the kth row of F . Let Hi,k = N F L,k hi
denote√the channel gain on the kth tone of channel hi , where
factor N arises due to our definition of F as the unitary DFT
T
matrix. Define H k = [H1,k , H2,k , . . . , HM,k
√] as the kth tone
MISO/SIMO channel vector. Then, H k = N [F L,k ⊗I M ]H
and
H
RHk = E[H k H H
k ] = N [F L,k ⊗ I M ]RH [F L,k ⊗ I M ]. (1)

We use xi to denote the N × 1 time domain data vector at the
ith transmit antenna (i = 1 for SIMO), Xi,k the corresponding
kth tone data symbol and X k , [X1,k , X2,k , . . . XNT ,k ]T .
For MISO-OFDM, after cyclic prefix removal, we can write
the received signal vector as
T

y = [H (1) , H (2) , . . . , H (M) ] xT1 , xT2 , . . . , xTM + w (2)

where H (i) is the convolution matrix (circulant) corresponding
to hi with the first row being [hTi , 01×(N −L) ] and each of the
remaining rows right shifted circularly by one position relative
2
to the previous row and w is distributed as CN (0N ×1 , σw
I N ).
Taking DFT on (2) gives
Yk = H Tk X k + Wk , k = 0, 1, . . . , N − 1
(3)
√
√
where Yk = N f k y and Wk = N f k w are the received
signal and noise on the kth tone.
For SIMO-OFDM, we have
Y k = H k X1,k + W k
(4)
√
where Y k =
N [f k y 1 , . . . , f k y M ]T and W k =
√
N [f k w 1 , . . . , f k w M ]T with y i and wi being the N × 1
time domain received vector and noise vector at the ith receive
antenna, respectively.
For both MISO-OFDM and SIMO-OFDM, we stack the
received signal/vector over all tones and write as
T

Ȳ

= H̄ X̄ + W̄

(for MISO-OFDM)

(5)

Ȳ

= H̄ X̄ + W̄

(for SIMO-OFDM)

(6)

where Ȳ
,
[Y T1 , Y T2 , . . . , Y TN −1 ]T , X̄
,
T
T
T
[X 1 , X 2 , . . . , X N −1 ], W̄ , [W T1 , W T2 , . . . , W TN −1 ]T
and we define the N M × N block diagonal matrix
−1
H̄ , diag {H k }N
k=0 . We note that for MISO-OFDM case,
Y k and W k in the above definition are scalars, and hence
equal to Yk and Wk respectively and for SIMO-OFDM case,
X k is a scalar and hence equal to X1,k .

III. E RGODIC C HANNEL C APACITY
When the channel is unknown at the transmitter, the capacity
of this system is achieved for i.i.d. circularly symmetric
complex Gaussian input symbols, i.e., equal power must be
allocated at all transmit antennas and across all tones [1],
PX
I Nd NT ), where
[23], [24]. Then X̄ ∼ CN (0Nd NT ×1 , N
T
H
PX = E[X k X k ], k ∈ I, is the average total transmit energy
on a data tone, I denotes the set of data tones and Nd , |I|.
Then, the ergodic capacity (normalized per OFDM subcarrier)
for MISO/SIMO-OFDM systems can be written as [4], [9]
!)#
"
(
H
1
H̄ d H̄ d
C = E log det I Nd +
(7)
N
ρ
where H̄ d , diag {H k }k∈I is similar to H̄ but consists of
only the channel vectors corresponding to the data tones and
H̄ H H̄
N N σ2
ρ , TPX w . Noting that I Nd + dρ d is a diagonal matrix,
we can simplify the above as
!#
"
1 X
HH
k Hk
.
(8)
C=
E log 1 +
N
ρ
k∈I

