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We demonstrate that limited participation can arise endogenously in the presence of

model uncertainty and heterogeneous uncertainty-averse investors. When uncertainty

dispersion among investors is small, full participation prevails in equilibrium. Equity

premium is related to the average uncertainty among investors and a conglomerate

trades at a price equal to the sum of its single-segment components. When uncertainty

dispersion is large, investors with high uncertainty choose not to participate in the

stock market, resulting in limited market participation. When limited participation

occurs, participation rate and equity premium can decrease in uncertainty dispersion

and a conglomerate trades at a discount.

It has been well documented that a significant proportion of the U.S.

households does not participate in the stock markets. On the basis of 1984

Panel Study of Income Dynamics (PSID) data, Mankiw and Zeldes

(1991) find that among a sample of 2998 families, only 27.6% of the

households own stocks. For families with liquid assets of $100,000 or

more, only 47.7% own stocks. More recent surveys show that even during

the 1990s with the tremendous growth of the U.S. stock markets, such

limited market participation still exists.1

Several explanations have been proposed in the literature to explain the

phenomenon. Allen and Gale (1994) and Williamson (1994) show how

transaction cost and liquidity needs create limited market participation.
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Vissing-Jorgensen (1999) and Yaron and Zhang (2000) examine the

effect of fixed entry cost on investors’ participation decisions and find

that while entry cost is a significant factor in investors’ market participa-

tion decision, it alone does not provide the full picture of why there is

limited market participation.2 Haliassos and Bertaut (1995) explore the

potential of risk aversion, heterogeneous beliefs, habit persistence, time-

nonseparability, borrowing constraints, differential borrowing and lending

rates, and minimum-investment requirements as causes for limited market
participation and find that they are unable to account for the observed

phenomenon.

Recently, studies show that disappointment aversion [Ang, Bekaert,

and Liu (2002)] and uncertainty about the probability distribution of asset

payoff, that is, model uncertainty (Dow and Werlang (1992) and Epstein

and Schneider (2002)) can be important determinants in investors’ mar-

ket-participation decision. These studies, however, are conducted in par-

tial equilibrium settings with a representative agent. As limited market
participation is a heterogeneous agent issue in nature, a model with

heterogeneous agents is thus needed to address the limited participation

issue.

Building on the work of Dow and Werlang (1992) and Epstein and

Schneider (2002), this paper examines how limited participation may arise

in equilibrium with heterogeneous uncertainty averse agents in the pre-

sence of model uncertainty and its implications for equilibrium asset

prices. Specifically, we first examine the equilibrium implication of inves-
tors’ endogenous market participation decision for equity premium. We

show that when there is limited market participation, equity premium can

be lower than in the economy with full participation. Furthermore, to

explore the broader implication of the uncertainty-induced limited mar-

ket participation for asset prices, we focus on the widely-debated con-

glomerate discount issue.3 We show that when there is limited

2 For example, entry cost can not explain why families with substantial liquid asset (over $100,000) may not
participate in stock markets as shown in Mankiw and Zeldes (1991). Such evidence is also a challenge to
theories based on other forms of transaction cost and liquidity need.

3 For example, Lang and Stulz (1994), Berger and Ofek (1995), Rajan, Servaes, and Zingales (2000) show
that conglomerates exhibit on average negative excess value of 10–15%. As the flip side of the conglom-
erate discount, Hite and Owers (1983), Miles and Rosenfeld (1983) and Schipper and Smith (1983)
document a 2–3% increase in shareholder value around the corporate spin-offs. Villalonga (2004),
using the Business Information Tracking Series (BITS) data that cover the whole U.S. economy at the
establishment level, shows that diversified firms actually trade at a significant premium. There is also
debate on what causes the discount. Rajan, Servaes, and Zingales (2000) and Scharfstsein and Stein
(2000) argue that diversification discount can be attributed to inefficient internal capital markets and/or
inefficient resource allocation. A recent study by Bevelander (2001) finds that most diversified firms have
Tobin’s qs comparable to those of focused firms when firm age is explicitly accounted for. Using plant
level observations from the Longitudinal Research Database, Schoar (2002) shows that conglomerates
are more productive than stand-alone firms. However, conglomerates still trade at a discount of about 10
percent. She partially attributes this discount to higher wages than stand-alone firms. Recent studies by
Graham, Lemmon, and Wolf (2002) and Maksimovic and Phillips (2002) did not find empirical evidence
that would suggest inefficient resource allocation across divisions of a conglomerate.
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participation a merged firm can trade at a value lower than the sum of the

values of its component firms, that is, there is a diversification (conglom-

erate) discount.

Our study follows the Knightian approach to model uncertainty which

differs from the more common Bayesian approach. In the Bayesian

approach, when facing model uncertainty, the investor uses a prior dis-

tribution over a set of models.4 His decision is based on the expected

utility evaluated with respect to the predictive distribution. As a result,
the investor is neutral with respect to model uncertainty, although he can

be averse to risk. In the Knightian approach,5 while the investor may still

use von-Neumann-Morgenstern expected utility when facing risk, he no

longer uses a single prior when facing uncertainty. In the multi-priors

expected utility framework [Gilboa and Schmeidler (1989)], an uncer-

tainty-averse investor evaluates an investment strategy according to the

expected utility under the worst case probability distribution in a set of

prior distributions. As a result, the investor is averse to both risk and
model uncertainty.

We perform our analysis in a tractable mean–variance framework. The

added feature of our study is that, in addition to the risk associated with

asset payoff, investors are uncertain about the mean risky asset payoff

and are heterogeneous in their levels of uncertainty.6 The crucial feature

of our framework is that for each uncertainty averse investor, there is a

region of prices over which the investor holds neither long nor short

position of a stock. Investors who are more uncertain about the mean
payoff of the stock have larger nonparticipation regions than investors

with less uncertainty. As a result, when uncertainty dispersion is suffi-

ciently large, in equilibrium, investors with relatively high uncertainty

choose not to participate in the stock market, giving rise to limited

participation.

In our model, equity premium can be decomposed into two compo-

nents: the risk premium and the uncertainty premium. The risk premium

corresponds to the equity premium obtained in standard expected utility
models. The uncertainty premium arises from investors’ aversion to the

uncertainty about the distribution of the stock payoff. When uncertainty

dispersion is large, a fraction of investors choose not to participate in the

stock market and hence there are fewer investors who hold the stock.

Because there are fewer investors to bear the risk, the risk premium has

4 Wang (2005) shows that an investor’s portfolio decision is highly sensitive to the choice of prior.

5 See Dow and Werlang (1992), Epstein and Wang (1994, 1995), Anderson, Hansen and Sargent (1999),
Maenhout (2004), Chen and Epstein (2001), Routledge and Zin (2002), Trojani and Vanini (2002),
Epstein and Miao (2003), Uppal and Wang (2003), Liu, Pan and Wang (2004), among others.

6 This modeling strategy of uncertainty has been used in many studies including Epstein and Miao (2003),
and Kogan and Wang (2002), among others. Kogan and Wang (2002) is the closest to ours in terms of
modeling framework but we consider an equilibrium model with heterogeneous agents.
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to rise to induce these few investors to hold the stock. On the other

hand, because investors participating in the stock market have lower

uncertainty, a lower uncertainty premium is sufficient to induce these

investors to hold the stock. Sine these two effects work in the opposite

direction, the net effect of uncertainty dispersion on equity premium

depends on the relative dominance of these two opposing effects. In our

setting, the decrease in the uncertainty premium dominates, leading to

a lower equity premium than that in the economy with full market
participation.

The intuition behind the relationship between limited participation

and diversification discount is also straightforward. When there is lim-

ited participation, a firm’s pre-merger price is determined by investors

with less uncertainty for that firm. After the merger, investors have to

buy both firms as a bundle. An investor who is less uncertain about one

firm is not necessarily less uncertain about the other firm and hence is

only willing to offer a lower price for the combined firm than the sum of
the prices of the two firms traded separately. Thus, when there is limited

participation, a merger results in a discount in the price of the combined

firm.

Our work is directly related to studies that examine the limited market

participation phenomenon and its implication for the equity premium. In

addition to the papers cited earlier, Mankiw and Zeldes (1991), Attanasio,

Banks, and Tanner (2002), Brav, Constantinides, and Geczy (2002), and

Vissing-Jorgenson (2002) empirically demonstrate that if the sub-sample
of stockholders’ observations is used, the standard asset-pricing models

such as Lucas (1978) can match the observed equity premium using a

much lower risk aversion coefficient than the one used in Mehra and

Prescott (1985). Basak and Cuoco (1998) show theoretically that equity

premium increases as more investors are excluded from the risky asset

markets.7 The limited market participation in these studies, however, is

exogenously specified. Moreover, these studies are all based on standard

expected utility maximization models which abstract from model uncer-
tainty. Our result on equity premium suggests that the prediction that

limited market participation leads to higher equity premium may not be

robust in a general equilibrium setting that takes account of model

uncertainty.

