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MOTIVATIONS 

¢ Cosmic acceleration 

¢ Proposals of some extensions to general relativity 
that would manifest themselves at cosmological 
scales. 



WAYS TO TEST GENERAL RELATIVITY 

¢ Looking for inconsistencies in between expansion 
history and growth of structure 
�  The growth rate of large scale structure is coupled to 

the expansion history via Einstein’s equations.  These 
two effects must be consistent.  

¢  “Trigger parameters”, γ.  The logarithmic 
growth rate                      can be approximated by: 

 For different gravity models γ has a unique 
value.  

¢ Gravitational Slip and Modifications to the 
Poisson Eqn.  (We will focus on this) ar
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Contiguous redshift parameterizations of the growth index

Mustapha Ishak! and Jason Dossett†

Department of Physics, The University of Texas at Dallas, Richardson, TX 75083, USA
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The growth rate of matter perturbations can be used to distinguish between di!erent gravity
theories and to distinguish between dark energy and modified gravity at cosmological scales as an
explanation to the observed cosmic acceleration. We suggest here parameterizations of the growth
index as functions of the redshift. The first one is given by !(a) = !̃(a) 1

1+(attc /a) +!early
1

1+(a/attc )

that interpolates between a low/intermediate redshift parameterization !̃(a) = !late(a) = !0 + (1!

a)!a and a high redshift !early constant value. For example, our interpolated form !(a) can be used
when including the CMB to the rest of the data while the form !late(a) can be used otherwise. It is
found that the parameterizations proposed achieve a fit that is better than 0.004% for the growth
rate in a "CDM model, better than 0.014% for Quintessence-Cold-Dark-Matter (QCDM) models,
and better than 0.04% for the flat Dvali-Gabadadze-Porrati (DGP) model (with #0

m = 0.27) for the
entire redshift range up to zCMB . We find that the growth index parameters (!0, !a) take distinctive
values for dark energy models and modified gravity models, e.g. (0.5655,!0.02718) for the "CDM
model and (0.6418, 0.06261) for the flat DGP model. This provides a means for future observational
data to distinguish between the models.

PACS numbers: 95.36.+x;98.80.Es;04.50.-h

I. INTRODUCTION

Cosmic acceleration can be caused by a dark energy component in the universe or a modification to the Einstein
field equations of General Relativity at cosmological scales. The growth rate of matter perturbations has been the
subject of much recent interest in the literature as a way to distinguish between one possibility or the other, see for
example [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] for a partial list. Indeed, distinct gravity theories may have degenerate
expansion histories but can be distinguished by their growth rate functions.

As usual, the large scale matter density perturbation ! = !"m/"m satisfies, to linear order, the di!erential equation

!̈ + 2H !̇ ! 4#Geff"m! = 0, (1)

where H is the Hubble parameter and the e!ect of the underlying gravity theory is introduced via the expression for
Geff . The distinct behavior of ! for di!erent gravity models can be seen in some of the aformentioned references such
as for example [9, 10]. Equation (1) can be written in terms of the logarithmic growth rate f = d ln !/d lna as

f " + f2 +

!

Ḣ

H2
+ 2

"

f =
3

2

Geff

G
"m, (2)

where primes denote d/d ln a. Throughout this work we will use the numerically integrated solution to this equation
normalized at a = 0 (z = "). Next, the growth function f is usually approximated using the ansatz [14, 15, 16, 17]

f = "!
m (3)

where $ is the growth index parameter. Reference [14] made an approximation that applies to matter dominated

models and proposed f(z = 0) = "0.6
m0 and was followed by a more accurate approximation f(z = 0) = "4/7

m0 in [15, 16].
Reference [17] considered dark energy models with slowly varying equation of state, w, and found an expression for $
as function of "m and w. This has been discussed further in more recent references, see for example [3, 19], and also
expanded to models with curvature in [20] and [21].

The approaches of expanding the growth index around some asymptotic value or early, matter dominated times
with "m # 1, or those considering specific redshift ranges to approximate $ do not cover other redshift ranges of
interest where observational data is available and can constrain the growth parameters or break degeneracies between
them and other cosmological parameters.

! Electronic address: mishak@utdallas.edu
† Electronic address: jnd041000@utdallas.edu

ar
X

iv
:0

90
5.

24
70

v2
  [

as
tro

-p
h.

CO
]  

10
 A

ug
 2

00
9

Contiguous redshift parameterizations of the growth index

Mustapha Ishak! and Jason Dossett†

Department of Physics, The University of Texas at Dallas, Richardson, TX 75083, USA
(Dated: August 10, 2009)

The growth rate of matter perturbations can be used to distinguish between di!erent gravity
theories and to distinguish between dark energy and modified gravity at cosmological scales as an
explanation to the observed cosmic acceleration. We suggest here parameterizations of the growth
index as functions of the redshift. The first one is given by !(a) = !̃(a) 1

1+(attc /a) +!early
1

1+(a/attc )

that interpolates between a low/intermediate redshift parameterization !̃(a) = !late(a) = !0 + (1!

a)!a and a high redshift !early constant value. For example, our interpolated form !(a) can be used
when including the CMB to the rest of the data while the form !late(a) can be used otherwise. It is
found that the parameterizations proposed achieve a fit that is better than 0.004% for the growth
rate in a "CDM model, better than 0.014% for Quintessence-Cold-Dark-Matter (QCDM) models,
and better than 0.04% for the flat Dvali-Gabadadze-Porrati (DGP) model (with #0

m = 0.27) for the
entire redshift range up to zCMB . We find that the growth index parameters (!0, !a) take distinctive
values for dark energy models and modified gravity models, e.g. (0.5655,!0.02718) for the "CDM
model and (0.6418, 0.06261) for the flat DGP model. This provides a means for future observational
data to distinguish between the models.

PACS numbers: 95.36.+x;98.80.Es;04.50.-h

I. INTRODUCTION

Cosmic acceleration can be caused by a dark energy component in the universe or a modification to the Einstein
field equations of General Relativity at cosmological scales. The growth rate of matter perturbations has been the
subject of much recent interest in the literature as a way to distinguish between one possibility or the other, see for
example [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] for a partial list. Indeed, distinct gravity theories may have degenerate
expansion histories but can be distinguished by their growth rate functions.

As usual, the large scale matter density perturbation ! = !"m/"m satisfies, to linear order, the di!erential equation

!̈ + 2H !̇ ! 4#Geff"m! = 0, (1)

where H is the Hubble parameter and the e!ect of the underlying gravity theory is introduced via the expression for
Geff . The distinct behavior of ! for di!erent gravity models can be seen in some of the aformentioned references such
as for example [9, 10]. Equation (1) can be written in terms of the logarithmic growth rate f = d ln !/d lna as

f " + f2 +

!

Ḣ
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Flat Perturbed FLRW Metric. 
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and in section IV summarize the e!ects that the modi-
fied growth history can have on the observed large scale
structure correlations. In section V, we summarize the
results of Monte Carlo Markov Chain (MCMC) analyses
to place constraints on the cosmic growth history, and
draw together our findings and discuss the implications
for future work in section VI.

