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Abstract— This paper addresses a low complexity frequency
offset estimator for multiple-input multiple-output (MIMO) orthogonal frequency division multiplexing (OFDM) systems over
frequency selective fading channels. By exploiting the good correlation property of the training sequences, which are constructed
from the Chu sequence, carrier frequency offset (CFO) estimation
is obtained with great complexity reduction through factor
decomposition for the derivative of the cost function. The CFO
estimate’s variance and Cramer-Rao bound (CRB) are developed
to optimize the parameter of the simplified estimator and also
to evaluate the estimation performance. Simulation results verify
the good performance of the training-assisted CFO estimator.

I. I NTRODUCTION
Orthogonal frequency division multiplexing (OFDM) is a
leading modulation technique for wide-band wireless communications. Combining it with multiple-input multiple-output
(MIMO) multi-antenna technique [1] promises a significant
increase in the practically achievable throughput over wireless
media. The performance of OFDM systems, however, is sensitive to carrier frequency offset (CFO) between transmitter and
receiver oscillators [2]. Accurate estimation and compensation
of CFO is therefore very important in order to realize the
advantages of MIMO-OFDM.
CFO estimation is a well-studied problem for single-antenna
OFDM systems [3]–[9], but a relatively new one for MIMO or
MIMO OFDM systems [10]–[16]. Numerical calculations of
the CFO estimators in [12] [13] require a large point discrete
Fourier transform (DFT) operation and a time consuming line
search. To reduce complexity, computationally efficient CFO
estimators are introduced in [14]–[16]. However, the estimator
in [14] is only applied to flat-fading MIMO channels, whereas
the estimator in [15] still needs relatively heavy computational
burden due to the exploitation of eigen-decomposition and
polynomial root-finding procedures.
In this paper, with the aid of the training sequences constructed from the Chu sequence in [15], we propose a low complexity CFO estimator for MIMO OFDM systems, which has
almost the same estimation accuracy in comparison with the
one in [15]. To optimize the parameter of the proposed CFO
estimator, the variance of the CFO estimation is derived. To
evaluate the estimation performance, the Cramer-Rao Bound
(CRB) is developed.

The rest of this paper is organized as follows. In Section II,
the signal model is briefly described. The simplified CFO estimator and the complexity analysis are presented in Section III.
The performance analysis is given in Section IV. Simulation
results are shown in Section V. Final conclusions are drawn
in Section VI.
Notations : Upper (lower) bold-face letters are used for
matrices (column vectors). Superscripts ∗, T and H denote
conjugate, transpose and Hermitian transpose, respectively.
(·) and (·) denote the real and imaginary parts of the
enclosed parameters, respectively. (·)P denotes the residue of
the number within the brackets modulo P. ·, || · ||2 ,  and
E[·] denote the floor, Euclidean norm, Schur-Hadamard (i.e.,
element-wise) product and expectation operators, respectively.
[X]m,n denotes the (m, n)-th entry of a matrix X. [x]m denotes
the m-th entry of a column vector x. [x](m) denotes the mcyclic-right-shift version of xT . diag{x} denotes a diagonal
matrix with the elements of x on its diagonal. FN and IN
denote the N × N unitary DFT matrix and the N × N identity
matrix, respectively. fNk and ekN denote the k-th column vectors
of FN and IN , respectively. Unless otherwise stated, we assume
(N)2P = 0, Q = N/P, 0 ≤ p ≤ P − 1, 0 ≤ q ≤ Q − 2,
0 ≤ µ ≤ Nt − 1 and 0 ≤ ν ≤ Nr − 1.
II. S IGNAL M ODEL
Consider a MIMO OFDM system with N subcarriers,
Nt transmit antennas and Nr receive antennas. The training
sequences and the baseband equivalent signal model are the
same as in [15].
Let
0 ≤ i0 < i1 < · · · < iµ < · · · < iNt −1 < Q,
i

i +Q

Θ(µ) = [eNµ , eNµ

i +(P−1)Q

, · · · , eNµ

], M = P/NI , NI ≥ Nt .