More broadly, our paper belongs to the literature on market partici-

pation and its implication for asset prices. While the bulk of this

literature is on the implication of limited participation for equity pre-

mium-related issues, the implication for other asset-pricing issues are
beginning to be explored. Some recent examples include Chen, Hong,

and Stein (2002) and Hong and Stein (2003), both of which study the

7 Shapiro (2002) extends Basak and Cuoco’s model to multiple stocks.

The Review of Financial Studies / v 18 n 4 2005

1222



impact of exclusion of investors from the market due to short-sale

constraints on asset prices. Our contribution to that literature is to

show that diversification discount may also be related to limited parti-

cipation due to the heterogeneity in investors’ uncertainty about firms’

asset returns.8

The rest of the paper is organized as follows. Section 1 presents the

model. Section 2 describes investors’ portfolio choices and their partici-

pation decisions. Section 3 analyzes how the limited market participation
relates to equity premium, while Section 4 extends the model to allow for

two stocks and investigates the relation between limited participation and

the diversification discount. Section 5 discusses the robustness of our

results in a more general setting with richer factor structure for asset

payoffs. Section 6 extends the study to a simple dynamic setting. Section 7

concludes. Proofs are collected in the appendix.

1. The Model

To highlight the intuition, we first consider a market with one stock and
one bond. The case with multiple stocks is considered in Section 4.

1.1 The setting

We assume a one-period heterogeneous agent economy. Investment deci-

sions are made at the beginning of the period, while consumption takes

place at the end period. Each investor is endowed with x > 0 shares of the

stock. The risk-free rate is set at zero. The stock can be viewed as the

market portfolio in a single-factor economy in which the market portfolio
is the only factor. The payoff of the stock, denoted r, is normally dis-

tributed with mean � and variance �2. We assume that investors have a

precise estimate of the variance �2, but do not know exactly the mean of r.

This is motivated by both the analytical tractability and the empirical

evidence on the predictability of the volatility of stock returns [Bollerslev,

Chou, and Kroner, (1992)], and the difficulty in estimating precisely the

expected stock returns.

1.2 The preferences

Each agent in the economy has a CARA utility function u(W), where W

is the end of period wealth. Due to the lack of perfect knowledge of the

8 There are alternative theories about the diversification discount and spin-off premium. For example,
Miller (1977) argues informally that short-sale constraint and differences of opinion can explain the
diversification discount. Habib, Johnsen, and Naik (1999) offer an explanation of spin-off premium
based on higher incentive to collect information associated with spin-offs which reduces the risk pre-
mium. Gomes and Livdan (2003) develop a dynamic model of firm diversification focusing on the role of
diminishing marginal productivity of technology and synergies of different activities in reducing fixed cost
of production.

Model Uncertainty

1223



probability law of stock payoff, the agent’s preference is represented by a

multi-priors expected utility (Gilboa and Schmeidler, 1989)

min
Q2P

EQ u Wð Þ½ �
� �

, ð1Þ

where EQ denotes the expectation under the probability measure Q and P
is a set of probability measures. The basic intuition behind multi-priors

expected utility preferences is that in the real world, investors do not

know precisely the probability distribution of stock pay-off. While they

may have some information about the true objective probability law,

which could result from some econometric analysis, they are not com-

pletely sure what the true law is. As a result, instead of restricting

themselves to using any particular distribution as the proxy for the true
probability distribution, they are willing to consider a set P of alternative

probability distributions. These investors are averse to the uncertainty

about the true probability distribution. They evaluate the expected utility

of a random consumption under the worst case scenario in the set P.
The specification of the setP follows Kogan andWang (2002). Let P be a

reference probability distribution obtained, say, from econometric analysis.

P is defined as the collection of all probability distributions Q, satisfying

EQ [ln(dQ/dP)]< �. The intuition behind this specification ofP is that, since
EQ [ln(dQ/dP)] is the log likelihood ratio under Q, P can be viewed as a

confidence region around P and � can be viewed as the critical value for, say,

95% confidence. For a fixed level of confidence, the size of P captures an

investor’s uncertainty about the reference probability distribution P. If the

investor has more information about,P, he would be able to estimate the true

probability law more precisely. Then for the same level of confidence, � will

be small. Conversely, if the investor has little information aboutP, than � will
be large. In this sense, � can be viewed as a measure of uncertainty.

Kogan and Wang (2002) show that for normal distributions with a

common known variance, the confidence region can always be described

by a set of quadratic inequalities. For the specific case of this section, let

�þ �ð Þ denote the mean of r under Q distribution. Then the confidence

region is described by:

�2 � �2, ð2Þ

where � is a parameter that captures the investor’s uncertainty about the

mean of r. Therefore the set P can be equivalently defined as the collection
of all normal distributions withmean�þ � and variance �2 where � satisfies
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Equation 2. All investors are assumed to have the same point estimate �.9

Note that the higher the �, the wider the range for the expectation of r. Thus

we call � the investor’s level of uncertainty about the mean stock payoff.

In our economy, investors have the same risk aversion, but are hetero-

geneous in their levels of uncertainty.10 Such heterogeneity can arise for a

variety of reasons. For example, different investment firms may use their

own proprietary models to analyze the data, which may lead to different

levels of precision of the estimated mean. Differences in perceived famil-
iarity about the stock market may also contribute to the heterogeneity in

uncertainty [Huberman (2001)]. We abstract from the details of how such

heterogeneity arises and simply assume that the difference is captured by

different �’s. Furthermore, we assume that � is uniformly distributed

among investors on the interval11

S1 ¼ ��� �, ��þ �
� �

,

with density 1/(2�), where �� � � and � measure the dispersion of the

uncertainty among investors. When � ¼ � ¼ 0; there is no model uncer-

tainty, and our model collapses to the standard expected utility model.

The preference in Equation (1) exhibits aversion to uncertainty whereas

preference represented by Savage’s expected utility is uncertainty neutral.

The simplest example that highlights the difference is the Ellsberg experi-

ment [Ellsberg (1961)]. This difference between the multi-priors expected

utility and the standard expected utility is crucial for understanding why
our findings differ from the results of existing studies.

Before moving on to discuss individual investor’s portfolio and market-

participation decision, we make a few remarks on the modeling strategy

that we have adopted regarding investors’ utility function and their

endowments. We assume that all investors have the same CARA utility

and the same endowment of x shares of the stock. This assumption is

made mainly to abstract from the endowment effect. We note that, just as

in the standard expected utility framework, CARA utility does not have
wealth effect even in the multi-priors expected utility framework, as will

be seen shortly. As a result, the initial endowment of an investor does not

affect his optimal portfolio holding. With other utility functions, however,

9 Our results regarding limited participation, equity premium, and diversification discount hold without
assuming the same point estimate for all investors. However, to focus on the effect of heterogeneity in
model uncertainty, we abstract from the heterogeneity of the point estimate �, because heterogeneity in
estimated expected returns is often interpreted as heterogeneity of opinion. Thus, by abstracting away
such heterogeneity, we are trying to isolate the effect of model uncertainty from the effect of hetero-
geneous opinion described by Miller (1977). The assumption also allows us to obtain closed-form
solutions which greatly facilitate the analysis.

10 In an early version, we allowed for heterogeneity in investors’ risk aversion. Because the qualitative
nature of our results is not affected, we assume the same level of risk aversion for all investors for ease of
exposition.

11 In Section 6, we consider a more general distribution for uncertainty among investors.
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this is often not the case. One obvious example is CRRA utility. Other

more interesting examples include the semi-order preference introduced in

Bewley (2002) and loss-aversion utility [Kahneman and Tversky (1979)].

For these two preferences, the starting point is important for the ranking of

consumption bundles. Thus, in the portfolio-choice problem with such

preferences, endowment affects an individual’s portfolio choice not only

through its impact on the initial wealth in the budget constraint, but also by

entering directly into the utility of the individual. By abstracting away the
endowment effect, our modeling strategy allows us to examine more

cleanly the importance of model uncertainty. It also gives us the analytic

tractability which greatly facilitates the analysis.12

2. Portfolio Choice and Equilibrium Market Participation

In this section, we first solve investors’ optimal portfolio-choice problem

and then derive the closed-form solution for the equilibrium. We show

that when the dispersion in investor’s uncertainty is large, there is limited

market participation in equilibrium.

2.1 Portfolio choices

Let P denote the price of the stock, the investor’s wealth constraint is

W1i ¼ W0i þDiðr� PÞ,

where Woi = xP and W1i are investor i’s beginning of period and end of

period wealth, respectively,Di is investor i’s net demand for the stock, and

r is the per share return on the stock. Under the assumption of normality

and CARA utility, investor i’s utility maximization problem becomes:

max
Di

min
�

Dið�� �� PÞ � ��2

2
D2

i ,

where � is the investor’s risk-aversion coefficient. The first term of the

objective function represents the expected excess payoff from investing in

the stock with adjustment to the mean due to uncertainty, and the last
term represents adjustment due to risk. Solving the inner minimization,

the above problem reduces to

max
Di

Di½�� sgnðDiÞ�i � P� � ��2

2
D2

i , ð3Þ

12 In a related paper, Cao, Hirshleifer, and Zhang (2004) investigate the endowment effect and investors’
portfolio choices under model uncertainty using a preference relation that reflects aspects of Bewley
(2002) and Gilboa and Schmeidler (1989), but which emphasizes fear of the unfamiliar as reflected in a
reluctance to deviate from a specified status-quo action.
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where sgn(�) is an indicator function which takes the sign of its argument.