Let RHk = U k Σk U H
k be the “truncated” eigenvalue decomposition of RHk (which has rank rk ). Here Σk is a diagonal
matrix with only the non-zero eigenvalues of RHk as its
diagonal entries, U k consists of the first rk columns of the
unitary matrix taken from a standard eigenvalue decomposition
of RHk and U H
k U k = I rk . Thus, H k can be expressed as
1
H k = U k Σk2 H̃ k where the rk × 1 vector H̃ k consists of
i.i.d. CN (0, 1) entries. Using this result in (8) gives
!#
"
H
H̃ k Σk H̃ k
1 X
.
(9)
E log 1 +
C=
N
ρ
k∈I

We now analyze this expression in high and low SNR regimes
where SNR , NPσX2 .
w

A. High SNR:
At high SNR, we can approximate (9) as
!#
"
H
1 X
H̃ k Σk H̃ k
C ≈
E log
N
ρ
k∈I
!#
"
P
rk
2
1 X
i=1 λk,i |[H̃ k ]i |
E log
=
N
p

(10)
(11)

k∈I

where [H̃ k ]i is the ith element of vector H̃ k and λk,i is
the ith diagonal element of Σk . Noting that H̃ k consists of
CN (0, 1) entries, the log term in the right-hand side (RHS) of
(11) is symmetric about λk,i , i = 1, 2, ...rk , since reordering
these eigenvalues does not change the result. Also the term
is a joint concave function over λk,i , i = 1, 2, ..., rk . Under
the constraint that tr{Σk } = tr{RHk } is constant, uniform
eigenvalues maximize the log term in RHS of (11) [4], [25].
Therefore, if we denote the uniform eigenvalues of Σk
k)
, λk , and the
as λk,1 = λk,2 = ... = λk,rk = tr(Σ
rk

Copyright (c) 2013 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication.
3

corresponding capacity by C1 , then from (11) we have,
!#
"
H
1 X
H̃ k H̃ k
C1 ,
E log
N
ρ
k∈I



tr(Σk )
1 X
.
(12)
log
+
N
rk
k∈I

The first term of (12) can be simplified further as follows:
"
!#
H
H̃ k H̃ k
E log
= E [ log (vk )] − log(ρ)
(13)
ρ
H

where vk , H̃ k H̃ k is a central Chi-square random variable with 2rk degrees of freedom and its pdf is fvk (v) =
1
rk −1 −v
e , v ≥ 0, where Γ(n) = (n − 1)! is the Gamma
Γ(rk ) v
function. Therefore,
E[log(vk )] =
Z ∞
log(e)
0

1
v rk −1 e−v ln(v)dv = ψ(rk )log(e) (14)
Γ(rk )

whereP
ψ(rk ) is the Euler’s psi function given as ψ(k + 1) =
k
−c + n=1 n1 and c = 0.577215 is the Euler’s constant [26,
4.352-1,8.365-4]. Using these results, we can rewrite (12) as
log(e) X
C1 ,
[ψ(rk ) − ln(rk ) − ln(ρ)]
N
k∈I
log(e) X
+
[ ln (tr(Σk ))] .
(15)
N

Kronecker model. Thus for the arbitrary correlation case, our
new observation is that the capacity is maximized even for
different tap energies (i.e. different power delay profiles) at
each antenna pair as long as the taps are uncorrelated and the
sum of energies in the taps is the same across all the antenna
pairs.
We now consider the correlation that lowers capacity. When
tr{Σk } is constant, we expect that the log term in (11) reduces
when the eigenvalues are non-uniform and is minimized when
there is only a single non-zero
eigenvalue. Furthermore, from
P
Jensen’s inequality, N1 k∈I [ log (λk )] is lower when the
single non-zero eigenvalue is different for different k. Note
that having a diagonal RH with a single non-zero entry
results in a single non-zero eigenvalue for each Σk , and
the non-zero eigenvalue is the same for all k. However, for
RH equal to the Kronecker model with (ρtap , ρT ) = (1, 1),
Σk has a single non-zero eigenvalue which is different for
different k resulting in a lower capacity than the previous
case. In general, for arbitrary RH and with |I| ≈ N ,
the constraint tr{R
PH } = constant translates to constant
P
k∈I tr{Σk }, instead of constant tr{Σk }
k∈I tr{RHk } =
and thus it is not exactly known what distribution of energies
between all the eigenvalues over all k will absolutely minimize
the
P capacity. Moreover, under constant tr{RH } and |I| < N ,
k∈I tr{Σk } is different for different correlation matrices
and this difference also contributes to the difference in capacity.