Let sP denote a length-P Chu sequence [17]. Define s̃(µ)
P =
√
Q/Nt FP [sP ](µM) . Then the training sequence vector at the
µ-th transmit antenna is s̃(µ) = Θ(µ) s̃(µ)
P . For convenience,
(µ) Nt −1
we henceforth refer to {s̃ }µ=0 as the Chu sequence based
training sequences (CBTS). Note that other base sequences
with zero auto-correlation property can also be employed in
our training sequences (e.g., [18] and references therein).
denote the length-L channel impulse response
Let h(ν,µ)
L
vector with L being the maximum channel length. Assume L
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is shorter than the length of cyclic prefix (CP) Ng . Let ε̃ denote
the frequency offset normalized by the subcarrier spacing. Let
y(ν) denote the length-N received vector at the ν-th receive
antenna after CP removal. Define

and equal variance of σ2w , according to the multivariate statistical theory, the log-likelihood function of Y conditioned on
B(ε) and X with ε denoting a candidate CFO can be obtained
as

y = [y(0),T , y(1),T , · · · , y(Nr −1),T ]T ,

ln p(Y|B(ε), X)

t −1),T T
h(ν) = [h(ν,0),T
, h(ν,1),T
, · · · , h(ν,N
] ,
L
L
L

h = [h(0),T , h(1),T , · · · , h(Nr −1),T ]T ,

ν=0 p=0

DN̄ (ε̃) = diag{[1, e j2πε̃/N , · · · , e j2πε̃(N̄−1)/N ]T }.
Then, the cascaded received vector y over the Nr receive
antennas is given by
√
2πεNg
(1)
y = Ne j N [INr ⊗ ( DN (ε̃)S)]h + w,
where
t −1),T T
S = F̄∗P S̆ F̆, S̆ = diag{[s̃(0),T
, s̃(1),T
, · · · , s̃(N
] },
P
P
P

(ν) p
where x̆(ν)
p = X eP . For a deterministic ε, by maximizing (3)
with respect to x̆(ν)
p , the maximum likelihood (ML) estimation
of x̆(ν)
can
be
obtained
as [19]
p
−1 H
(ν)
x̂(ν)
p = Q B (ε)y p ,

X̂ = Q−1 BH (ε)Y.

(1)
Nt −1
1
t −1)
F̆ = [e0Nt ⊗ F̆(0)
⊗ F̆(N
],
L , eNt ⊗ F̆L , · · · , eNt
L
(µ),T
F̆(µ)
FN [IL , 0L×(N−L) ]T ,
L =Θ

and w is a length-Nr N vector of zero-mean, uncorrelated
complex Gaussian noise samples with equal variance of σ2w .
III. L OW C OMPLEXITY CFO E STIMATOR
FOR MIMO OFDM
By exploiting the periodicity property of the training sequences, the received vector y can be stacked into a Q × Nr P
matrix Y = [Y (0) , Y (1) , · · · , Y (Nr −1) ], where
(ν)
(ν)
Y (ν) = [y(ν)
0 , y1 , · · · , yP−1 ],
p
p+P
p+(Q−1)P T (ν)
y(ν)
] y .
p = [eN , eN , · · · , eN

Then, by using the similar approach as shown in the derivation
of the fractional CFO estimator in [15], Y can be expressed
in the following form
(2)

where
B(ε̃) = [b0 , b1 , · · · , bNt −1 ],
bµ = [1, e

2π(ε̃+i )
j Qµ

,··· ,e

2π(ε̃+iµ )(Q−1)
j
Q

]T ,

x(ν,µ) =

X
√

= [x

Pe j

(ν,0)

2πε̃Ng
N

,x

(ν,1)

(ν,Nt −1) T

,··· ,x

] ,

(µ)
(µ) (ν,µ)
DP (ε̃ + iµ )FH
P diag{s̃P } F̆L hL ,

W = [W (0) , W (1) , · · · , W (Nr −1) ],
(ν)
(ν)
W (ν) = [w(ν)
0 , w1 , · · · , wP−1 ],

w(ν)
p =

[eNp , eNp+P , · · ·

, eNp+(Q−1)P ]T (eν,T
Nr

⊗ IN )w.