II. MODELING THE GROWTH OF
STRUCTURE

We consider the conformal Newtonian gauge to de-
scribe the metric

ds2 = !a(!)2[1 + 2"(x, t)]d!2 + a(!)2[1! 2#(x, t)]dx2 (1)

where a is the scale factor (a = 1 today), ! is confor-
mal time, x are comoving coordinates, and " and # are
the two Newtonian potentials describing temporal and
spatial perturbations to the metric respectively. We as-
sume units in which the speed of light c = 1. The
spatial element can be broken down into a radial, line
of sight, component, written in terms of the comoving
distance, $ =

! 1
a d! , and a 2D angular element d"2,

dx2 =
"

d$2 + r($)2d"2
#

, where r($) is the comoving
angular diameter distance.

A. Growth in General Relativity

The growth of inhomogeneities is characterized by
the evolution of the fractional over-density distribution,
%(k, a) " &(k, a)/&̄(a)!1, and the divergence of the pecu-
liar velocity, '(k, a), where k is the comoving wavenum-
ber.
We employ energy-momentum conservation in the per-

turbed fluid to obtain the fluid equations for each type of
matter, with the density and peculiar velocities evolving
according to [61],

%̇ = !(1 + w)(' ! 3#̇)! 3H(c2s ! w)% (2)

'̇

k2
= !H(1 + 3w)

'

k2
!

ẇ

1 + w

'

k2
+

c2s
(1 + w)

% ! ( + ".(3)

Here w = P/& is the matter’s equation of state and c2s =
)P/)& the sound speed.
To wholly describe the growth history of density and

velocity perturbations (up to initial conditions) two fur-
ther equations are required. We use the Poisson equation,
combining the time-time and time-space components of
the perturbed Einstein equations, and the anisotropic
space-space component,

k2# = !4*Ga2
$

&i#i (4)

" ! # = !12*Ga2
$

i

&i(1 + wi)
(i

k2
. (5)

where #i " %i+3H(1+w)'i/k2 is the rest-frame density
perturbation of matter species i, H(a) = ȧ/a is the Hub-
ble expansion factor, where dots represent derivatives
with respect to conformal time and (i the anisotropic
shear stress. Equation 5 shows that the two potentials
become e!ectively equal in the matter and dark energy
dominated eras, when there are negligible anisotropic
shear stresses.

B. Deviations from the standard growth scenario

We parameterize deviations to the growth history by
modifying equations (4) and (5) with two scale and time-
dependent functions, Q(k, a) and R(k, a),

k2# = !4*GQa2
$

i

&i#i (6)

" !R# = !12*GQa2
$

i

&i(1 + w)
(i

k2
. (7)

We assume throughout that matter remains minimally
coupled to gravity so that the fluid equations (2) and (3)
remain unchanged.
In the context of modified gravity scenarios, equation

(6) describes a modified Poisson equation in which the
gravitational potential responds di!erently to the pres-
ence of matter, while (7) allows an inequality between
the two gravitational potentials, even at late times when
anisotropic shear stresses are negligible, with " # R#.
Note that the time-evolving modifications (6) and (7)
are consistent with the predicted evolution of the super-
horizon curvature fluctuations, as discussed for example
in [62], (7) simply provides the constraint equation by
which both # and " superhorizon solutions can be found.
Appendix A summarizes how the modified growth his-

tory is incorporated into the publicly available CAMB
code [63], used to predict the e!ect of the model on CMB
and galaxy statistics.
The naming conventions for these phenomenological

modifications have been somewhat varied in the litera-
ture: Q has been defined in other works as Q [64], f [65],
Geff/G [12, 66], g [14] and µ [11, 28, 30], while R is
defined as 1/(1 + +) [66], 1/+ [12, 14], 1/, [11, 28], and
1 + -, [27, 30, 67]. We choose Q and R here in order
to avoid confusion with the synchronous gauge metric
variable, +, discussed in appendix A and growth history
variables, g0, f , and ,, introduced in section II C.
Theoretical models of modified gravity can be de-

scribed using (6) and (7), for example exhibiting time-
dependent, but largely scale-independent variations, as
with DGP on sub-horizon scales, in the quasi-static
regime, [68–70], or with both time and scale dependence,
for example in f(R) theories [70, 71]. We consider two
phenomenological models in our analysis that allow for
both time and scale dependence in the modifications.
The first (Model I) parameterizes Q and R with mono-

tonically evolving, time- and space-dependent functions

2

and in section IV summarize the e!ects that the modi-
fied growth history can have on the observed large scale
structure correlations. In section V, we summarize the
results of Monte Carlo Markov Chain (MCMC) analyses
to place constraints on the cosmic growth history, and
draw together our findings and discuss the implications
for future work in section VI.

II. MODELING THE GROWTH OF
STRUCTURE

We consider the conformal Newtonian gauge to de-
scribe the metric

ds2 = !a(!)2[1 + 2"(x, t)]d!2 + a(!)2[1! 2#(x, t)]dx2 (1)

where a is the scale factor (a = 1 today), ! is confor-
mal time, x are comoving coordinates, and " and # are
the two Newtonian potentials describing temporal and
spatial perturbations to the metric respectively. We as-
sume units in which the speed of light c = 1. The
spatial element can be broken down into a radial, line
of sight, component, written in terms of the comoving
distance, $ =

! 1
a d! , and a 2D angular element d"2,

dx2 =
"

d$2 + r($)2d"2
#

, where r($) is the comoving
angular diameter distance.

A. Growth in General Relativity

The growth of inhomogeneities is characterized by
the evolution of the fractional over-density distribution,
%(k, a) " &(k, a)/&̄(a)!1, and the divergence of the pecu-
liar velocity, '(k, a), where k is the comoving wavenum-
ber.
We employ energy-momentum conservation in the per-

turbed fluid to obtain the fluid equations for each type of
matter, with the density and peculiar velocities evolving
according to [61],

%̇ = !(1 + w)(' ! 3#̇)! 3H(c2s ! w)% (2)

'̇

k2
= !H(1 + 3w)

'

k2
!

ẇ
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regime, [68–70], or with both time and scale dependence,
for example in f(R) theories [70, 71]. We consider two
phenomenological models in our analysis that allow for
both time and scale dependence in the modifications.
The first (Model I) parameterizes Q and R with mono-

tonically evolving, time- and space-dependent functions

Poisson Eqn. 

Anisotropy Eqn. 