The expression, � – sgn(Di)�i, represents the uncertainty-adjusted

expected payoff under the worst case scenario for holding Di shares of

the stock. The intuition behind Equation (3) is the following. If investor i

takes a long position (Di > 0 and sgn(Di) = 1), the worst case scenario for

him is that the mean excess payoff is given by � – �i � P. Similarly, if he

takes a short position (Di < 0 and sgn(Di) = �1), the worst case scenario

is that the mean excess payoff is � + �i � P.
Summarizing, the investor’s optimal holding in the stock is given by

Di ¼

1
��2

�� �i � Pð Þ if �� P > �i,

0 if � �i � �� P � �i,
1
��2

�þ �i � Pð Þ if �� P < ��i:

8><
>: ð4Þ

Thus, due to his uncertainty about the mean of r, investor i holds a long

(short) position in the stock only when the equity premium is strictly positive

(negative) in the worst case scenario, � ¼ �i ð� ¼ ��iÞ. When the price P

falls in the region, �� �i; �þ �i½ �, the investor optimally chooses not to

participate in the market. The non-participation region for investor i is the

interval between the investor’s lowest and the highest expected payoffs.

2.2 Full participation
In equilibrium the market clears. As will be seen later, in equilibrium, the

stock always sells at a discount, that is, �� P > 0. Thus, the expression of

the demand function Equation (4) implies that no investor will hold short

positions in the stock. In the full participation equilibrium, all investors

participate in the stock market. The market clearing condition for the

stock can thus be written as

x ¼
Z
�i 2 S1

ð�� �i � PÞ
��2

1

2�
d�i ¼

1

��2
�� ��� P
� �

:

Solving for P, we arrive at the following equilibrium pricing equation,13

�� P ¼ ��2xþ ��: ð5Þ

The first term on the right hand side of Equation (5) is standard.

It represents the risk premium, which is proportional to investors’

risk-aversion coefficient and the variance of r. The second term is

new. It represents the uncertainty premium and is proportional to the

average level of uncertainty ð ��Þ of all investors about the mean stock

payoff.

13 Chen and Epstein (2001) obtained a similar decomposition of equity premium in a representative agent
model.
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The full participation equilibrium prevails when all investors partici-

pate in the stock market. This requires all investors, including investors

with the highest uncertainty, to hold long positions. Equation (4) thus

implies

�� ð ��þ �Þ � P > 0:

Using Equation (5), we have that in equilibrium all investors participate

in the market if

��2x > �: ð6Þ

This full participation condition indicates that whether all investors par-

ticipate in the stock market depends on the dispersion of investors’ model

uncertainty. When � is small, investors are relatively homogeneous and all

investors will participate.

Under full market participation, investors’ model uncertainty disper-

sion has no effect on price. What matters is the average uncertainty.

Investors who are more uncertain about the mean stock payoff will

hold less stock, while investors who are less uncertain will hold more. In
aggregate, the market price behaves as if all investors have the average

uncertainty.

2.3 Limited participation

When uncertainty dispersion among investors is sufficiently large such

that condition (6) is not satisfied, investors with high uncertainty opti-

mally choose not to participate in the stock market. Let �� denote the

lowest level of uncertainty at which investors do not hold the stock. Then

�� �� � P ¼ 0: ð7Þ

Using the market clearing condition,

x ¼
Z
�i < ��,�i 2 S1

Di

2�
d�i ¼

1

��2
�� � ��þ �
� �

2�
�� �� � ��þ �

2
� P

� �
, ð8Þ

and solving for �� yields

�� ¼ ��� � þ 2�
ffiffiffiffiffiffiffiffi
��x

p
: ð9Þ

Combining this with Equation (7), we arrive at the following equilibrium

price for the stock,

P ¼ �� ��� �
� �

� 2�
ffiffiffiffiffiffiffiffiffi
��x:

p
ð10Þ

We now turn to the implication of limited market participation for

equity premium.
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3. Market Participation and Equity Premium

A widely investigate issue in the literature on limited market participation

is how equity premium relates to limited market participation. Several

studies [Mankiw and Zeldes (1991), Basak and Cuoco (1998), Attanasio,

Banks, and Tanner (2002), Brav, Constantinides, and Geczy (2002), and

Vissing-Jorgensen (2002)] find that equity premium increases as fewer

investors participate in stock markets. These studies, however, assume

that some investors are exogenously excluded from participating in the
stock markets. In this section, we re-examine the relation between the

equity premium and limited market participation by allowing investors to

optimally choose whether or not to participate in the market so that

limited market participation arises endogenously.

To facilitate the analysis, we re-write the pricing Equation (10) as

�� P ¼ ��2x

�
þ �p, ð11Þ

where

� ¼
�� � ��� �

� �
2�

¼ �
ffiffiffiffiffiffiffiffiffiffi
�x=�

p
ð12Þ

is the proportion of investors holding long positions in the stock, and

�p ¼
1

2
�� þ ��� �
� �

¼ ��� � þ �
ffiffiffiffiffiffiffiffi
��x

p
ð13Þ

is the average level of uncertainty among market participants. Thus,

Equation (11) says that equity premium can be decomposed into two

components: the risk premium and the uncertainty premium. The lower

the participation rate, the higher the risk premium, which is consistent

with what is known in the literature [e.g., Basak and Cuoco (1998)].

The following is the main result of this section.

Proposition 1. Suppose that ��2x < �. Then there is limited market parti-

cipation in equilibrium. Furthermore,

(a) investors’ participation rate � decreases in uncertainty dispersion, i.e.,

@�=@� < 0;
(b) the average uncertainty of market participants decreases in uncer-

tainty dispersion, i.e., @�p=@� < 0; and

(c) the equity premium decreases in uncertainty dispersion, i.e.,

@ �� Pð Þ=@� < 0:

We have shown earlier that with full market participation, equity

premium does not depend on uncertainty dispersion among investors.

With limited market participation, however, equity premium decreases in
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uncertainty dispersion. The intuition is as follows. According to the

demand functions [Equation (4)], when the stock sells at discount

�� P > 0ð Þ, no investor will hold short position in the stock. Thus, in

the equilibrium with limited participation, there are fewer investors

holding the stock than in the equilibrium with full participation. Since

fewer investors in the market have to bear all the market risk, they

demand a higher risk premium. This, on the surface, suggests that price

of the stock is lower and premium higher in the equilibrium with limited
participation. However, in the equilibrium with limited participation,

only investors with relatively low uncertainty remain in the stock market.

These investors on average are willing to accept a lower uncertainty

premium as shown in Proposition 1(b). The net effect on equity premium

depend on which of the two forces dominates. In our model, as uncertainty

dispersion increases, according to Proposition 1(a), market-participation

rate decreases and risk premium increases. At the same time, uncertainty

premium decreases according to Proposition 1(b). Moreover, when
there is limited market participation, the uncertainty premium effect

dominates the risk premium effect, leading to a lower equity premium

as shown in Proposition 1(c).

Figure 1 illustrates the percentage of non-participation in the stock

market (top panel) and the equity premium (solid line) decomposed into

the uncertainty premium (dashed line) and the risk premium (dash-dotted

line) (bottom panel) as a function of the uncertainty dispersion among

investors �ð Þ. At very low level of the uncertainty dispersion, full partici-
pation prevails in equilibrium. The equity premium, uncertainty pre-

mium, and risk premium all remain constant. As the model uncertainty

dispersion increases, investors with high uncertainty stay sidelined, the

risk premium rises, the uncertainty premium falls, and the total equity

premium declines.

Figure 2 provides some empirical observations on the relation between

the stock market participation and stock returns for France, Germany,

Italy, the Netherlands, Sweden, the United Kingdom, and the United
States. The stock market participation measures are based on 1998

microeconomic surveys in respective countries except for Sweden,

which is based on a 1999 survey. We use the total annual returns in

U.S. dollars for the equity market in respective countries for the period

between 1986 and 1997. Two measures of the stock market participation

are used: direct participation which considers traded and non-traded

stocks held directly (top panel) and total participation which also

includes mutual funds and managed investment accounts (bottom
panel). Both the top and bottom panels suggest that the stock market

participation and stock returns are positively correlated. This is reflected

by an upward sloping least-square line fitted to the data for both the

direct participation and stock return relation and total participation and
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stock return relation.14 However, because in our model, both the stock

market participation and stock returns are determined by the heteroge-

neity of model uncertainty, there is no causality between the two
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Figure 1
The top panel shows the proportion of investors not participating the asset market as a function of
uncertainty dispersion (d)
The lower panel illustrates the decomposition of the equity premium (solid line) into uncertainty premium
(dashed line) and risk premium (dash-dotted line) as a function of uncertainty dispersion (�). The
parameters used are as follows: x ¼ 0.3, � ¼ 0.25, � ¼ 1.06, � ¼ 1, and �� ¼ 0:0375.