Since the elements of W are independently and identically
distributed (i.i.d.) Gaussian random variable with zero mean

(5)

Substitute (5) into (3). Then, after some straightforward manipulations, the cost function with respect to ε can be obtained
as
(6)
ln p(Y|ε) = tr[BH (ε) R̂YY B(ε)],
where R̂YY = YY H . Direct ML CFO estimate from the
cost function in (6) undertakes heavy computational burden.
In order to simplify the computation, we will give a low
complexity approach subsequently.
Define
z = e j2πε/Q , zµ = e j2πiµ /Q , b̆Q (z) = [z, z2 , · · · , zQ ]T .
Then, by exploiting the Hermitian property of R̂YY , the cost
function in (6) can be transformed into the following degree(Q − 1) polynomial (ignoring the irrelevant item)





N
t −1













f (z) = cT 
b̆
(z
)
(z)

b̆


Q−1 µ 
Q−1







 µ=0





t −1



N


H 
−1
−1




(z
)
(z
)
b̆
+c 

b̆
, (7)

Q−1 µ 
Q−1






 µ=0

where c is a length-(Q − 1) vector with its elements given by

[c]q = j−i=q+1 [ R̂YY ]i, j . Taking the first derivative of f (z) with
respect to z yields

X = [X(0) , X(1) , · · · , X(Nr −1) ],
(ν)

(4)

where we have exploited the following condition iµ = iµ iff.
µ = µ . From (4), we can get the estimation of X by stacking
x̂(ν)
p into the Nt × Nr P matrix as follows

F̄P = FN [Θ(0) , Θ(1) , · · · , Θ(Nt −1) ],

Y = B(ε̃)X + W,

H
= −σ−2
w tr{[Y − B(ε)X][Y − B(ε)X] }
−1
N
P−1
r



(ν) 2
= −σ−2
||y(ν)
w
p − B(ε) x̆ p || , (3)

f (z) = z−1 [g(z) − g∗ (z)],

(8)

where






N
t −1













g(z) = cT 
(z
)
(z)

q
b̆

b̆
, q = [1, 2, · · · , Q−1]T .



Q−1 µ 
Q−1





 µ=0

From (6), (7) and (8), it can be seen that the ML estimation
of ε̃ can be indirectly obtained through the roots of f (z) = 0.
Calculating the roots of f (z) = 0 is somewhat complicated.
In the following, we try to find an approach without the
operation of direct polynomial root-calculating. Assume that
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the channel taps remain constant during the training period and
P is not less than the maximum delay spread of the channels,
i.e., P ≥ L, and the channel energy is mainly concentrated in
the first M taps. Then, with our CBTS training sequences, we
have (see Appendix I for details)
g∗ (z) = z−Q g(z)κ(q),

With the definition of κ(q), we further obtain
κ(q) =
where

f (z) = z

−(Q+1)

g(z)[z − κ(q)].
Q

[ζ]q = {[α]∗q + [β]∗q }/[Nr P(Q − q − 1)σ2x

[η]q = {[α]Q−q−2 + [β]Q−q−2 }/[Nr P(q + 1)σ2x

j2πε̃/Q

With the definition of z, we have z
 0. Let z̃ = e
and assume Q > Nt . Then, with (32) as shown in Appendix I
and the CBTS training sequences, we have (see Appendix II
for details)
(11)
g(z̃) > 0 & f (z̃) = 0.
Accordingly, by solving the following relatively simple polynomial equation zQ −κ(q) = 0, the desired CFO can be obtained
as
(12)
ε̂ = arg max { f (z)} ,
ε∈{ε̂q |0≤q ≤Q−1}

where ε̂q = 1/(2π) · arg{κ(q)} + q − Q/2.
The computational load of the proposed estimator mainly


involves 1/2 · Nr NQ + 5/2 · (Q − 1)Q complex additions


and 1/2 · Nr NQ + 4(Q − 1)Q complex multiplications. In
comparison with the direct CFO estimate from (6), which
requires an exhaustive search over a large set of frequency
grids, our proposed estimator’s computational complexity is
significantly lower.
IV. P ERFORMANCE A NALYSIS