k∈I

For any given k and Σk , we can show that ψ(rk ) − ln(rk )
increases for increasing rk (details in Appendix A) and thus
it is maximum when rk is maximum, i.e., equal to full rank.
For the capacity-maximizing rk , i.e., maximum rk , the
first summation term on RHS of (15) is independent of the
correlation. So we need to find the correlation that maximizes
the second term to maximize C1 . Using Jensen’s inequality on
the second term, we have
"
!#
1 X
|I|
1 X
ln
ln (tr(Σk )) ≤
tr (Σk )
(16)
N
N
|I|
k∈I

k∈I

with the equality obtained when tr (Σk ) remains the same for
all k. Since we found earlier that rk should be equal to full
rank value for all k and λk ’s for each k should be equal,
k)
constant tr (Σk ) for all k results in λk = tr(Σ
being the
rk
same for all k. From (1), we see that when tr{RH } is kept
constant, equal eigenvalues
for Σk , ∀k are obtained when RH
PL−1
is diagonal and i=0
RH (j +iNT , j +iNT ) = constant, ∀j.
Under constraint tr{RH } = constant and from (1), diagonal
RH results in
tr{Σk } while arbitrary RH results
Pconstant
N −1
tr{Σ
in constant
k }. This implies that capacity is
k=0
maximized for uncorrelated antenna and channel taps and
when the sum of energies in all the channel taps is the
same for all antenna pairs. From [4], we know that under the
Kronecker model of antenna and tap correlation, capacity is
maximized for uncorrelated taps and uniform eigenvalues of
the antenna correlation matrix. Recall that the tap correlation
and power delay profile is the same for all antenna pairs in the

B. Low SNR:
At low SNR, using the approximation log(1 + x) ≈ xlog(e)
for small x and AH A = tr{AAH } for any column vector
A, we can approximate (8) as
i
log(e) X h
C≈
E tr{H k H H
k }
ρN
k∈I
"
#
N
1 X H
log(e)
H
E tr{
[f L,k ⊗ I NT ][f L,k ⊗ I NT ]HH }
≈
ρ
N
k=1

log(e)
=
tr{RH }
ρ

(17)

where the approximation in the 2nd step was for |I| ≈ N , i.e.,
when most of the tones are used for data. When |I| << N ,
(17) is an upper bound to the capacity.
From (17), we see that under constant tr{RH }, all correlation cases yield the same capacity in the low SNR regime.
IV. E XACT C APACITY E XPRESSION
In this section, we derive the exact capacity expression for
MISO/SIMO-OFDM systems with arbitrary correlation. In (9),
H
zk , H̃ k Σk H̃ k is the sum of weighted, i.i.d chi-square
random variables whose pdf denoted by pzk (z) can be obtained
as in [22]. Then, (9) can be evaluated as


Z
z
1 X ∞
pzk (z)dz.
(18)
log 1 +
C=
N
ρ
−∞
k∈I
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After evaluating this expression (details of which are provided
in Appendix B), we obtain the following closed-form result for
the ergodic capacity of the MISO/SIMO-OFDM system:1
C

=
+

m κl
1 X XX
Ali,k
Ili,k
i
N
λ Γ(i)
k∈I1 l=1 i=1 l,k
1 X I1rk ,k
, where
k
N
Γ(rk )λr1,k