MODIFIED GROWTH EQUATIONS  

Parameters Evolve as: 

Functional form Binned 

3

modifications to the growth are based upon those used in [49]. Since these parameters will be used to test general
relativity we will from here on refer to them as TGR parameters.
The parameterized modifications to the growth equations proposed by [49] directly modify equations (2) and (3)

and makes no assumptions as to the time when a deviation from GR is allowed. These modifications are as follows:

k2! = !4"Ga2
!

i

#i!i Q (8)

k2($ !R!) = !12"Ga2
!

i

#i(1 + wi)%i Q, (9)

where Q and R are the TGR parameters. The parameter Q represents a modification to the Poisson equation, while
the parameter R quantifies the gravitational slip (at late times, when anisotropic stress is negligible, R = $/!). In our
code, rather than using the parameter R which is degenerate with Q, we instead use the parameter D = Q(1 +R)/2
as suggested in [49]. Combining equations (8) and (9), we arrive at the second modified growth equation used in this
paper:

k2($ + !) = !8"Ga2
!

i

#i!i D ! 12"Ga2
!

i

#i(1 + wi)%i Q. (10)

So, the modified growth equations are (8) and (10), and Q and D are now the TGR parameters which are conveniently,
relatively uncorrelated. As discussed in our previous work [55], this approach of using the parameter D instead of R
is also useful because observations of the weak-lensing and ISW are sensitive to the sum of the metric potentials !+$
and its time derivative respectively. Thus observations are able to give us direct measurements of this parameter.

C. Di!erent approaches to evolving the modified gravity parameters.

To date, there have primarily been two approaches to evolving the TGR parameters in time and scale. One using
a continuous functional form and the other based on binning. We implement in ISiTGR the two approaches and,
addtionally, a new hybrid approach, as we explain below.
The first approach involves defining a functional form for each parameter that allows it to evolve monotonically

in both time and scale. This allows one to make no assumptions as to when a deviation from general relativity is
allowed. Such an approach was taken in for example [49]. In that work the functional form:

X(k, a) =
"

X0e
!k/kc +X"(1! e!k/kc)! 1

#

as + 1, (11)

was assumed, where X denotes either Q or R in equations (8) and (9) above. Thus a total of six model parameters
are used to test GR: Q0, R0, Q", R", kc, and s. The parameters s and kc parameterize time and scale dependence
respectively, with GR values s = 0 and kc = ". Q0 and R0 are the present-day super-horizon values while Q" and
R" are the present-day sub-horizon values of the Q(k, a) and R(k, a) , all taking GR values of 1.
In the second approach, instead of evolving each of the parameters assuming some functional form, one can bin the

TGR parameters. This approach allows the parameters to take on di"erent values in pre-defined redshift and scale
bins. This technique was used in for example [51, 52]. In those works two redshift and two scale bins were defined and
for redshifts above a certain critical redshift, GR was assumed to be valid. In each bin the parameters were allowed
to take on di"erent values resulting in a total of eight model parameters used to test GR.
The third approach that we propose here is a hybrid one where the evolution in redshift (or time) is binned into

two redshift bins, but the evolution in scale evolves monotonically in the same way as the functional form above. Our
motivation for this hybrid binning approach is that it takes advantage of an evolution in scale that is not so abrupt
as that in the traditional binning method, while still taking advantage of a redshift (time) dependence expressed in
the form of bins, which was shown to be more robust than time functional forms [52, 55, 62].
To take advantage of all these techniques, we have developed two versions of our code. One version of the code

uses the functional form (11) above. It provides the option to apply the functional form to either Q and R (as done
in [49]) or Q and D. The other version of the code is based on binning methods. It provides the option of the second
approach with traditional binning (described above), or alternatively the third, hybrid approach with two redshift
bins, but the evolution in scale evolves monotonically.
In the binning version of the code, we only evolve Q and D. Transitions between redshift bin are evolved following

[44, 52] and use a hyperbolic tangent function with a transition width ztw = 0.05. In this way the binning can actually
be written functionally as (with X representing Q or D):

X(k, a) =
1 +Xz1(k)

2
+

Xz2(k) +Xz1(k)

2
tanh

z ! zdiv
ztw

+
1!Xz2(k)

2
tanh

z ! zTGR

ztw
, (12)

3

1. Examples of parametrization with functional forms for time and scale dependencies

The first parametrization with a functional form that we use was proposed by [54]. It allows modifications to Eqs.
(2) and (3) that evolve monotonically in both time and scale, and makes no assumptions as to the time when a
deviation from general relativity is allowed. These modifications are as follows:

k2! = !4"Ga2
!

i

#i!i Q (8)

k2($ !R !) = !12"Ga2
!

i

#i(1 + wi)
"i

2
Q, (9)

where Q and R are the MG parameters. The parameter Q represents a modification to the Poisson equation, while
the parameter R quantifies the gravitational slip (at late times, when anisotropic stress is negligible, R = $/!). These
parameters are parametrized to evolve in time and scale as:

X(k, a) =
"

X0e
!k/kc +X"(1! e!k/kc)! 1

#

as + 1, (10)

where X denotes either Q or R. So the model parameters which can be used to detect deviations from GR are now:
Q0, R0, Q", R", kc, and s. The parameters s and kc parametrize time and scale dependence respectively, with GR
values s = 0 and kc = ". Q0 and R0 are the present-day superhorizon values while Q" and R" are the present-day
subhorizon values of the Q(k, a) and R(k, a) , all taking GR values of 1.
The second parametrization we use comes from [57] and is used in their code MGCAMB [68]. Here, a modification to

Eq. (2) is done indirectly by defining a modified field equation containing the parameter µ, as well as, a gravitational
slip parameter, %. Explicitly these modifications are:

k2$ = !4"Ga2
!

i

#i!i µ(k, a). (11)

!

$
= %(k, a) (12)

The parameters, {µ, %} are allowed to have a redshift dependence where they are fit to constant values below some
transition redshift, zs, (note that this is not to be confused with the source galaxy distribution peak redshift) and
then make a transition to a GR value of 1 as following a hyperbolic tangent function with a transition width, !z:

µ(z) =
1! µ0

2

$

1 + tanh
z ! zs
!z

%

+ µ0, (13)

%(z) =
1! %0

2

$

1 + tanh
z ! zs
!z

%

+ %0. (14)

Also, the parametrization uses one other parameter, "(k, a), defined by:

"(k, a) # !
k2($ + !)

8"G#a2!
=

µ(1 + %)

2
(15)

but with only a redshift dependence here in this subsection. As we discuss in Sec. II C below, this parameter is useful
to break degeneracies between the other parameters.

2. Example of parametrization with binning in time and scale

Third, in order to allow for simultaneous scale (wavenumber) and redshift (time) dependences in the (µ(k, a),"(k, a))
parametrization above, we use variants of a 2 $ 2 binned approach (called pixillation in [57]). We use two bins for
scale dependence as 0.0 < k % kx and kx < k < ", and where we use an analysis with kx = 0.01 hMpc!1 and the
other with kx = 0.1 hMpc!1. In both cases, we bin for redshift dependence as 0 < z % 1 and 1 < z % 2. We also use
a third redshift binning method with 0 < z % 1.5 and 1.5 < z % 3 and the scale bin separator at kx = 0.01 hMpc!1

for the data sets in this paper. We use combinations of the parameters µi and "i with i = 1...4 for each [k, z] bins in
a 2$ 2 grid as shown in Table I. Transitions between the redshift bins behave as a hyperbolic tangent function with
a transition width of !z = 0.05 (almost a step), while transitions between scale bins are straightforward steps.