14 The test statistics show that the slope is positive at conventional significance level. However, we do not
report the test statistics and the corresponding p values due to the limited number of observations.
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variables. The evidence contrasts with the results obtained by treating the

stock market participation as exogenous and then focusing on how the

implied stock returns respond to different levels of the stock market

participation.
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Figure 2
Stock market participation and total annual stock returns for France, Germany, Italy, the Netherlands,
Sweden, the United Kingdom, and the United States
The stock return is the percent annual change in the MSCI market index in the U.S. dollars for
respective countries with dividends reinvested between 1986 and 1997. Two market participation
measures are used: Direct participation represented by ‘‘o’’ (top panel) and total participation denoted
by ‘‘�’’ (bottom panel). The market participation measures are based on 1998 microeconomic surveys
conducted in respective countries except for Sweden which is based on the 1999 survey. For Germany,
only direct participation measure is available. The data are from Tables 4 and 11 of Guiso, Haliassos,
and Jappelli (2003).

The Review of Financial Studies / v 18 n 4 2005

1232



4. Multiple Stocks and the Diversification Discount

In this section, we examine how, in the absence of any synergy between

two firms, the market value of the merged firm (the conglomerate)

depends upon investors’ uncertainty dispersion and how it relates to

limited participation at firm level. Our study differs but complements

studies based on production and synergy such as Gomes and Livdan (2004).

We extend the model in Section 1 to allow for two stocks. The payoffs

on the two stocks follow a two factor model

r1 ¼ fA þ 	fB, ð14Þ

r2 ¼ 	fA þ fB, ð15Þ

where r1 and r2 are payoff on stocks 1 and 2, respectively, fA and fB are

two factors, and 	 represents the factor loading. We assume 	j j < 1. The

total supplies of the two stocks are given by x1 and x2, with x1 ¼ x2 ¼ x > 0.

All variables are jointly normally distributed. Investors know that the
factors, fA and fB, follow a joint normal distribution with a non-degenerate

variance–covariance matrix OF. Without loss of generality, we assume that

OF is diagonal with common element �2. However, investors do not know

exactly the mean of fA or fB. Let �A ¼ �B ¼ � be the point estimates of

the means of fA and fB, respectively. As before, let �A þ �A and �B þ �B
be the the means of the factors under an alternative distribution Q and

define the set P by the following constraints on �A and �B:

� 2
A � � 2

A , ð16Þ

and

�2B � �2B, ð17Þ

where �A and �B are the parameters that capture the investor’s uncertainty

about the means of factors A and B, respectively. Investors believe the

means of factor fA and fB fall into the set

fð�Aþ�A, �Bþ�BÞ :�A and �B satisfy Equations ð16Þ and ð17Þ, respectivelyg:

We assume that � ¼ ð�A; �BÞ is uniformly distributed on the square

S2 ¼ ��� �, ��þ �
� �

� ��� �, ��þ �
� �

,

where �� � �.
When there is a merger, firms combine their operations to form

a conglomerate denoted byM. The cash flows are unaffected by the merger

so that the payoff to holding firm M’s stock is rM ¼ r1 þ r2 ¼
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ð1þ 	ÞðfA þ fBÞ.15 After the merger, investors can no longer trade stocks 1

and 2 and can only hold asset M.

For ease of exposition, we introduce factor portfolios tracking the two

factors A and B. Let PA and PB be the prices of factor portfolios, A and B,

respectively. Pj be the price of stock j, for j = 1, 2, and PM be the market

price of the merged firm. The supply of each factor portfolio is then

x̂ � ð1þ 	Þx. Since the two factors are orthogonal to each other and

investors have CARA utility function, the prices of the factors (PA and
PB) can be determined similarly as in the case with a single stock in

Section 2. The prices of the stocks when traded separately can be obtained

using the relation P1 ¼ PA þ 	PB and P2 ¼ 	PA þ PB.

The following proposition summarizes the main result on the relation-

ship between limited market participation and the diversification discount.

Proposition 2. Suppose ð1þ 	Þx��2 < �. Then there is limited market

participation in equilibrium. Furthermore, when stocks 1 and 2 are traded

separately, their prices are given by

P1 ¼ P2 ¼ ð1þ 	Þ½�� ð ��� �Þ � 2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð1þ 	Þx�

p
�:

When the firms are merged, the price of the merged firm is given by

PM ¼ 2ð1þ 	Þ �� g�1½�ð1þ 	Þx�2�=2
� �

,

where

gðyÞ ¼ y� 2 ��þ 2�
� �3�2 ðy� 2 ��Þþ

� �3n o
= 48�2
� �

,

and PM < P1 þ P2, i.e., there is a diversification discount. Moreover, the

diversification discount increases in uncertainty dispersion (�).

5. Generalization

In this section, we extend the model in Section 4 to allow for a more

general factor structure and demonstrate that our basic results are robust

in the more general setting. Specifically, the payoffs of stocks 1 and 2 are

now given by

r1
r2


 �
¼ 
>

fA
fB


 �
þ �1

�2


 �
, ð18Þ

where


 ¼ 
1A 
2A

1B 
2B


 �
: ð19Þ

15 We abstract from agency problems such as inefficient internal capital markets and rent-seeking at
division-level considered by Rajan, Servaes, and Zingales (2002) and Scharfstein and Stein (2000).
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The matrix 
 represents the factor loadings and is assumed to be inver-

tible. The factors fA and fB are the systematic factors as before. The

random shocks �1 and �2 are the idiosyncratic risk for stocks 1 and 2,

respectively.

All variables are jointly normally distributed. The idiosyncratic factors

are uncorrelated with each other and are uncorrelated with the systematic

factors. As in Section 4, investors do not have perfect knowledge of the

distribution of the stock payoffs. They know that the factors
fA; fB; �1; �2ð Þ> follow a joint normal distribution. The risk of stock pay-

offs is summarized by the non-degenerate variance–covariance matrix OF.

We assume that investors have a precise estimated of OF. Without loss

generality, we assume that fA and fB have the same variance �2, and �1,
and �2 have variances �

2
1 and �

2
2, respectively. However, investors do not

know exactly the means of fA or fB.
16 Investors’ uncertainty is represented

by the constraints

�2iA � �2iA, �2iB � �2iB:

Similar to Section 4, investors’ heterogeneity is characterized by

�i ¼ ð�iA; �iBÞ>. We assume that �iA and �iB have a joint distribution

defined on S3 � ½�lA; �uA� � ½�lB; �uB� with a continuous probability den-

sity function hð�iA; �iBÞ. The average of �i is denoted by �� ¼ ��A; ��B
� �>

.

Let x1 and x2 be the supplies of stocks 1 and 2, respectively. The corre-
sponding factor portfolio supplies are given by

x � xA
xB

� �
¼ 


x1
x2

� �
:

5.1 Portfolio choice and market participation

With CARA utility, investor i’s maximization problem is:

max
Di1,Di2

min
�iA,�iB

�Di1P1 �Di2P2 þ 
1ADi1 þ 
2ADi2ð Þ �A � �iAð Þ

þ 
1BDi1 þ 
2BDi2ð Þ �B � �iBð Þ

� �

2

1ADi1 þ 
2ADi2ð Þ2�2 þ 
1BDi1 þ 
2BDi2ð Þ2�2 þD2

i1�
2
1 þD2

i2�
2
2

h i
:

ð20Þ

The demand for factor portfolios are given by:

Di �
DiA

DiB


 �
� 


Di1

Di2


 �
: ð21Þ

16 By assumption, the idiosyncratic factors have zero mean.
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Since the matrix 
 is invertible, there is a one-to-one correspondence

between the holdings of factor portfolios and those of the stocks 1 and 2.

In particular, if an investor does not participate in the factor portfolio

markets, he does not participate in the stock markets.

The first-order condition for investor i’s optimal holdings of the factor

portfolios is given by

�A � �iA þ �iA
�B � �iB þ �iB

� �
� P ¼ �

�2 0

0 �2

� �
þ ð
�1Þ> �21 0

0 �22

� �

�1


 �
DiA

DiB

� �
,

where �iA and �iB are non-negative numbers such that 0 � �iA � 2�iA
and 0 � �iB � 2�iB; and P � ðPA;PBÞ> ¼ ð
�1Þ>ðP1;P2Þ>: Let �i ¼
ð�iA; �iBÞ>: Then the demand for factor portfolios is given by

Di ¼ ð��̂Þ�1½�� P� � ð��̂Þ�1½�i � �i�, ð22Þ

where

�̂ ¼ �2 0

0 �2

� �
þ ð
�1Þ> �21 0

0 �22

� �

�1

is the variance–covariance matrix of the factor portfolios. Without loss

of generality, we assume that �̂ is positive.17 The first term on the right

hand side of Equation (22) is the standard mean–variance demand, and

the second term is the adjustment to the mean–variance demand due to

model uncertainty. Given the demand for the factor portfolios, the

demand for individual stocks can be determined by

Di1, Di2ð Þ>¼ 
�1Di: ð23Þ

We summarize the result on participation in the following proposition.