= E[|[x

var{[ζ]q } =

Assume

H

] p | ],
2

Then, for i  j and i  j , we have
E[[ R̂YW ]i, j ] = E[[ R̂WW ]i, j ] = E[[ R̂YW ]∗i, j [ R̂WW ]i , j ] = 0, (14)
E[|[ R̂WW ]i, j | ] =
(15)
E[|[ R̂YW ]i, j | ] =


Define [α]q =
j−i=q+1 [ R̂YW ]i, j , [β]q =
j−i=q+1 [ R̂WW ]i, j .
Then, we obtain
2

N
t −1


(19)

Then, the variance of ξ can be obtained as
.
=

var{ξ}

−2
2[Nt Q + ρ(q)]γ−1
xw + Qγ xw
Nt −1 q+1 2 ,
Nr P(q + 1)(Q − q − 1)| µ=0 zµ |

(21)

where


Nt −1 2(q+1) Nt −1 −q−1 2
{( µ=0
zµ
)( µ=0 zµ ) }



,
0 ≤ q ≤ Q/2 − 1
2(q + 1)
Nt −1 q+1 2


| µ=0
zµ |

Nt −1 2(q+1) Nt −1 q+1 2
.
ρ(q) = 

{(
z
)(
z
)
}

µ=0 µ
µ=0 µ


,
Q/2
≤
q
≤
Q
−
2
2(Q
−
q
−
1)


N −1 q+1
| t z |2
µ

1
arg{1 + e− j2πε̃ ξ}
2π
1
.
= ε̃ + {e− j2πε̃ ξ}.
2π

ε̂ = ε̃ +

H

∗ (ν ,µ )
E{[h(ν,µ)
]l } = 0, ∀(ν, µ)  (ν , µ ).
L ]l [hL

[c]q = Nr Pσ2x (Q − q − 1)z̃−q−1

−2
2Nt γ−1
xw + γ xw
Nt −1 q+1 2 ,
Nr P(q + 1)| µ=0 zµ |

(22)

Then, we have

H

2Nt Nr Pσ2x σ2w ,

(18)

where γ xw = σ2x /σ2w . Without loss of generality, when γ xw  1,
we have
(20)
var{[ζ]q }, var{[η]q }  var{[ζ]q [η]∗q }.

(13)

∗
E{[h(ν,µ)
L ]l [W]i, j } = 0

2

−2
2Nt γ−1
xw + γ xw
Nt −1 q+1 2 ,
Nr P(Q − q − 1)| µ=0 zµ |

var{[η]q } =

R̂YW = B(ε̃)XW + W X B (ε̃), R̂WW = WW .
H

zq+1
µ ].

Note that the variances of [ζ]q and [η]q are given by

where
(ν,µ)

N
t −1


When var{ξ}  1, from (17) we obtain

With the definition of R̂YY , we have
.
R̂YY = Nr Pσ2x B(ε̃)BH (ε̃) + R̂YW + R̂WW ,
σ2x

zq+1
µ ],

µ=0

µ=0

A. The Variance of the CFO Estimation

N
t −1

µ=0

(10)

−(Q+1)

(17)

ξ = z̃Q−q−1 [ζ]q + z̃q+1 [η]∗q + [ζ]q [η]∗q ,

(9)

where κ(q) = (q + 1)[c]∗q /[(Q − q − 1)[c]Q−q−2 ]. By exploiting
(9), the polynomial f (z) can be decomposed as

z̃Q + ξ
,
|z̃−Q+q+1 + [η]q |2

Nr Pσ4w .

z−q−1
+ [α]q + [β]q . (16)
µ

.
var{ε̂} =

−2
2[Nt Q + ρ(q)]γ−1
xw + Qγ xw
Nt −1 q+1 2 .
8π2 Nr P(q + 1)(Q − q − 1)| µ=0
zµ |

(23)