(19)

k∈I2

i

Ili,k

Sijl,k

log(e) X (i − 1)! j
λ Sijl,k and
(20)
ρ j=1 (i − j)! l,k


i−j−1
X
ρ
i − j i−j−q q
= ρe λl,k
λl,k ρ ×
(−1)q
q
q=0
#
"i−j−q 
i−j−q−r
X
ρ
(i − j − q − 1)! − λl,k
ρ
e
λl,k
(i − j − q − r)!
r=1


ρ
ρ
i−j i−j+1
λl,k
(−1) ρ
E1
.
(21)
+ e
λl,k

=

Here Ali,k is defined similar to Ali in [22], with the additional
index k used
denote its dependence on tone index k,
R ∞ to
−t
E1 (x) , x e t dt is the exponential integral, I1 and I2
are the subsets of I such that if k ∈ I1 , RHk has at least
two distinct eigenvalues and if k ∈ I2 , RHk has all identical
eigenvalues (i.e. a single non-zero eigenvalue with multiplicity
rk ). For some tones k ∈ J1 ⊆ I1 , if RHk consists of all
distinct eigenvalues, then the first term in (19) can be further
simplified as
m κl
1 X XX
Ali,k
i Γ(i) Ili,k =
N
λ
i=1 l,k

(22)

k∈I1 l=1

m
ρ
(−λl,k )m−1
ρ
1 X X
)
e λl,k E1 (
m
N
Πs=1,s6=l (λs,k − λl,k )
λl,k
k∈J1 l=1

+

1
N

X

κl
m X
X
Ali,k
i Γ(i) Ili,k .
λ
i=1 l,k

(23)

k∈I1 \J1 l=1

V. P ERFORMANCE C OMPARISON
In Fig. 1, we compare the capacity results of SIMO-OFDM
(using (19)) under various correlation scenarios with both
arbitrary correlation and Kronecker models. For the Kronecker
model, we used the exponential correlation model, i.e., the
(i, j)th elements of the correlation matrices are selected as
√
|i−j|
|i−j|
where γl , ρtap
{Rtap }i,j = γi γj ρtap and {RT }i,j = ρT
and ρT are the power in the lth tap, tap correlation and antenna correlation coefficient respectively. In the figure legend,
we denote the Kronecker model with (ρtap , ρT ) as “Kron
(ρtap , ρT )”. From Fig. 1, we notice that three of the cases yield
the maximum capacity (all these cases stack up on the topmost
curve in the figure) among the compared scenarios: (i) diagonal RH with all diagonal entries equal (“RH , all same” on
legend), (ii)
diagonal RH with non-uniform diagonal entries
PL−1
satisfying i=0 RH (j+iNT , j+iNT ) = constant, ∀j (“RH ,
1 The evaluation of a similar integral is provided in terms of the complementary incomplete gamma function in [3]. Here we provide the solution in
simpler terms without the need for this function.