Proposition 3. If min �uA; �uBf g > M � max j�A � PAj; j�B � PBjf g; then
investors with uncertainty level in S ¼ M; �uA½ � � M; �uB½ � will take no

position in the stock markets.

5.2 Equilibrium and market participation

In the general setting of this section, we do not have a closed-form

solution for the equilibrium. However, the existence of equilibrium is

guaranteed by the following proposition.

Proposition 4. There exists an equilibrium. In addition, if the supply of both

factor portfolios are strictly positive, the equilibrium is unique. Moreover, both

factor portfolios are traded at a discount, i.e., �A � PA>0 and �B � PB > 0.

17 Otherwise, we can redefine a new set of factors f 0A ¼ �fA; f
0
B ¼ fB such that �̂ is positive.
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5.3 Equity premium under limited participation

In equilibrium, the asset markets must clear, or equivalently, the factor

portfolio markets must clear, that is.,

xA ¼
Z Z

DiA 6¼0,�i2S3

DiA h �iA, �iBð Þd�iAd�iB, ð24Þ

xB ¼
Z Z

DiB 6¼0,�i2S3

DiB h �iA, �iBð Þd�iAd�iB: ð25Þ

We say that is limited participation in factor portfolio j, j = A, B, when the
measure of non-participants in factor portfolio j is positive. We have the

following results regarding the relation between limited participation and

asset prices.

Proposition 5. Suppose that xA > 0 and xB > 0. Let !ij denote the (i, j)th

component of ð��̂Þ�1
.

(a) If x�ð!11ð�uA� ��AÞþ!12ð�lB� ��BÞ;!12ð�lA� ��AÞþ!22ð�uB� ��BÞÞ>;
then all investors hold both factor A and factor B portfolios. In addition,

the full participation equilibrium prices for the factor portfolios,

Pf � P
f
A;P

f
B

� >
, are given by

Pf ¼�� �����̂x: ð26Þ

(b) If there is limited participation in factor portfolio A (B) but full

participation in factor portfolio B (A), then PA > P
f
A and PB ¼

P
f
B ðPA ¼ P

f
A and PB > P

f
B Þ;

(c) If there is limited participation in both factor portfolios,

PA > P
f
A and PB > P

f
B :

Market participation clearly depends on the dispersion of investors’

uncertainty. When investors are relatively homogeneous, �uA � �lA and

�uB � �lB are small, a full participation equilibrium prevails. When

investors are relatively homogeneous with respect to one factor but

not the other, there could be limited participation with respect to one

of the factor portfolios. Finally, when investors’ uncertainty is very
heterogeneous with respect to both factors, some investors do not

participate in either factor portfolio and we have limited participation

in both markets.
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5.4 Diversification discount

In this subsection, we show that our results on the diversification discount

still hold in the general setting. Without loss of generality, we normalize

the share supply of the conglomerate to one. Then the payoff of the

conglomerate is rM ¼ x1r1 þ x2r2. We summarize the results in the fol-
lowing proposition.

Proposition 6. When there is full participation, there is no diversification

discount, i.e., PM ¼ x1P1 þ x2P2:When there is limited participation, there

is diversification discount, i.e., PM � x1P1 þ x2P2: Moreover, the diversi-

fication discount is strictly positive when a positive measure of investors

participate only in one of the factor portfolios.

6. A Dynamic Model

It is well understood that in a standard single-period model with CARA

utility, investors’ asset demand is determined by the main–variance tradeoff,
while in a dynamic model, the demand consists of the mean–variance trade-

off component and a hedging component. So far, we have conducted our

analysis in a single-trading session model and demonstrated that in equili-

brium some investors may choose not to participate in the stock market. A

natural question is: in a dynamic model where investors trade also for

hedging purpose, will there still be limited market participation in equili-

brium [Epstein and Schneider (2002)]? A full dynamic model is clearly

beyond the scope of this paper. However, we will demonstrate in this section
with a simple two-period model that while hedging need generates some

interesting dynamics in investor’s asset demand, limited market participa-

tion can still arise in equilibrium for the same reason as in the static model

analyzed in previous sections.

There are two periods. Investors trade at times t = 0 and 1 and

consumption occurs at t = 2. There are one stock and one bond. The

risk-free rate is set at zero. Each investor is endowed with x > 0 shares of

the stock as before. The stock pays dividends, r1 and r2 at times t = 1
and 2, respectively. For simplicity, we assume that r1 and r2 are inde-

pendent and normally distributed with variances �21 and �
2
2, respectively.

There is a continuum of investors with multi-priors CARA expected

utility function of the terminal wealth and the same risk-aversion

coefficient g. Investors are uncertain about the expected values of

the dividends. Investor i’s uncertainty is described in the same spirit

as in previous sections by two intervals, �1 � �1i; �1 þ �1i½ � and

�2 � �2i; �2 þ �2i½ �; respectively. Thus

Pi ¼ fQ : ðr1, r2Þ is jointly normal under Q and EQ½rj�
2 ½�j � �ji, �j þ �ji�, j ¼ 1, 2g:
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The difference in investors’ uncertainty measured by �1i; �2ið Þ is assumed

to be uniformly distributed in a rectangle ��1 � �1; ��1 þ �1
� �

�
��2 � �2; ��2 þ �2

� �
; with density 1/(4d1d2). Each investor also receives a

non-tradable wealth at time t = 1 in the amount of er1 + x, with x being

normally distributed and independent of r1 and r2. This non-tradable

wealth can be viewed as the human capital of the investor and is assumed

to be correlated with the stock payoff to introduce a hedging motive for

the investor. We assume that e > 0. The analysis is similar for e < 0.
Finally, a public noisy signal y arrives in the market at t = 1 with y = r2 +

�, where the noise term � is normally distributed with mean zero and

variance � 2
� :

18

The optimization problem of investor i is to maximize his utility,

min
Q2Pi

EQ � exp ��W2ð Þ½ � ð27Þ

subject to the budget constraints

W1 ¼ W0 þ er1 þ  þD0i P1 þ r1 � P0ð Þ
W2 ¼ W1 þD1i r2 � P1ð Þ:

To solve the utility maximization problem, compute for each

Q2Pi the conditional distribution after observing the public signal y
at t ¼ 1,

PiðyÞ¼fQðyÞ :Q2Pi, QðyÞ is the conditional distribution of ðr1,r2Þ given yg:

It can be verified that Pi and Pi(y) together satisfy the generalized Bayes

rule and hence the preference Equation (27) is dynamically consistent

[Epstein and Schneider (2003) and Wang (2003)]. Consequently, we can

solve the utility maximization problem by backward induction. At time 1,
there is only one period left. Using the result from Section 2, investor i’s

demand is

D1i ¼

�2
2
þ�2�

��2
2
�2�

�2� �2��2ið Þþ�2
2
y

�2
2
þ�2�

� P1

� 
if
�2� �2þ�22y
�2
2
þ�2�

� P1 > �2i
�2�

�2
2
þ�2�

,

0 if
�2� �2þ�22y
�2
2
þ�2�

� P1

��� ��� < �2i
�2�

�2
2
þ�2�

,

�2
2
þ�2�

��2
2
�2�

�2� �2��2ið Þþ�2
2
y

�2
2
þ�2�

� P1

� 
if
�2� �2þ�22y
�2
2
þ�2�

� P1 < ��2i �2�
�2
2
þ�2�

::

8>>><
>>>:

ð28Þ

Note that, conditional on y, the variance of r2 is �22�
2
� =ð�22 þ �2� Þ and

expected return in worst case scenario is �2� �2 � �2ið Þ þ �22y
� �

= �22 þ �2�
� �

:
It can be verified that when �2 > ��22x, some investors will choose not to
participate in the stock market and the equilibrium price is given by

18 For simplicity, we assume that there is no uncertainty about the mean of the noise term.
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P1 ¼
�2� �2 � �2p
� �

þ �22y

�22 þ �2�
� �x

�2p

�22�
2
�

�22 þ �2�
: ð29Þ

where

�2p ¼ �2
ffiffiffiffiffiffiffiffiffiffiffiffi
x�=�2

p
and �2p ¼ ��2 � �2 þ 2�2

ffiffiffiffiffiffiffiffiffiffi
�2x�

p
are the proportion of investors participating in the stock market and

average uncertainty about the mean of r2 of the stock market partici-
pants, respectively. The pricing formula is the same as in Section 2 except

that the mean and variance are their conditional counterparts.