It follows immediately that var{ε̂} depends on q for fixed
Nt −1
, Nt , Nr , P, Q and γ xw . The choice of q can be optimized
{iµ }µ=0
based on (23).
B. The Cramer-Rao Bound
Define θ = [ε̃, (hT ), (hT )]T . Then, the Fisher information matrix can be obtained [19] as
 2



∂ ln p(y|θ)
2N α γT
F = −E
,
(24)
=
∂θ∂θT
σ2w γ Ξ
where
α=

µ=0
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γ=

T
2π 
[hH XH BX], [hH XH BX ,
N


[XH X] −[XH X]
Ξ=
,
[XH X] [XH X]
X = INr ⊗ S,

B = INr ⊗ diag{[Ng , Ng + 1, · · · , Ng + N − 1]T }.
By straight-forward calculation, the CRB for the CFO estimation is obtained
CRB =

8π2 hH XH B[INr N

Nσ2w
.
− X(XH X)−1 XH ]BXh

(25)

For frequency selective fading channels, the above CRB
represents the bound for CFO estimation with particular
(snapshot) channel realization. To obtain the average CRB,
we simply average the above CRB over independent channel
realizations. Note that the average CRB for CFO estimation
corresponds to the extended Miller and Chang bound (EMCB)
[20], [21].

{3, 7, 14}, respectively. The solid and dotted curves are the results from Monte Carlo simulations and analysis, respectively.
We observe that the results from analysis agree quite well with
those from simulations except at some non-optimal q values.
We also observe that the variance of the estimation achieves
Nt −1
= {3, 5, 11} and for
its minimum for q = 5, 7, 9 with {iµ }µ=0
Nt −1
q = 6, 8 with {iµ }µ=0 = {3, 7, 14}. These observations imply
that we can obtain the optimal value of q from the analytical
Nt −1
is determined.
results after {iµ }µ=0
Depicted in Fig. 3 is the performance comparison between
Nt −1
the proposed CFO estimator (q = 6, {iµ }µ=0
= {3, 7, 14})
and the estimator in [15]. In order to substantiate that the
training sequences constructed from the Chu sequence do
help to improve the estimation accuracy, the performance of

V. S IMULATION R ESULTS
A number of simulations are executed to evaluate the performance of the proposed CFO estimator with the CBTS training
sequences. Throughout the simulations, a MIMO OFDM system of bandwidth 20MHz operating at 5GHz with N = 1024
and Ng = 64 is used. For the training sequences, we set P = 64
and Q = 16. Each channel has four independent Rayleigh
fading taps, whose relative average-powers and propagation
delays are {0, −9.7, −19.2, −22.8}dB and {0, 0.1, 0.2, 0.4}µs,
respectively. The normalized CFO ε̃ is generated within the
range (−Q/2, Q/2]. In the sequel, unless otherwise stated, we
assume Nt = 3 and Nr = 2.
In Figs. 1 and 2, we show the variance of the proposed
Nt −1
CFO estimator as a function of q with {iµ }µ=0
= {3, 5, 11} and

Fig. 2. The variance of the proposed CFO estimator as a
Nt −1
= {3, 7, 14}.
function of q with {iµ }µ=0

Fig. 1. The variance of the proposed CFO estimator as a
Nt −1
= {3, 5, 11}.
function of q with {iµ }µ=0

Fig. 3. CFO estimation performance for the different CFO
estimators.
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the proposed estimator with random sequences (RS), whose
elements are generated randomly, is included. Also included
as a performance benchmark is the average CRB. It can be
observed that the performance of the proposed estimator with
CBTS is almost the same as in [15] and approaches the average
CRB, which verify its high estimation accuracy. It can also be
observed that the performance of the proposed CFO estimator
with CBTS is far better than that with RS, which should
be attributed to the good correlation property of our CBTS
training sequences.