Parameteriztion 1 [Bean]: Parameterization 2 [Zhao]: 

Modified Growth Eqns. 

4

Redshift bins
Scale bins 0.0 < z ! 1, 1.5 1, 1.5 < z ! 2, 3

0.0 < k ! kx µ1, !1 µ2, !2

kx < k < " µ3, !3 µ4, !4

TABLE I: The layout of the binned parametrizations. Specifically, for the first two binned methods this involves using {µ1, !1}
for the 0 < z ! 1 and 0.0 < k ! kx bin, {µ2, !2} for the 1 < z ! 2 and 0.0 < k ! kx bin, {µ3, !3} for the 0 < z ! 1 and
kx < k < " bin, and {µ4, !4} for the 1 < z ! 2 and kx < k < " bin, and the third binned method uses {µ1, !1} for the
0 < z ! 1.5 and 0.0 < k ! kx bin, {µ2, !2} for the 1.5 < z ! 3 and 0.0 < k ! kx bin, {µ3, !3} for the 0 < z ! 1.5 and
kx < k < " bin, and {µ4, !4} for the 1.5 < z ! 3 and kx < k < " bin.

C. Relations between parametrizations and degeneracies among parameters

We now turn our discussion to relating the di!erent parametrizations to one another. We will focus on the {Q, R}
and {µ, !, "} parametrizations above, as well as, a third parametrization using {G, V} used in[56]. When relating the
MGCAMB and {G, V} parametrizations to that of the first, we give the relations during matter domination, assuming
zero anisotropic stress.

µ = QR = V , ! =
1

R
= 2

G

V
! 1 (16)

" =
Q(1 +R)

2
= G , µ! = Q = 2G ! V . (17)

We use these relations later in order to infer constraints on some parameters from the ones obtained from the
constraints derived from the data sets.
As previously pointed out [54–57] some of these parameters are degenerate and it is worth introducing parameters

that alleviate these degeneracies. First, the parameters Q0,! and R0,! are degenerate along a direction that we call
D0,! = Q0,!(1 + R0,!)/2 this degeneracy is shown with a curve in Fig. 1. We proceed by varying Q0,! and D0,!

and infer values of R0,! from the two parameters. Similarly, µ and ! are degenerate along curves of " = constant so
we vary µ and " to get rid of this degeneracy. Using the parameters D and " is also useful because observations of
the weak-lensing and ISW are sensitive to the sum of the metric potentials "+# and its time derivative respectively.
Thus observations are able to give us direct measurements of these parameters.

D. Figures of merit

We calculate the figures of merit for the parameter pairs used for each parametrization considered. The FoM
approach has been used previously, for example, to quantify the constraining power of cosmological data on the
dark-energy equation-of-state parameters, using simulated future data [41, 69–73], or current data [74–76]. For a
pair of parameters, the FoM can be defined to be proportional to the inverse of the 95% confidence limit area. For
more parameters, this can be generalized to be proportional to the inverse of the volumes and supervolumes of the
(super)ellipsoids, again representing the confidence limits in these parameter hyperspaces. A variety of choices for
the constants of proportionality has been made in previous work and we simply chose to set it to one. Assuming a
Gaussian distribution, the FoM for two parameters is inversely proportional to the area of the ellipse comprising the
contour of constraints for the two parameters and so we define our FoM [74],

FoM = (detC)"1/2 (18)

where C is the 2D covariance matrix for the two parameters [77]. This is similar to the FoM used by the Dark Energy
Task Force for the equation of state parameters. Obviously, tighter constraints lead to higher FoMs.
For two uncorrelated parameters with Gaussian uncertainties, the FoM does not provide any more information than

the individual uncertainties in describing the constraining power of the data sets [69], but our results are not purely
Gaussian, and our parameters for which we show FoM’s are not always uncorrelated. The FoM’s are very informative
to tell us which data set is most significant in constraining the parameters and in our study here, were useful in
indicating some tension between the data sets. It is of course understood that the FoM as we have defined it here,
is only an approximation with non-Gaussian uncorrelated parameters, but accurate within " 10% in the worst cases
[74]. The FoM is less accurate for two degenerate parameters, but still provides a good approximation to compare
the constraining power of data sets. In fact, at first glance, when looking at the constraints in the tables and figures
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1. Examples of parametrization with functional forms for time and scale dependencies

The first parametrization with a functional form that we use was proposed by [54]. It allows modifications to Eqs.
(2) and (3) that evolve monotonically in both time and scale, and makes no assumptions as to the time when a
deviation from general relativity is allowed. These modifications are as follows:

k2! = !4"Ga2
!

i

#i!i Q (8)

k2($ !R !) = !12"Ga2
!

i

#i(1 + wi)
"i

2
Q, (9)

where Q and R are the MG parameters. The parameter Q represents a modification to the Poisson equation, while
the parameter R quantifies the gravitational slip (at late times, when anisotropic stress is negligible, R = $/!). These
parameters are parametrized to evolve in time and scale as:

X(k, a) =
"

X0e
!k/kc +X"(1! e!k/kc)! 1

#

as + 1, (10)

where X denotes either Q or R. So the model parameters which can be used to detect deviations from GR are now:
Q0, R0, Q", R", kc, and s. The parameters s and kc parametrize time and scale dependence respectively, with GR
values s = 0 and kc = ". Q0 and R0 are the present-day superhorizon values while Q" and R" are the present-day
subhorizon values of the Q(k, a) and R(k, a) , all taking GR values of 1.
The second parametrization we use comes from [57] and is used in their code MGCAMB [68]. Here, a modification to

Eq. (2) is done indirectly by defining a modified field equation containing the parameter µ, as well as, a gravitational
slip parameter, %. Explicitly these modifications are:

k2$ = !4"Ga2
!

i

#i!i µ(k, a). (11)

!

$
= %(k, a) (12)

The parameters, {µ, %} are allowed to have a redshift dependence where they are fit to constant values below some
transition redshift, zs, (note that this is not to be confused with the source galaxy distribution peak redshift) and
then make a transition to a GR value of 1 as following a hyperbolic tangent function with a transition width, !z:

µ(z) =
1! µ0

2

$

1 + tanh
z ! zs
!z

%

+ µ0, (13)

%(z) =
1! %0

2

$

1 + tanh
z ! zs
!z

%

+ %0. (14)

Also, the parametrization uses one other parameter, "(k, a), defined by:

"(k, a) # !
k2($ + !)

8"G#a2!
=

µ(1 + %)

2
(15)

but with only a redshift dependence here in this subsection. As we discuss in Sec. II C below, this parameter is useful
to break degeneracies between the other parameters.