We now turn to the portfolio choice and market-participation decision

of investor i at time t ¼ 0. Let Ji (W1, y) denote the indirect utility

function at t ¼ 1. Using expression (28), it can be verified that

JiðW1, yÞ ¼ � exp ��W1 �
�2�

2�22ð�22 þ �2� Þ
�2p � �2i þ

�x

�2p
�22


 �2
( )

:

At time t ¼ 0, the utility maximization problem Equation (27) can be

written as

max
D0i

min
Q 2 Pi

EQ Ji W1,yð Þ½ � ð30Þ

subject to W1 ¼ W0 þ er1 þ x þ D0i (P1 þ r1 – P0), which is equivalent to

max
D0i

D0
�2� ½�2 � �2p� þ �22½�2 � sgnðD0iÞ�2i�

�22 þ �2�
� �x

�2p

�2��
2
2

�22 þ �2�
� P0


 �

þ ðD0i þ eÞ½�1 � sgnðD0i þ eÞ�1i� �
�

2
½D0i þ e�2�21 þD2

0i

�42
�22 þ �2�


 �
:

ð31Þ

Before the formal analysis of investor i’s market-participation deci-

sion, it is useful to examine intuitively what gives rise to the hedging

demand. The investor has a non-traded wealth risk at time t ¼ 1.

Naturally, he wants to hedge against this risk. Since the stock pays a

dividend of r1 dollars which is perfectly correlated with a component of

his non-traded wealth, a simple hedging strategy that can completely

hedge this component is to sell e shares of the stock and unwind the
position at time 1. Of course, whether the investor wants to completely

hedge depends on his overall portfolio-choice problem. Nonetheless, the

presence of non-traded wealth creates a hedging need that would make

his t ¼ 0 demand for the stock different from his mean–variance

demand.

Investor i’s market participation decision at time t ¼ 0 depends on the

right and left derivatives of his utility function at D0i ¼ 0. The right

derivative of the objective function in Equation (31) at D0i ¼ 0 is

The Review of Financial Studies / v 18 n 4 2005

1240



�2� �2 � �2p
� �

þ �22 �2 � �2ið Þ
�22 þ �2�

� �x

�2p

�2� �
2
2

�22 þ �2�
þ �1 � �1ið Þ � P0 � �e�21, ð32Þ

and the left derivative is

�2� �2 � �2p
� �

þ �22 �2 � �2ið Þ
�22 þ �2�

� �x

�2p

�2� �
2
2

�22 þ �2�
þ �1 � �1ið Þ � P0 � �e�21: ð33Þ

If the expression in Equation (32) is negative and that in Equation (33) is
positive, then investor i will not participate in the stock market even in the

presence of the hedging demand.

To gain insight into investor i’s market participation decision and to see

how the extra trading motive from hedging need interacts with the inves-

tor i’s aversion to model uncertainty, it is useful to examine first the case

without signal y. This is the case when s� = 1. In this case, the price P1 is

constant and hence there is no future price uncertainty. Also, Equations

(32) and (33) are of the same sign. Thus, while there is uncertainty about
the mean of the first dividend, r1, hedging demand dominates the aversion

to uncertainty and the investor always participates in the stock market,

except for the uninteresting case where the two expressions in Equations

(32) and (33) happen to be equal to zero. Now, in the presence of the noisy

signal y, the price of the stock at time t = 1 becomes random. From

pricing Equation (29), it is readily seen that the first two terms in Equa-

tion (32) give the expectation of P1 in the worst case scenario while those

in Equation (33) give that in the best case scenario. That is, when P1 is
random, in addition to uncertainty about the dividend r1, the uncertainty

about the future price of the stock is something that the investor also has

to be concerned about in his stock-holding decision at time zero. As a

result, the investor faces a tradeoff: he can satisfy his hedging need,

completely or partially, by taking a position in the stock, but by doing

so, he exposes himself to the future price uncertainty. Because of his

aversion to such uncertainty, he may chose not to participate in the

stock market even in the presence of hedging need.
The analysis above is for individual investors. The following proposi-

tion provides a set of conditions under which there is limited market

participation in equilibrium. The conditions are the counterpart of the

condition for limited market participation in Section 2.

Proposition 7. Suppose that �21�x < �1 and �22�x < �2 . Then in equilibrium

there is limited market participation in both trading periods of the stock market.

7. Conclusion

In this paper, we study the relation among three well-documented

empirical phenomena, limited participation, the equity premium, and
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the conglomerate diversification discount, in a general equilibrium

framework with model uncertainty. We find that the three phenomena

can be fundamentally connected through the heterogeneity in inves-

tors’ uncertainty about the distribution of stock payoffs. Specifically,

we find that when dispersion in investors’ uncertainty about stock

payoffs is large, there is limited market participation and equity

premium can be lower than that in an economy with full market

participation. This is in contrast to the understanding in the literature
that limited participation leads to higher equity premium. We also

find that diversification discount is related to limited market partici-

pation and larger dispersion in investors’ uncertainty about the stock

payoff leads to lower market participation and larger discount.

This latter finding is novel and can be empirically tested in future

research.

Appendix

Proof of Proposition 2. The proof for the case without merger is very similar to the single

stock case. Let x̂ ¼ 1þ 	ð Þx. When �x̂�2 � �, there is full market participation. The prices

for the factor portfolios are given by

PA ¼ PB ¼ �� ��� �x̂�2:

As a result we have

P1 ¼ PA þ 	PB ¼ PB þ 	PA ¼ P2 ¼ 1þ 	ð Þ �� ��� �x̂�2
� �

:

In the economy with merger, the maximization problem is

max
DiM

DiM 2 1þ	ð Þ�� 1þ 	ð Þsgn DiMð Þ �iA þ �iBð Þ � PM½ � � �D2
iM 1þ 	ð Þ2�2:

The demand function is thus

DiM ¼ 2 1þ 	ð Þ�� 1þ 	ð Þ �iA þ �iBð Þ � PM

2 1þ 	ð Þ2��2
:

When �x̂�2 � �, there is full market participation. Aggregating the demands across all

investors and equating the aggregate demand to aggregate supply, we arrive at

x ¼ 2 1þ 	ð Þ�� 2 1þ 	ð Þ ��� PM

2 1þ 	ð Þ2��2
,

which implies

PM ¼ 2 1þ 	ð Þ �� ��� �x̂�2
� �

¼ 1þ 	ð Þ PA þ PBð Þ ¼ P1 þ P2,

and there is no diversification discount.

When �x̂�2 < �, in the economy without merger, there is limited participation. Following

Equation (10), we get
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PA ¼ PB ¼ �� ��� �
� �

� 2�
ffiffiffiffiffiffiffiffiffi
�x̂�:

p
As a result, we have

P1¼PA þ 	PB¼PB þ 	PA¼P2¼ 1þ 	ð Þ½�� ��� �
� �

� 2�
ffiffiffiffiffiffiffiffi
�x̂�

p
�: ðA1Þ

When �x̂� < �, in the economy with merger, there is also limited participation. Thus, there

exists a �̂ such that when �iA þ �iB � �̂, investor i will not invest in the conglomerate. This �̂

is determined by,

2 1þ 	ð Þ�� 1þ 	ð Þ�̂� PM ¼ 0: ðA2Þ

Notice that no investor will sell short the conglomerate and thus DiM > 0 for investors

participating in the market. Consequently, sgn DiMð Þ ¼ 1 for participating investors. Sum-

ming up investors’ demand, we have

x ¼
Z Z

�iAþ�iB<�̂,�i2S2

1

8 1þ 	ð Þ2��2�2
2 1þ 	ð Þ�� 1þ 	ð Þ �iA þ �iBð Þ½

�PM �d�iAd�iB:

Utilizing equation (A2), we arrive at the following market clearing condition

1þ	ð Þ��2x ¼
Z Z

�iAþ�iB<�̂,�i2S2

�̂� �iA þ �iBð Þ
h i

8�2
d�iAd�iB � gð�̂Þ, ðA3Þ

where

gð�̂Þ ¼
�̂� 2 ��þ 2�

� 3

�2 �̂� 2 ��
� þ

� �3
48�2

: ðA4Þ

It is straightforward to verify that g is an increasing function of �̂. Thus, there is a unique

�̂ that satisfies Equation (A3) and the equilibrium price of the conglomerate is thus

given by

PM ¼ 2 1þ 	ð Þ �� g�1 �x̂�2
� �

=2
� �

: ðA5Þ

It can be verified by tedious calculation that PM < P1 þ P2. Since the inequality is shown for

a more general setting in Proposition 6, we omit the details here.

For the second half of the proposition, we prove the case for 	 ¼ 0; � ¼ 1; x ¼ 1; � ¼ 1.

The general case can be dealt with similarly. When � ¼ 6, we have from Equation (A3)

that gð�̂Þ ¼ 1. Also by Equation (A4), �=6 ¼ g 2 ��
� �

. Since g is an increasing function, we

must have �̂ � 2 �� for � � 6. Consequently, gð�̂Þ ¼ 1 implies that �̂ ¼ 2
ffiffiffiffiffiffiffi
6�2

3
p

þ 2ð ��� �Þ for

� � 6. By Equations (A1) and (A5), the diversification discount is 2ð
ffiffiffiffiffiffiffi
6�2

3
p

� 2
ffiffiffi
�

p
Þ; which is

increasing in �.