Therefore, with the assumption that the channel energy is
mainly concentrated in the first M taps, |[ R̂ XX ]µ,µ |µµ can be
made very small with CBTS, which yields
(30)
|[ R̂ XX ]µ,µ |µµ  [ R̂ XX ]µ,µ .
.
2
2
(ν,µ) 2
Then, we have R̂ XX = Nr Pσ x INt , where σ x = E[|[x ] p | ]. It
.
follows immediately that R̂YY = Nr Pσ2x B(ε̃)BH (ε̃). Then, with
the definition of [c]q , we have

.
[c]q = Nr Pσ2x (Q − q − 1)z̃−q−1
z−q−1
,
µ
Nt −1

(31)

µ=0

VI. C ONCLUSIONS
In this paper, we have presented a low complexity training
sequence assisted CFO estimator for MIMO OFDM systems
over frequency selective fading channels. We have developed
the variance of the CFO estimation and the CRB to evaluate
the estimation performance. By exploiting the optimized parameter from the estimation variance, our CFO estimator with
CBTS yields good performance.

where z̃ = e j2πε̃/Q . By substituting the above result into (9),
the polynomial coefficient corresponding to z−q at both sides
of (9) can be calculated to be
Nr Pσ2x q(Q − q)z̃q

N
t −1 N
t −1 



zµ /zµ

q

,

(32)

µ=0 µ =0
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A PPENDIX II
In this appendix, we will prove (11). With CBTS and (32),
we can obtain

A PPENDIX I

g(z̃) = Nr Pσ2x (q  Ψ)H [(Q − q)  Ψ],

This appendix presents the proof of (9). It follows immediately that the polynomials on both sides of (9) are
(Q − 1)-degree. Therefore, we only need to prove that the
corresponding polynomial coefficients are equal.
Without considering noise, R̂YY can be expressed as R̂YY =
B(ε̃) R̂ XX BH (ε̃), where R̂ XX = XX H . Define

(µ)
(µ)
Nt /QFH
µ,µ = (iµ − iµ )/Q, sP =
P s̃P .
Then, with the assumptions that P ≥ L and the channel taps
remain constant during the training period, we obtain
[ R̂ XX ]µ,µ =

Nr −1 
L−1 
L−1 

N 
),∗
h(ν,µ
[ A(µ,µ ) ]l,l ,
h(ν,µ)
l
l
Nt ν=0 l=0 l =0

(26)

) (l ),∗
DP ( µ,µ Q)[s(µ
. With the aim
P ]
we replace [ R̂ XX ]µ,µ with its expected

where [ A
]l,l =
of complexity reduction,
value. Then, exploiting the good correlation property of CBTS
which is inherited from the Chu sequence, we obtain
[ R̂ XX ]0,0 = [ R̂ XX ]1,1 = · · · = [ R̂ XX ]Nt −1,Nt −1 .

(27)

Let [sP ] p = e jπυp /P with υ being coprime with P. Define
pµ,l = µM + l. Then, we have
2

[ A(µ,µ ) ]l,l =
(−1)υ(pµ,l −pµ ,l )+1 e jπυ(pµ,l −pµ ,l )/P e− jπ(P−1)[υ(pµ,l −pµ ,l )−
2

× sin(π

µ,µ

2

)/ sin{π[υ(pµ,l − pµ ,l ) −

µ,µ

µ,µ

]/P}.

]/P

(28)

It follows immediately that
|[ A(µ,µ ) ]l,l | pµ,l −pµ ,l 0  |[ A(µ,µ ) ]l,l | pµ,l −pµ ,l =0 .

where
Ψ = [Ψ(1), Ψ(2), · · · , Ψ(Q−1)]T , Ψ(q) = e− j2πqi0 /Q

N
t −1


e j2πqiµ /Q .

µ=0

From the definition of Ψ, we have Ψ = Φ1Nt , where
Φ = [φ0 , φ1 , · · · , φNt −1 ],
φµ = [e

j2π(iµ −i0 )/Q

, e j4π(iµ −i0 )/Q , · · · , e j2(Q−1)π(iµ −i0 )/Q ]T .

Since Φ is a Vandermonde matrix, it is of full-rank (rank Nt )
with Q > Nt . Therefore, Ψ cannot be the all zero vector and
then g(z̃) > 0, f (z̃) = 0. This completes the proof.
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