2. Example of parametrization with binning in time and scale

Third, in order to allow for simultaneous scale (wavenumber) and redshift (time) dependences in the (µ(k, a),"(k, a))
parametrization above, we use variants of a 2 $ 2 binned approach (called pixillation in [57]). We use two bins for
scale dependence as 0.0 < k % kx and kx < k < ", and where we use an analysis with kx = 0.01 hMpc!1 and the
other with kx = 0.1 hMpc!1. In both cases, we bin for redshift dependence as 0 < z % 1 and 1 < z % 2. We also use
a third redshift binning method with 0 < z % 1.5 and 1.5 < z % 3 and the scale bin separator at kx = 0.01 hMpc!1

for the data sets in this paper. We use combinations of the parameters µi and "i with i = 1...4 for each [k, z] bins in
a 2$ 2 grid as shown in Table I. Transitions between the redshift bins behave as a hyperbolic tangent function with
a transition width of !z = 0.05 (almost a step), while transitions between scale bins are straightforward steps.
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but with only a redshift dependence here in this subsection. As we discuss in Sec. II C below, this parameter is useful
to break degeneracies between the other parameters.

2. Example of parametrization with binning in time and scale

Third, in order to allow for simultaneous scale (wavenumber) and redshift (time) dependences in the (µ(k, a),"(k, a))
parametrization above, we use variants of a 2 $ 2 binned approach (called pixillation in [57]). We use two bins for
scale dependence as 0.0 < k % kx and kx < k < ", and where we use an analysis with kx = 0.01 hMpc!1 and the
other with kx = 0.1 hMpc!1. In both cases, we bin for redshift dependence as 0 < z % 1 and 1 < z % 2. We also use
a third redshift binning method with 0 < z % 1.5 and 1.5 < z % 3 and the scale bin separator at kx = 0.01 hMpc!1

for the data sets in this paper. We use combinations of the parameters µi and "i with i = 1...4 for each [k, z] bins in
a 2$ 2 grid as shown in Table I. Transitions between the redshift bins behave as a hyperbolic tangent function with
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Constraints for the parameters {Q0andR0}
Data set FOMQ0;R0

Q0 R0

CMB, MPK 5.53 [0.69, 2.79] [!0.34, 2.04]
CMB, ISW 6.15 [0.70, 2.76] [!0.33, 1.85]
CMB, WL 6.44 [0.57, 2.54] [!0.30, 2.24]

CMB, ISW, WL 8.46 [0.67, 2.53] [!0.33, 1.84]
CMB, MPK, ISW 7.53 [0.80, 2.73] [!0.35, 1.62]
CMB, MPK, WL 5.08 [0.73, 2.80] [!0.34, 2.13]

CMB, MPK, ISW, WL 7.09 [0.83, 2.82] [!0.37, 1.60]

TABLE II: TOP: 95% C.L. for the parameters Q0, R0,D0, Q!, R!, and D! in the first parametrization [54]. For these
constraints, we marginalize over the parameter s which characterizes the redshift (time) dependence of the parametrization.
BOTTOM: Inferred 95% C.L. constraints for the parameters G or !1 and V or µ1 in the second and third parametrizations
[56, 57]. These constraints are inferred by using constraints on the parameters Q0, R0, and D0 from the first parametrization
[54].

with N(!) ! !(0.0004664+ !(0.0044118" 8.90878# 10!5!)) where the units of ! is arcminutes. [66, 86]. Finally, the
10% uncertainty in the numerical estimate of the galaxy redshift distribution of bin 6 is applied, following [66], as
p6(z, fz) $ p6(fzz), where fz is a nuisance parameter marginalized in the results below.

Q(a) = (Q0 " 1) as + 1, (25)

R(a) = (R0 " 1) as + 1. (26)

(27)

IV. RESULTS AND DISCUSSION

Monte Carlo Markov chains (MCMC’s) are used to compute the likelihoods for the parameters in the model. This
method randomly chooses values for the above parameters and, based on the "2 obtained, either accepts or rejects the
set of parameters via the Metropolis-Hastings algorithm. When a set of parameters is accepted it is added to the chain
and forms a new starting point for the next step. The process is repeated until the specified convergence is reached
(via the Raftery-Lewis convergence criterion). We perform the best-fit of the parameters in the various models by
"2 minimization, i.e. minimizing for example "2 = "2

SN + "2
BAO + "2

CMB + "2
ISW + "2

WL + "2
MPK via a maximum

likelihood analysis. To get best-fits for the MG parameters of a given parametrization we use, as discussed above
modified versions of the publicly available ISW and Weak-lensing Likelihood code [64], HST-COSMOS weak-lensing
code [81], CAMB [83], and CosmoMC [84]. For these modified codes, see [82]. We fix the dark energy equation of state
w = "1 assuming a !CDM expansion. Then in addition to varying the MG parameters for a given parametrization,
we vary the six core cosmological parameters: "bh2 and the "ch2, the baryon and cold-dark matter physical density
parameters, respectively; !, the ratio of the sound horizon to the angular diameter distance of the surface of last
scattering; #rei, the reionization optical depth; ns, the spectral index; and ln 1010As, the amplitude of the primordial
power spectrum. These parameters are allowed to vary within the wide range of values that are defaulted in the
params.ini file of CosmoMC. Additionally, as discussed in the previous section, when using the WL data set we
marginalize over the nuisance parameter fz. We provide various 95% confidence limits on the MG parameters along
with the corresponding contour plots. We also calculate the figure of merit (FoM) for the parameter combinations for
the parametrization considered.
As described above,for the first parametrization, i.e. Eqs. (8) and (9), we follow the technique of varying Q0," and

D0," = Q0," (1 +R0,") /2, while inferring values of R0," from the other two parameters. We allow these parameters
to vary 0 < Q0," < 10, 0 < D0," < 10, additionally ruling out parameter combinations where R0," < "1. We fit
both scale-independent and scale-dependent forms of this parametrization, in both cases we allow for time dependence
by marginalizing over the parameter s as described earlier. For scale-independent modifications, we fix kc = % and
of course vary only the parameters Q0 and D0, while for scale-dependent modifications we fix kc = 0.01, allowing all
four parameters Q0," and D0," to vary. The 95% C.L.’s on these parameters and corresponding FoM’s for various
combinations of cosmological probes are given in Table II. We also plot the 68% and 95% 2D contours for Q0 and R0

in Fig. 1. We find in all cases consistency with general relativity at the 95% confidence level.



FIGURES OF MERIT 

¢ Used previously on the dark 
energy equations of state 
parameters. 