In the case where 1 < � < 6, we have �̂ > 2 ��: The diversification discount is z ¼
�̂� 2 ��� �

� �
� 4

ffiffiffi
�

p
: Substituting this back into gð�̂Þ ¼ 1, we have

Fðz, �Þ � ðzþ 4
ffiffiffi
�

p
Þ3 � 2ðz� 2� þ 4

ffiffiffi
�

p
Þ3 � 48�2 ¼ 0:

Model Uncertainty

1243



Define

 �
ffiffiffi
�

p
, ! � zþ 4 

2 2
:

Since 0 < �̂� 2 �� < 2�; 2� < zþ 4 < 4� and 1 < ! < 2: Substituting into F, we have

G !, ð Þ � !3 � 2 !� 1ð Þ3� 6

 2
¼ 0:

Since G! !;  ð Þ ¼ �3 !� 2ð Þ2þ 6; G! > 0 for 1 < ! < 2. Thus, G !; ð Þ ¼ 0 implicitly defines

a function  ! ! for 1 <  <
ffiffiffi
6

p
and 1 < ! < 2: From the definition of !, we have

dz

d 
¼ 4  !� 1ð Þ þ 2 2 d!

d 
¼ 4  !� 1ð Þ � 2 2 G 

G!
¼ 4  !� 1� 2

 �!2 þ 4!� 2ð Þ

� �
:

With some algebraic derivation, the inequality dz=d > 0 is equivalent to

!� !3 � 2 !� 1ð Þ3

3 �!2 þ 4!� 2ð Þ >

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!3 � 2 !� 1ð Þ3

6

s
: ðA6Þ

From Equation (A6) we get

!� !3 � 2 !� 1ð Þ3

3 �!2 þ 4!� 2ð Þ

" #2

>
!3 � 2 !� 1ð Þ3

6
: ðA7Þ

Using one to subtract both sides of Equation (A7), we get

1� ! þ !3 � 2 !� 1ð Þ3

3 �!2 þ 4!� 2ð Þ

" #
1þ !� !3 � 2 !� 1ð Þ3

3 �!2þ4!� 2ð Þ

" #
>
6� !3 þ 2 !� 1ð Þ3

6
: ðA8Þ

Multiplying both sides of Equation (A8) by 18= 2� !ð Þ, we get

a !ð Þb !ð Þ
c !ð Þ < d !ð Þ, ðA9Þ

where

a !ð Þ ¼ �2!3 þ 3!2 þ 12!� 8, bð!Þ ¼ 9

4
� 2!� 5

2


 �2

cð!Þ ¼ 2� 2� !ð Þ2
h i2

, d !ð Þ ¼ 3 6� 2� !ð Þð Þ2:

It is easy to verify that a, c, d are increasing functions of ! for 1 < ! < 2: The function b(!) is

increasing for 1 < ! < 5/4 but decreasing for 5=4 � ! < 2 and maximized at ! = 5/4 with

value 9/4. Therefore, for 1 < ! � 9=8, we have

að!Þbð!Þ
cð!Þ <

a 9=8ð Þb 9=8ð Þ
cð1Þ < dð1Þ < dð!Þ,

and, for 9=8 < ! � 3=2, we have

að!Þbð!Þ
cð!Þ <

a 3=2ð Þb 5=4ð Þ
cð9=8Þ < dð9=8Þ < dð!Þ:
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Finally, for 3=2 < ! � 2, we have

að!Þbð!Þ
cð!Þ <

a 2ð Þb 3=2ð Þ
cð3=2Þ < dð3=2Þ < dð!Þ:

Consequently, z is an increasing function of  and thus an increasing function of �.

Proof of Proposition 3. The following information about �iA and �iB will be useful. �iA ¼ 0; if

DiA > 0; �iA ¼ 2�iA if DiA < 0 and 0 � �iA � 2�iA if DiA ¼ 0. Left multiply both sides of

Equation 22 by �� Pþ �i � �ið Þ>. Then the RHS is positive and the LHS is negative. Thus

�� Pþ �i � �i must be zero and Di ¼ 0: &

Proof of Proposition 4. Notice that 0 � �iB � 2�iB. For existence, define the aggregate

demand by the right side of Equations (24) and (25) and denote it by D(P). Using the

Maximum Theorem, it is readily shown that after the inner minimization, the objective

function in Equation (20) is continuous and strictly concave in (DA, DB). As a result, the

demand function D(P) is continuous in P. Consider the following mapping

M Pð Þ ¼ Pþ ��̂ D Pð Þ � xð Þ ¼ �� ��þ � Pð Þ
� �

� ��̂x,

where

� Pð Þ ¼
Z Z

�i 2 S3

�i Pð Þ h �iA,�iBð Þd�iAd�iB:

This mapping is continuous in P. Let

S ¼ �� ��þ �
� �

� ��̂x, 0 � � � 2 ��þ �
� �

1,1ð Þ>
n o

:

Clearly,M Sð Þ 2 S: Applying the Brouwer’s fixed point theorem, there exists a fixed point in

which M Pð Þ ¼ P:

To prove uniqueness, first notice that investors’ demand for portfolio A is decreasing in PA

and increasing in PB. Suppose that there exists two sets of equilibrium prices, P 6¼ P0. Without

loss of generality, we assume that P0
A>PA. Let P

�
B ¼ PB � !11 P0

A � PA

� �
=!12. Notice that !12

is off-diagonal element of ð��̂Þ�1 and is negative by assumption. Thus, we must have

P�
B > PB. We show that at price vector P� ¼ P�

A;P
�
B

� �
¼ ðP0

A;P
�
BÞ the demand for factor

portfolio A will be less than the supply. Suppose, to the contrary, that D�
A > xA ¼ DA.

Then for some i, D�
iA > DiA. It follows that �iA � ��iA (This follows because D�

iA > 0 implies

��iA ¼ 0;D�
iA ¼ 0 implies DiA < 0 which implies that �iA ¼ 2�iA; and finally D�

iA < 0 implies

DiA < 0 which implies �iA ¼ 2�iA � ��iA). Noting that

0 > DiA �D�
iA ¼ !11 P�

A � PA þ �A � ��iA
� �

þ !12 P�
B � PB þ �iB � ��iB

� �
, ðA10Þ

either we have a contradiction in the case when !12 ¼ 0;or �iB > ��iB, in the case !12 < 0

(note that !12 � 0) In the latter case, DiB � 0 and D�
iB � 0 hold. It follows that

0 � DiB �D�
iB, and hence

�!21 P �
A � PA þ �A � � �

iA

� �
> !22 P �

B � PB þ �B � ��B
� �

> 0: ðA11Þ

Noting that P �
A > PA and the two terms in the brackets of Equations (A10) and (A11) are all

positive, we have !21!21 > !11!22; which is a contradiction. Consequently, at price vector

P� ¼ P�
A;P

�
B

� �
¼ P0

A � P�
B

� �
the demand for factor portfolio A will be less than the supply.
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Since the supply is non-zero, with positive measure, some investors’ demand curve

for portfolio A must be strictly increasing with PB. As a result, we have

P0
B � PB > P�

B � PB ¼ �!11 P0
A � PA

� �
=!12 > 0. Similarly, we can show that

P0
A � PA>� !22 P0

B � PB

� �
=!12 > 0. These two inequalities together violates the positive

definiteness of �̂�1. Thus the equilibrium must be unique.

Next, we show that �A > PA and �B > PB. Since the supply of the factor portfolios are

positive, there must be some investors who hold strictly long positions in factor portfolio A.

Let i be such an investor. There are several cases. Suppose first that investor i also holds a

strictly long position in factor portfolio B, we have

�� P ¼ ��̂Di þ �i > 0:

Thus �A � PA > 0 and �B � PB > 0:

Secondly, suppose that investor i holds positive amount in factor portfolio A and zero in

factor portfolio B. Thus the equity premium for A must be positive as

�A � PA ¼ ��̂11DiA þ �iA > 0:

In the third scenario, suppose that investors who hold strictly long positions in factor

portfolio A will only hold short positions in factor portfolio B. It follows that investors who

hold long positions in factor portfolio B must hold non-positive positions in factor portfolio

A. Suppose that there exists an investor j who hold strictly long positions in factor portfolio

B but zero position in factor portfolio A, then we must have �B � PB ¼ ��̂22DjB þ �jB > 0:

Moreover, we have �A � PA > �iA > 0: Otherwise, we must have �A � PA � �iA � 0; and

�A � PA � �iA, �B � PB þ �iBð ÞDi ¼ �A � PA � �iA, �B � PB þ �iBð Þð��̂Þ�1

� �A � PA � �iA, �B � PB þ �iBð Þ>> 0,

and the RHS is strictly positive while the LHS is clearly negative.

Since investor i in the three cases above is arbitrary, we are left with the case where

investors who hold strictly long positions in factor portfolio A hold short positions in

factor portfolio B, and investors who hold long positions in factor portfolio B hold

short positions in factor portfolio A. Let i be an investor who hold positive in A,

negative in B, and let j be an investor who hold positive in B and negative in A. We

have

��iA � �jA, �iB þ �iB
� �

Di �Dj

� �
¼ ��iA � �jA, �iB þ �jB

� �
ð��̂Þ�1

��iA � �jA, �iB þ �iB
� �>

:

The LHS is negative while RHS is strictly positive. Thus is a contradiction. Therefore,

the last case is impossible. This finishes the proof that �A � P > 0: Similarly,

�B � PB > 0: &

Proof of Proposition 5. It is easy to show that DiA and DiB are continuous functions of

PA;PB; �iA, and �iB.. Thus, �iA and �iB are also continuous functions of PA;PB; �iA, and

�iB. We first prove that, in equilibrium, if almost all investors hold positions in both factor

portfolios, then almost all investors will hold long positions in the factor portfolios.