sum same” on legend), and (iii) Kronecker model of RH with
(ρtap , ρT ) = (0, 0). This is expected from our analysis since
all these cases result in the uniform eigenvalues for RHk which
are the same over the tone index k.
Next, we generate arbitrary entries for RH (“RH , unifrnd”
AAH
on legend) by RH = tr{AA
H } where entries of LNT × LNT
matrix A are from i.i.d. uniform distribution between −1 and
1. In this case, despite the channels and taps being arbitrarily
correlated, the capacity was quite close to the maximum
capacity obtained with uncorrelated antennas and taps. The
reason is that the eigenvalues were somewhat uniform despite
the arbitrary correlation entries selected. Hence, as expected
from our analysis, there was not much loss in the capacity.
This shows us that it is possible to obtain near maximum
capacity for correlation cases different from the well known
uncorrelated scenario as long as there is not much variation
in the eigenvalues.
Next, we see that as the correlation coefficients are increased
in the Kronecker model, the capacity reduces, as expected
from literature. The reason is that as ρtap and ρT are increased,
the eigenvalues of RHk become less uniform with a few
eigenvalues taking large values compared to all the remaining
eigenvalues. From (1), the eigenvalues of RHk for a few
extreme cases in the Kronecker model can be obtained as:
PL
PL
√
N [ i=1 F ∗L,k,i ( j=1 F L,k,j γi γj )]
,
Kron(1, 0) : λ1,k =
PL
NT i=1 γi
κ1 = NT , m = 1,
(24)
PL
N [ i=1 |F L,k,i |2 γi ]
Kron(0, 1) : λ1,k =
,
PL
i=1 γi
κ1 = m = 1,
(25)
PL
PL
√
∗
N [ i=1 F L,k,i ( j=1 F L,k,j γi γj )]
,
Kron(1, 1) : λ1,k =
PL
i=1 γi
κ1 = m = 1.
(26)
Here, F L,k,i denotes the ith element of F L,k . Using these
values in the second term of (12), we can directly evaluate
which of these give a higher capacity. We notice that one of
either “Kron (1, 0)” and “Kron (0, 1)” gives a better capacity
depending on the relative values of NT , L and choice of I.
The above eigenvalue expressions also allow us to evaluate
whether tap correlation or antenna correlation is preferable in
terms of capacity for the given system parameters.
Among the lower capacity curves, we notice that the Kronecker model with (ρtap , ρT ) = (1, 1) yields the least capacity,
lower than the case of RH with all zero entries except for a
single non-zero entry on the diagonal (“RH , single non-zero
diag entry” on legend). This is due to the single non-zero
eigenvalue of RHk differing for different k in the former.
This indicates that the capacity of a multi-antenna, frequencyselective system employing OFDM with all the channel energy
concentrated in the single tap of a single antenna is better
than the capacity of a similar system but with channel energy
spread over all taps and antennas under full antenna and tap
correlation.
In the low SNR region, all the correlation scenarios give
quite close capacity values, as expected from our analysis.
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Results for MISO-OFDM are shown in Fig. 2. We notice
similar results for MISO-OFDM as in SIMO-OFDM.
In Fig. 3, we compare the capacity for MISO/SIMO-OFDM
obtained from the derived analytical expression (19) and
simulations (9) under arbitrary correlation. For each analytic
and simulation pair, we use a different correlation matrix with
arbitrary entries. We see that the analytic and simulation curves
match perfectly for all SNR regions and for all correlation
matrices, thereby proving the validity of our derived expression. From the MISO-OFDM curves corresponding to 2 × 1,
3 × 1 and 4 × 1 cases, we see a reduction in capacity with
increasing number of antennas. This is because, we selected
adverse correlation scenarios (non-uniform eigenvalues) with
increasing antennas to study how degradation in capacity
due to correlation compares with increase in capacity due
to increase in number of antennas. From this figure, we see
that adverse correlation scenarios can even negate the capacity
advantages of increased antennas. However, if the correlation
matrices for the three antenna cases are the same, we see
increasing capacity with increasing number of antennas as is
expected from literature. 2
VI. C ONCLUSIONS
A generalized correlation between antennas and channel
taps in MISO/SIMO-OFDM systems was considered wherein
we did not constrain the tap correlations for different transmit
and receive antenna pairs to be the same and we analyzed the
capacity and obtained a closed-form solution for the ergodic
channel capacity that can be computed efficiently. We found
the correlation scenarios that result in maximum capacity
under arbitrary correlation case and discuss the correlation
scenarios that reduce capacity. We observed that capacity
is maximized even for different power delay profiles under
uncorrelated antennas and taps as long as the sum of energies
in all the taps is the same across all antenna pairs. Even
for completely arbitrarily correlated antennas and taps, it was
found possible to obtain near maximum capacity as long as
the eigenvalues of the correlation matrix were nearly uniform.
A PPENDIX A
M AXIMIZATION OF FIRST SUMMATION TERM IN (15)
Consider two values of [ψ(rk ) − ln(rk )] at rk = n and
rk = n + 1. Using the definition of ψ(n), we can compute the
difference of these two values as
[ψ(n + 1) − ln(n + 1)] − [ψ(n) − ln(n)] = (27)
1
1
− ln(1 + ) > 0
(28)
n
n
where the series expansion of ln(1 + x) is used to get the
inequality in RHS. This implies
[ψ(n + 1) − ln(n + 1)] > [ψ(n) − ln(n)] .