¢ Quantifies how well constrained a 
set of parameters are by a given 
set of data.  
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Redshift bins
Scale bins 0.0 < z ! 1, 1.5 1, 1.5 < z ! 2, 3

0.0 < k ! kx µ1, !1 µ2, !2

kx < k < " µ3, !3 µ4, !4

TABLE I: The layout of the binned parametrizations. Specifically, for the first two binned methods this involves using {µ1, !1}
for the 0 < z ! 1 and 0.0 < k ! kx bin, {µ2, !2} for the 1 < z ! 2 and 0.0 < k ! kx bin, {µ3, !3} for the 0 < z ! 1 and
kx < k < " bin, and {µ4, !4} for the 1 < z ! 2 and kx < k < " bin, and the third binned method uses {µ1, !1} for the
0 < z ! 1.5 and 0.0 < k ! kx bin, {µ2, !2} for the 1.5 < z ! 3 and 0.0 < k ! kx bin, {µ3, !3} for the 0 < z ! 1.5 and
kx < k < " bin, and {µ4, !4} for the 1.5 < z ! 3 and kx < k < " bin.

C. Relations between parametrizations and degeneracies among parameters

We now turn our discussion to relating the di!erent parametrizations to one another. We will focus on the {Q, R}
and {µ, !, "} parametrizations above, as well as, a third parametrization using {G, V} used in[56]. When relating the
MGCAMB and {G, V} parametrizations to that of the first, we give the relations during matter domination, assuming
zero anisotropic stress.

µ = QR = V , ! =
1

R
= 2

G

V
! 1 (16)

" =
Q(1 +R)

2
= G , µ! = Q = 2G ! V . (17)

We use these relations later in order to infer constraints on some parameters from the ones obtained from the
constraints derived from the data sets.
As previously pointed out [54–57] some of these parameters are degenerate and it is worth introducing parameters

that alleviate these degeneracies. First, the parameters Q0,! and R0,! are degenerate along a direction that we call
D0,! = Q0,!(1 + R0,!)/2 this degeneracy is shown with a curve in Fig. 1. We proceed by varying Q0,! and D0,!

and infer values of R0,! from the two parameters. Similarly, µ and ! are degenerate along curves of " = constant so
we vary µ and " to get rid of this degeneracy. Using the parameters D and " is also useful because observations of
the weak-lensing and ISW are sensitive to the sum of the metric potentials "+# and its time derivative respectively.
Thus observations are able to give us direct measurements of these parameters.

D. Figures of merit

We calculate the figures of merit for the parameter pairs used for each parametrization considered. The FoM
approach has been used previously, for example, to quantify the constraining power of cosmological data on the
dark-energy equation-of-state parameters, using simulated future data [41, 69–73], or current data [74–76]. For a
pair of parameters, the FoM can be defined to be proportional to the inverse of the 95% confidence limit area. For
more parameters, this can be generalized to be proportional to the inverse of the volumes and supervolumes of the
(super)ellipsoids, again representing the confidence limits in these parameter hyperspaces. A variety of choices for
the constants of proportionality has been made in previous work and we simply chose to set it to one. Assuming a
Gaussian distribution, the FoM for two parameters is inversely proportional to the area of the ellipse comprising the
contour of constraints for the two parameters and so we define our FoM [74],

FoM = (detC)"1/2 (18)

where C is the 2D covariance matrix for the two parameters [77]. This is similar to the FoM used by the Dark Energy
Task Force for the equation of state parameters. Obviously, tighter constraints lead to higher FoMs.
For two uncorrelated parameters with Gaussian uncertainties, the FoM does not provide any more information than

the individual uncertainties in describing the constraining power of the data sets [69], but our results are not purely
Gaussian, and our parameters for which we show FoM’s are not always uncorrelated. The FoM’s are very informative
to tell us which data set is most significant in constraining the parameters and in our study here, were useful in
indicating some tension between the data sets. It is of course understood that the FoM as we have defined it here,
is only an approximation with non-Gaussian uncorrelated parameters, but accurate within " 10% in the worst cases
[74]. The FoM is less accurate for two degenerate parameters, but still provides a good approximation to compare
the constraining power of data sets. In fact, at first glance, when looking at the constraints in the tables and figures

FoM ∝ 1

A95



RESULTS 

¢ Data sets used: 
�  WMAP 7 year temperature and polarization spectra  
�  Union 2 Supernovae Data 
�  BAO from Two-Degree Field and SDSS-DR7 
�  Matter Power Spectrum (MPK) from SDSS-DR7 
�  ISW-galaxy cross-correlations (SDSS-LRG, 2MASS, 

NVSS) 
�  Refined HST COSMOS 3D weak lensing tomography. 

¢  Used a modified version of the publicly available 
code CosmoMC, a MCMC sampler. 
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Redshift bins
Scale bins 0.0 < z ! 1, 1.5 1, 1.5 < z ! 2, 3

0.0 < k ! kx µ1, !1 µ2, !2

kx < k < " µ3, !3 µ4, !4

TABLE I: The layout of the binned parametrizations. Specifically, for the first two binned methods this involves using {µ1, !1}
for the 0 < z ! 1 and 0.0 < k ! kx bin, {µ2, !2} for the 1 < z ! 2 and 0.0 < k ! kx bin, {µ3, !3} for the 0 < z ! 1 and
kx < k < " bin, and {µ4, !4} for the 1 < z ! 2 and kx < k < " bin, and the third binned method uses {µ1, !1} for the
0 < z ! 1.5 and 0.0 < k ! kx bin, {µ2, !2} for the 1.5 < z ! 3 and 0.0 < k ! kx bin, {µ3, !3} for the 0 < z ! 1.5 and
kx < k < " bin, and {µ4, !4} for the 1.5 < z ! 3 and kx < k < " bin.
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FIG. 1:

C. Relations between parametrizations and degeneracies among parameters

We now turn our discussion to relating the di!erent parametrizations to one another. We will focus on the {Q, R}
and {µ, !, "} parametrizations above, as well as, a third parametrization using {G, V} used in[56]. When relating the
MGCAMB and {G, V} parametrizations to that of the first, we give the relations during matter domination, assuming
zero anisotropic stress.

µ = QR = V , ! =
1

R
= 2

G

V
! 1 (16)

" =
Q(1 +R)

2
= G , µ! = Q = 2G ! V . (17)

We use these relations later in order to infer constraints on some parameters from the ones obtained from the
constraints derived from the data sets.
As previously pointed out [54–57] some of these parameters are degenerate and it is worth introducing parameters

that alleviate these degeneracies. First, the parameters Q0,! and R0,! are degenerate along a direction that we call
D0,! = Q0,!(1 + R0,!)/2 this degeneracy is shown with a curve in Fig. 1. We proceed by varying Q0,! and D0,!

and infer values of R0,! from the two parameters. Similarly, µ and ! are degenerate along curves of " = constant so
we vary µ and " to get rid of this degeneracy. Using the parameters D and " is also useful because observations of
the weak-lensing and ISW are sensitive to the sum of the metric potentials "+# and its time derivative respectively.
Thus observations are able to give us direct measurements of these parameters.