Suppose that there exist an investor i whose the demand for factor portfolio A is negative

and thus �iA=�iA ¼ 2. Since the supply is positive, there must be an investor j whose

demand for factor portfolio A is positive and thus �jA=�jA ¼ 0: Since �iA=�iA is a contin-

uous function of �iA; �iBð Þ, there must exist an investor k such that 0 < �kA=�kA < 2.

Moreover, since the inequality is strict, there exists an neighborhood of such investors

The Review of Financial Studies / v 18 n 4 2005

1246



around k. This contradicts the assumption that almost all investors are participating in

both factor portfolios.

Using the result just proved, it can be verified that if investors fully participate, the

equilibrium prices for the factor portfolios are given by Equation (26) and that investors

have strictly positive demand Equation (22) for both factor portfolios and markets clear.

This proves part (a).

For (b) and (c), suppose that some investors do not participate in at least one of the

factor portfolios. Multiplying Equation 22 by ��̂, integrating and using Equation (26),

we get

P� Pf ¼ � �
Z Z

�i2S3

�ih �iA, �iBð Þd�iAd�iB � 0,

with at least one strict inequality. &

Proof of Proposition 6. Let x ¼ xA; xBð Þ>;P ¼ PA;PBð Þ>. Let

rA
rB

� �
¼ 
>

� ��1 r1
r2

� �
,

which is the payoff vector of the factor portfolios. Clearly, x1r1 þ x2r2 ¼ xArA þ xBrB
and x1P1 þ x2P2 ¼ xAPA þ xBPB. So, we simply view the merged firm as having payoff

xArA þ xBrB and give the proof in terms of factor portfolios.

Denote �M � x>�. We deal with the full participation case first. When the firms are

merged,

1 ¼
Z Z

�i2S3

DiMd�iAd�iB ¼
Z Z

�i2S3

x>�̂x
� �1

�M � P
f
M � x>�i þ �iM

h i
d�iAd�iB:

As in single stock, �iM ¼ 0 in equilibrium. When the two stocks are traded separately, as

shown in the proof of Theorem 5, �iA ¼ �iM ¼ 0; and hence

��̂x ¼ �� P� ��, �x>�̂x ¼ �M � PM � x> ��:

It is easy to check that our equilibrium demand satisfies the market-clearing condition.

With limited market participation, we have P ¼ P f þ � and PM ¼ P
f
M þ �M , where

�M ��i�S3
�iMh �iA; �iBð Þd�iAd�iB. We will show that at price P̂M ¼ x>P, the market demand

for the bundled stock is less than one. Since the demand curve is downward sloping, in

equilibrium, PM < P̂M ¼ x>P.

We first prove that for all investors, the following condition holds:

�iM � x>�i: ðA12Þ

First of all, expression (A12) must hold when the demand for the merged firm is positive for

investor i as �iM ¼ 0. Now consider the case where investor i holds zero positions in both

factor portfolios. In this case, the investor must hold zero positions in the merged firm and

0 ¼ x> ��̂
� 

Di ¼ �M � P̂M � x>�i þ x>�i ¼ �M � P̂M � x>�i þ �iM :

Thus �iM ¼ x>�i , and condition (A12) holds too.

We are left with case in which investors hold zero positions in the merged firm but non-

zero positions when the stocks are traded separately. In the economy without the merger,

since the excess payoffs of the two factor portfolios are both positive (Theorem 4), it is
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impossible for any investor to hold negative positions in both factor portfolios or zero in one

factor portfolio and negative in the other (recall that each component of �̂ is positive).

Moreover, it is not possible for investor i’s optimal demand for the two factor portfolios to

be both positive. Otherwise, we have

DiM ¼ x>�̂x
� �1

�M � P
f
M � x>�i þ �iM

h i
> 0,

which contradicts with the assumption that DiM ¼ 0. Thus, the remaining case is that

investor i’s holding is strictly positive for at least one factor portfolio and non-positive for

the other. Without loss of generality, suppose that investor i’s for factor portfolio B is

positive. Then, we must have �B � PB � �iB > 0. Otherwise, multiplying both sides of

Equation (22) by �� P� �i þ �i, would lead to a contradiction. Now suppose that investor

i’s demand for factor portfolio A is negative, Then �iB ¼ 0; �iA ¼ 2�iA. Since DiM ¼ 0, we

have �iM ¼ �x> �� P� �ið Þ < xA �iA � �A � PAð Þ½ � < xA�iA < 2�iAxA ¼ x>�i. Finally,
if investor i holds zero position in factor portfolio A, then

��̂12DiB ¼ �A � PA � �iA þ �iA, ��̂12DiB ¼ �B � PB � �iB:

Dividing yields �iA ¼ � �A � PA � �iAð Þ þ �̂12 �B � PB � �iBð Þ=�̂22. Hence

xA�iA þ xiB�iB ¼ �xA �A � PA � �iAð Þ þ xA�̂12 �B � PB � �iBð Þ=�̂22

> �xA �A � PA � �iAð Þ > �x> �� P� �ið Þ ¼ �iM :

To summarize, condition (A12) holds for all cases. Consequently, the aggregate demand

for the merged firm at price P̂M is:

DM ¼
Z Z

�i2S3

DiMh �iA,�iBð Þd�iAd�iB ¼ x>�̂x
� �1

x> �� P� ��
� �

þ �M
� �

� x>�̂x
� �1

x> �� P� ��
� �

þ �
� �

¼ x>�̂x
� �1

x>�̂x
� 

¼ 1: ðA13Þ

Thus when there is limited participation, the market demand is less than 1 for the conglom-

erate at price P̂M ¼ x>P: For the market to clear, the price of the conglomerate must be

larger than x>P:Moreover, the inequality holds strictly when a positive measure of investors

holds long positions in one factor portfolio but not the other. &

Proof of Proposition 7. It can be verified from Equation (31) that the demand function of

investor i is continuous and monotonic in P0. Thus it is readily shown that equilibrium

always exists. We only need to show that limited participation occurs under stated condi-

tions. Suppose, to the contrary, that there is full participation in equilibrium. We first show

that under the conditions of the theorem, if there is full market participation, then the

equilibrium price must be given by

P0 ¼ �1 � ��1 þ �2 �
�22

��2 þ �2� �2p

�22 þ �2�
� � xþ eð Þ�21 �

�x�42
�22 þ �2�

� �x�22�
2
�

�2p �22 þ �2�
� �

:
ðA14Þ

It is readily verified that if every investor holds a long position in the stock, then Equation

(A14) obtains from integration. So we show below that no investors in the full participation

equilibrium hold short positions.

By Equation (31), investor i’s demand function is given by
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D0i �1i , �2i, P0ð Þ ¼

�1��1iþ
�2� �2��2pð Þþ�22 �2��2ið Þ

�2
2
þ�2�

��x
�2
2
þ�2�

�2p �2
2
þ�2�ð Þ�P0

��2
1
þ��4

2
= �2

2
þ�2�ð Þ � e if D0i > 0

0 if D0i ¼ 0

�1��1iþ
�2� �2��2pð Þþ�22 �2��2ið Þ

�2
2
þ�2�

��x
�2
2
þ�2�

�2p �2
2
þ�2�ð Þ�P0

��2
1
þ��4

2
= �2

2
þ�2�ð Þ � e if D0i < 0:

8>>>>>>>><
>>>>>>>>:

ðA15Þ

Suppose that there are some investors who in the full participation equilibrium takes a short

position. That is, there is at least one �̂1i; �̂2i

� 
for which D0i < 0. Since x > 0, in

equilibrium, there is also at least one investor who holds a long position, that is, there is at

least one ð ��1i; ��2iÞ for which D0i
��1i ; ��2i ;P0

� �
> 0 >D0i �̂1i ; �̂2i ;P0

� 
: Then, the continuity of

Di0 in �1i; �2ið Þ implies that there is some �1i ; �2ið Þ such that D0i �1i; �2i ;P0ð Þ ¼ 0: In fact, by

Equation (A15), there must be a non-zero measure set of such �1i ; �2ið Þ: This is contrary to

the full participation assumption.

Next we show that at the price given in Equation (A14), some investors would not hold

long positions either. For the investor i with �1i ¼ ��1 þ �1 and �2i ¼ ��2 þ �2; the right

derivative of the objective function [Equation (31)] at D0i = 0 is,

��1 �
�22�2

�22 þ �2�
þ �x�21 þ

�x�42
�22 þ �2�

, ðA16Þ

which by the assumption of the proposition is strictly negative. Thus, this investor and

investors whose uncertainty levels are very close to this investor will not hold long positions

in the stock. This is a contradiction to full participation. &
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