(29)

Therefore, we conclude that [ψ(rk ) − ln(rk )] increases for
increasing rk and thus the maximum value of rk (which is
the full rank value) maximizes the first summation term in
(15).
2 This is widely known from existing literature, hence not shown in the
figure.

A PPENDIX B
E XACT C APACITY E QUATION (19)
In this section, we present the derivation steps leading to
the exact capacity
result in (19). From (18), define

 expression
R∞
z
Ck , −∞ log 1 + ρ pzk (z)dz. For k ∈ I1 , substituting the
value of pzk (z), we get
κl
m X
X
Ali,k
Ck =
i Γ(i) Ili,k
λ
i=1 l,k

(30)

l=1

where

Ili,k ,

Z

∞

0

Then,



z
− z
z i−1 e λl,k dz.
log 1 +
ρ

(31)



∞
Z
z
z
i−1 − λl,k
Ili,k =
log(1 + ) z e
dz
ρ
0
z
Z ∞ R i−1 −( λl,k
)
dz
z e
log(e)
dz
(32)
−
z
ρ
1+ ρ
0
z
R
Pi
− z
j
i−j (i−1)! − λl,k
in
Using z i−1 e λl,k dz =
j=1 −λl,k z
(i−j)! e
(32), we get
z
Z ∞ i−j − λl,k
i
z e
log(e) X (i − 1)! j
λ
Ili,k =
dz . (33)
ρ j=1 (i − j)! l,k 0
1 + ρz
{z
}
|
Sijl,k

Then we have

Sijl,k = ρe

ρe

ρ
λl,k

i−j
X

ρ
λl,k

Z

∞

ρ
λl,k

(tλl,k − ρ)i−j e−t
dt =
t



Z
i − j i−j−q q ∞ i−j−q−1 −t
λl,k ρ
(−1)
t
e dt
ρ
q
λ
q=0
q

l,k

(34)


z

ρ



and the result
where we have used t ,
λl,k + λl,k
i−j

P
(tλl,k −ρ)
i−j−q i−j−q−1 q
q i−j
= i−j
t
ρ in simpliq=0 (−1)
t
q λl,k
fying the above. For q ≤ i − j − 1, the integral in the RHS of
(34) can be evaluated as
Z ∞
ti−j−q−1 e−t dt =
ρ
λl,k

i−j−q
X 
r=1

ρ
λl,k

i−j−q−r

ρ
(i − j − q − 1)! − λl,k
e
(35)
(i − j − q − r)!

while for q = i − j, we have
Z ∞
ρ
).
ti−j−q−1 e−t dt = E1 (
ρ
λl,k
λ

(36)

l,k

Using (35) and (36) in (34), we get the result in (21) and by
using this result in (33), we get (20) and finally from (30), we
get the first term of our capacity result in (19).
For k ∈ I2 , using the pdf of Case II in Section III of [22],
we have


z
R∞
z
rk −1 − λ1,k
log
1
+
e
dz
ρ z
0
I1r ,k
Ck =
= rk k
(37)
rk
λ1,k Γ(rk )
λ1,k Γ(rk )
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Fig. 1. Capacity comparison between arbitrary and Kronecker correlation
models for SIMO-OFDM, N = 64, L = M = 4.

2

R , all same
H

Capacity (bits/s/Hz)

where I1rk ,k is given by (20). Therefore, summing up the
above terms for k ∈ I2 , we get the second term in (19) and
hence our capacity result.
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Fig. 2. Capacity comparison between arbitrary and Kronecker correlation
models for MISO-OFDM, N = 64, L = M = 4.
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