D. Figures of merit

We calculate the figures of merit for the parameter pairs used for each parametrization considered. The FoM
approach has been used previously, for example, to quantify the constraining power of cosmological data on the
dark-energy equation-of-state parameters, using simulated future data [41, 69–73], or current data [74–76]. For a
pair of parameters, the FoM can be defined to be proportional to the inverse of the 95% confidence limit area. For
more parameters, this can be generalized to be proportional to the inverse of the volumes and supervolumes of the
(super)ellipsoids, again representing the confidence limits in these parameter hyperspaces. A variety of choices for

7

Constraints for the parameters Q0 and R0

Data set FoM Q0 R0

CMB, MPK 5.53 [0.69, 2.79] [!0.34, 2.04]
CMB, ISW 6.15 [0.70, 2.76] [!0.33, 1.85]
CMB, WL 6.44 [0.57, 2.54] [!0.30, 2.24]

CMB, ISW, WL 8.46 [0.67, 2.53] [!0.33, 1.84]
CMB, MPK, ISW 7.53 [0.80, 2.73] [!0.35, 1.62]
CMB, MPK, WL 5.08 [0.73, 2.80] [!0.34, 2.13]

CMB, MPK, ISW, WL 7.09 [0.83, 2.82] [!0.37, 1.60]

TABLE II: TOP: 95% C.L. for the parameters Q0, R0,D0, Q!, R!, and D! in the first parametrization [54]. For these
constraints, we marginalize over the parameter s which characterizes the redshift (time) dependence of the parametrization.
BOTTOM: Inferred 95% C.L. constraints for the parameters G or !1 and V or µ1 in the second and third parametrizations
[56, 57]. These constraints are inferred by using constraints on the parameters Q0, R0, and D0 from the first parametrization
[54].

with N(!) ! !(0.0004664+ !(0.0044118" 8.90878# 10!5!)) where the units of ! is arcminutes. [66, 86]. Finally, the
10% uncertainty in the numerical estimate of the galaxy redshift distribution of bin 6 is applied, following [66], as
p6(z, fz) $ p6(fzz), where fz is a nuisance parameter marginalized in the results below.

Q(a) = (Q0 " 1) as + 1, (25)

R(a) = (R0 " 1) as + 1. (26)

(27)

IV. RESULTS AND DISCUSSION

Monte Carlo Markov chains (MCMC’s) are used to compute the likelihoods for the parameters in the model. This
method randomly chooses values for the above parameters and, based on the "2 obtained, either accepts or rejects the
set of parameters via the Metropolis-Hastings algorithm. When a set of parameters is accepted it is added to the chain
and forms a new starting point for the next step. The process is repeated until the specified convergence is reached
(via the Raftery-Lewis convergence criterion). We perform the best-fit of the parameters in the various models by
"2 minimization, i.e. minimizing for example "2 = "2

SN + "2
BAO + "2

CMB + "2
ISW + "2

WL + "2
MPK via a maximum

likelihood analysis. To get best-fits for the MG parameters of a given parametrization we use, as discussed above
modified versions of the publicly available ISW and Weak-lensing Likelihood code [64], HST-COSMOS weak-lensing
code [81], CAMB [83], and CosmoMC [84]. For these modified codes, see [82]. We fix the dark energy equation of state
w = "1 assuming a !CDM expansion. Then in addition to varying the MG parameters for a given parametrization,
we vary the six core cosmological parameters: "bh2 and the "ch2, the baryon and cold-dark matter physical density
parameters, respectively; !, the ratio of the sound horizon to the angular diameter distance of the surface of last
scattering; #rei, the reionization optical depth; ns, the spectral index; and ln 1010As, the amplitude of the primordial
power spectrum. These parameters are allowed to vary within the wide range of values that are defaulted in the
params.ini file of CosmoMC. Additionally, as discussed in the previous section, when using the WL data set we
marginalize over the nuisance parameter fz. We provide various 95% confidence limits on the MG parameters along
with the corresponding contour plots. We also calculate the figure of merit (FoM) for the parameter combinations for
the parametrization considered.
As described above,for the first parametrization, i.e. Eqs. (8) and (9), we follow the technique of varying Q0," and

D0," = Q0," (1 +R0,") /2, while inferring values of R0," from the other two parameters. We allow these parameters
to vary 0 < Q0," < 10, 0 < D0," < 10, additionally ruling out parameter combinations where R0," < "1. We fit
both scale-independent and scale-dependent forms of this parametrization, in both cases we allow for time dependence
by marginalizing over the parameter s as described earlier. For scale-independent modifications, we fix kc = % and
of course vary only the parameters Q0 and D0, while for scale-dependent modifications we fix kc = 0.01, allowing all
four parameters Q0," and D0," to vary. The 95% C.L.’s on these parameters and corresponding FoM’s for various
combinations of cosmological probes are given in Table II. We also plot the 68% and 95% 2D contours for Q0 and R0

in Fig. 1. We find in all cases consistency with general relativity at the 95% confidence level.
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FIG. 4: 68% and 95% C.L. for the parameters µi and !i from the second parametrization [57, 68] for redshift and scale
dependence as a binned 2 ! 2 parametrization with 0 < z " 1, 1 < z " 2 and scale separation at kx = 0.01 hMpc!1. All
contours are fit for CMB, MPK, SN, BAO, BBN, AGE and H0. Contours enclosed by a solid line include WL, contours enclosed
by a dashed line include ISW, and contours enclosed by a dash-dotted line include WL and ISW. The point (1, 1) indicates the
GR values.

cosmic acceleration is much smaller, but it is of interest to simply study the constraints obtained on the growth of
structure using various available ranges of data. From the physically motivated transition redshift (from deceleration
to acceleration in an Lambda cold dark matter model) given by 1 + ztrans = (2!!/!m)1/3 ! 1.76 (for example, see
Eq. (14) in [87] with !! = 0.73, !m = 0.27), we add zs = 0.76 for comparison, also. The physically motivated
transition redshift finds the weakest constraints and lowest FoM’s due to less data below zs = 0.76, but all results are
consistent with GR.
The strongest constraints and highest FoM’s we find come from using the combination CMB+MPK+ISW for

both zs = 1, 2, whereas, for zs = 3 the tightest constraint comes from using all the data sets including lensing,
i.e. CMB+MPK+ISW+WL because with zs = 3, we allow more WL data below the threshold redshift to constrain
the MG parameters which also yields a longer constant value at late times. We find that the FoM for CMB+ISW
is better than the one for CMB+MPK, which in turn is better than the FoM for CMB+WL. This shows that the
current ISW data provides indeed the strongest constraints on the MG parameters. Also, as shown in Table III, the
allowance of the transition width, "z, to vary (i.e. [0.01, 0.5]) loosens the constraints and reduced the FoM for all zs
models. Now, as found for the first parametrization, here also, there is a slight decrease in the FoM and weakening
of the constraints (for zs = 1, 2) when WL is added to CMB+MPK+ISW, again, due to some tensions between the
preferred MG parameters by di#erent data sets. To investigate these tensions, here we also fixed the core cosmological
parameters and left the MG parameters to vary. As a result, the FoM’s increase consistently (but only moderately
in some cases) when adding a data set, indicating that some of the tension was reduced but not removed. In fact, a
closer look at the best-fit MG parameters preferred by di#erent data sets shows that, while reduced, a non-negligible
scatter is still present. This explains the only moderate improvements obtained in some cases. This indicates that
there are non-negligible tensions intrinsic to the MG parameters preferred by di#erent data sets.
Next, we calculate constraints and FoM’s while we allow for simultaneous scale (wavenumber) and redshift (time)

dependence by using variants of a 2 " 2 binned approach (called pixilation in [57]), see earlier discussion and Table
I for details. We alternate between ISW and WL and their combination, while using CMB, MPK, BAO, SN, BBN,
AGE and H0 in all cases. We provide the FoM’s and 95% confidence limits on µi and $i, as well as, the inferred ones
on !i in Table IV for scale-dependence separators at kx = 0.01 hMpc!1 and kx = 0.1 hMpc!1, see Figs. 4 and 5 for
the comparisons in their C.L. contours. General relativity values for µi = 1 and $i = 1 are within all constraints for
µi and $i for all the combination of data sets. Unlike the work that uses a binned parametrization and CFHTLS
[56, 57], we do not find a deviation from GR with $3. But as expressed there as well, this is due to the fact that
we are using the refined HST-COSMOS data by [66] which does not have the known systematic e#ect (i.e. residual
systematic ’bump’) as discussed in the papers using CFHTLS, [56, 57, 88, 89].

Another observation that can be made is that with the data sets used in this paper, the binning with scale separator
at kx = 0.01 hMpc!1 better constrains {µi, $i} by the balancing of the number of data points within the bins, so
within each bin, we are taking maximum advantage of the available data. Whereas, the wave number separator at
kx = 0.1 hMpc!1 does not equally balance the available data, i.e. {µ3, $3} and {µ4, $4} are not well constrained

11

Constraints for {µi, !i} binned parametrization 0 < z ! 1, 1 < z ! 2
kx = 0.01

Data sets WL ISW ISW, WL
FoM1 75.92 101.7 101.2
µ1 [0.559, 1.567] [0.480, 1.227] [0.494, 1.309]
!1 [0.940, 1.138] [0.957, 1.145] [0.955, 1.139]
!1 [0.281, 2.815] [0.605, 3.486] [0.563, 3.347]

(derived)
FoM2 148.9 176.3 184.2
µ2 [0.614, 1.456] [0.563, 1.289] [0.580, 1.294]
!2 [0.955, 1.072] [0.959, 1.075] [0.959, 1.072]
!2 [0.376, 2.332] [0.546, 2.649] [0.554, 2.526]

(derived)
FoM3 18.95 22.94 25.61
µ3 [0.439, 2.073] [0.509, 1.588] [0.544, 1.663]
!3 [0.851, 1.321] [0.708, 1.268] [0.818, 1.319]
!3 [0.069, 4.035] [0.129, 2.889] [0.244, 3.066]

(derived)
FoM4 43.94 62.03 63.93
µ4 [0.553, 1.754] [0.588, 1.404] [0.593, 1.427]
!4 [0.887, 1.148] [0.858, 1.134] [0.878, 1.144]
!4 [0.152, 2.708] [0.376, 2.424] [0.398, 2.458]

(derived)

TABLE IV: 95% C.L. for the parameters µi, !i, and !i from the second parametrization [57, 68] for redshift and scale dependence
as a binned 2"2 parametrization with 0 < z ! 1, 1 < z ! 2 and scale separation at kx = 0.01 hMpc!1 and kx = 0.1 hMpc!1 .
The data used is described in the text above and indicated as: ISW-galaxy cross correlations (ISW), weak-lensing tomography
(WL). In all cases, the data used is combined with WMAP7 temperature and polarization spectrum (CMB), the matter power
spectrum (MPK), SN, BAO, BBN, AGE and H0. The FoM for each data set and {µi, !i} bin is also given.

by ISW because most ISW data points are below kx = 0.1 hMpc!1, which allows WL to dominate the {µ3, !3} and
{µ4, !4} bins. However, for bins with a scale separator at kx = 0.01 hMpc!1, the FoM increases for {µi, !i} in each
bin beginning with the lowest for WL, then ISW, and the highest for the combination of ISW and WL because of the
balance of data points, see Table IV, see Fig. 4 (again CMB, MPK, BAO, SN, BBN, AGE and H0 are included each
time). There is a slight decrease of the FoM for the {µ1, !1} bin because there is not enough WL data in this bin to
increase the FoM when added to ISW. Some tension between ISW and WL data sets is more explicitly seen in bins
{µ1, !1} and {µ2, !2} (see Table V) for both scale separators. Future surveys and other data sets may work better
with scale separator at kx = 0.1 hMpc!1 [45].
We give the results for the third binned method in Table V and show the relevant ellipses for the FoM’s in Fig. 6.

The constraints in Table V are tighter than the other binning results in Table IV and have higher FoM’s corresponding
to smaller ellipses in Fig. 6. The improvements in the constraints and FoM’s comes from larger redshift bins allowing
more data to constrain the parameters (called an accumulation e!ect by [57]) and these larger redshift bins also
allowing a longer constant value for late times. The {µ2, !2} bin is slighter looser in this third binned method
because more of the ISW data points are in the {µ1, !1} bin, now, due to a larger redshift bin, i.e. 0 < z ! 1.5,
than in the previous two binned methods. We still observe some small tension when adding WL to the ISW data set
combination with the FoM’s and contour plots, and it is more easily seen for example in the {µ1, !1} and {µ2, !2}
bins in Table V where the FoM’s rather decrease.
Before summarizing our results further below it is worth discussing the possible physical origins of the tensions

on best-fit modified gravity parameters prefered by di"erent combinations of data sets. To further explore this we
decided to fix the core cosmological parameters to their WMAP7 values and use each set individually and removing
the CMB data set since its data points will most likely dominate parameter constraints, and likely wash out some
of the tension in our best-fit parameter spaces. Our results expectedly gave us weak constraints and for both the
first parametrization and the second parametrization (in its binned form), we continued to observe tensions where
they had previously existed (the tension in the unbinned parametrization was removed by fixing the core cosmological
parameters). The best-fit parameter spaces obtained did give us further insight into the preferred parameter values of
each data set. For the first parametrization we saw that the best-fit for MPK preferred the lowest value of s out of all
the best-fits. Additionaly, in contrast to WL best-fits, it had negative best-fit values for R and V , though the best-fit
Q and D parameters are actually not that di"erent between. Combining the two data sets however we find that a
best-fit for s that is higher than either of the two data sets individually, additionally a higher Q and correspondingly



CONCLUSIONS 

¢ Tensions between the preferred MG parameter 
values of different datasets cause the constraints 
to not always get stronger when adding an 
additional data set. 

¢ The tensions are more pronounced using 
parameterization 1 possibly due to the functional 
form imposed. 

¢ The parameter values for general relativity are 
within 95% confidence level contours for all data 
sets. 
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