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A new methodology, the Unrestricted Wind Farm Layout Optimization (UWFLO), that addresses critical
aspects of optimal wind farm planning is presented in this paper. This methodology simultaneously
determines the optimum farm layout and the appropriate selection of turbines (in terms of their rotor
diameters) that maximizes the net power generation. The farm layout model obviates traditional
restrictions imposed on the location of turbines. A standard analytical wake model has been used to
account for the velocity deﬁcits in the wakes created by individual turbines. The wind farm power
generation model is validated against data from a wind tunnel experiment on a scaled down wind farm.
Reasonable agreement between the model and experimental results is obtained. The complex nonlinear
optimization problem presented by the wind farm model is effectively solved using constrained Particle
Swarm Optimization (PSO). It is found that an optimal combination of wind turbines with differing rotor
diameters can appreciably improve the farm efﬁciency. A preliminary wind farm cost analysis is performed to express the cost in terms of the turbine rotor diameters and the number of turbines in the
farm. Subsequent exploration of the inﬂuences of (i) the number of turbines, and (ii) the farm land size,
on the cost per Kilowatt of power produced, yields important observations.
Ó 2011 Elsevier Ltd. All rights reserved.

Keywords:
Farm layout
Particle swarm optimization
Turbine
Wake model
Wind energy

1. Introduction
Renewable energy resources, particularly wind energy, have
become a primary focus in Government policies, in academic
research and in the power industry. The horizontal axis wind
turbine is the most popular of its kind, which has been in existence
since the 13th century [1]. The practical viability of given energy
sources is generally governed by such factors as the potential for
large scale energy production and the return on investment. These
factors have been restraining the exploitation of the full potential of
wind energy. The 2009 worldwide nameplate capacity of wind
powered generators was only approximately 2% of the worldwide
electricity consumption [2]. This calls for improvement in wind
power generation technology, which can be realized in part
through optimal planning of wind farms.
1.1. Wind farm optimization (WFO)
Wind energy resources generally appear in the form of wind
farms that consist of multiple wind turbines located in a particular
* Corresponding author. Tel.: þ1 315 443 2341.
E-mail address: messac@syr.edu (A. Messac).
0960-1481/$ e see front matter Ó 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.renene.2011.06.033

arrangement over a substantial stretch of land (onshore) or water
body (offshore). It has been shown that the total power extracted by
a wind farm is signiﬁcantly less than the simple product of the
power extracted by a standalone turbine and the number of identical turbines (N) in the farm [3]. Comparison of (i) the product of
the power curve of a standalone turbine and N, and (ii) the power
curve of the whole wind farm (Park Power Curve (PPC)) reveals this
phenomenon. The discrepancy is 12.4% (which is the loss in farm
efﬁciency) in the case of an offshore wind farm in Denmark [3].
This deﬁciency can be attributed to the loss in the availability of
energy due to wake effects e i.e. the shading effect of a wind
turbine on other wind turbines downstream from it [4]. The energy
deﬁcit due to mutual shading effects is determined using wake
models that give a measure of both the growth of the wake, and the
velocity deﬁcit in the wake with distance downstream from the
wind turbine. The Park wake model, originally developed by Jensen
[5] and later by Katic et al. [6], is one of the most popular analytical
wake models used in wind farm modeling. The modiﬁed Park wake
model and the Eddy Viscosity wake model are other standard wake
models. The reduction in the wind farm efﬁciency (loss in the
effective energy available), due to this mutual shading, depends
primarily on the geometric arrangement of wind turbines in a farm.
Economic proﬁt from a wind farm is one of the guiding factors in
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planning a wind energy project, which in turn depends on the farm
efﬁciency. Hence, an optimal layout of turbines that ensures
maximum farm efﬁciency is expected to be important in conceiving
a wind farm project.
Notable work has been done in layout optimization of wind
farms. For instance, the Offshore Wind Farm Layout Optimization
(OWFLO) project [7] seeks to minimize the Cost of Energy (COE) of
the wind farm. The OWFLO software uses the PARK wake model [6],
but also has the ﬂexibility to use other wake models. Both, gradient
based and evolutionary algorithms have been used for optimization
purposes. The Danish PSO programme used the software WindPRO
for wind farm layout analysis [3]. WindPRO is capable of implementing various wake models, such as Jensen’s model [5], EWTS II
and eddy viscosity model [8]. Beyer et al. [4] used the Riso Farm
model, in conjunction with genetic algorithm to optimize the wind
farm layout for maximum economic proﬁt. Several other genetic
algorithm based approaches have also been reported in the literature [9e11].
Kusiak and Zheng [12] presented an advanced layout optimization technique that uses evolutionary strategy algorithms. Arraylike or grid-wise turbine locating restrictions have been avoided in
the evolutionary strategy based technique [12]. Kusiak and Zheng
[12] also provided an industrial case study involving different
numbers of turbines (ranging from 2 to 6). Another interesting
wind farm layout optimization model that uses an integer coded
evolutionary algorithm, was recently published by Gonzaleza et al.
[13]. The evolutionary algorithm based model [13] maximizes the
net present value (NPV) of the wind farm initial capital investment.
Gonzleza et al. [13] successfully account for factors such as partial
wake-rotor overlap and terrains with non-uniform load bearing
capacity soil. In the paper by Gonzleza et al. [13], critical commercial factors are also taken into consideration in modeling the net
present value (NPV) of the wind farm life cycle cost.
1.2. Limitations of the existing WFO models
As discussed in the previous section, wind farm layout modeling
approaches can be broadly classiﬁed into: (i) models that assume
an array like (row-column) farm layout [3,14], and (ii) models that
divide the wind farm into a discrete grid to search for the optimum
grid locations of turbines [4,10,11,13]. The array-layout technique
generally optimizes the lateral distance between each turbine (in
a row) and the distance between the different rows of turbines.
However, since the farm layout pattern is restricted (to arrays), this
approach is likely to introduce an appreciable source of suboptimality. The grid-wise locating scheme does tend toward an
unrestricted farm layout approach, if the grid-size is of the order of
the turbine rotor diameters. However, such a scheme yields
a mixed-discrete nonlinear optimization problem with a high
number of discrete variables (for a commercial farm with a large
number of turbines), which often demands excessive computational resources in order to converge. In addition, the grid-wise
locating scheme is not immediately applicable to wind farms of
different shapes (other than the rectangular shape). In the UWFLO
model developed in this paper, these limiting assumptions have
been avoided. This unrestricted layout modeling approach is
similar to the method presented by Kusiak and Zheng [12].
The induction factor of a turbine provides a measure of the
energy drop in the wind, when the wind ﬂows across the turbine. In
the case of commercial wind turbines, the induction factor depends
on the tip speed ratio of the turbine and the velocity of the
incoming wind. Most of the popular wind farm power generation
models (including recent models [12,13]) adopt a constant value of
the induction factor over the entire wind farm. In the present study,
a variable induction factor, dependent on the incoming wind
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velocity (for a given tip speed ratio), has been employed. In addition
to the above-stated limitations, existing approaches generally
conﬁne the layout optimization study to wind farms comprised of
identical wind turbines. However, in planning a wind farm, an
appropriate combination of different types of turbines might prove
to be economically more beneﬁcial than using identical wind
turbines. The UWFLO model, in conjunction with a preliminary
wind farm cost model, is used to explore the beneﬁts of using
turbines with differing rotor diameters.
Existing analytical power generation models, including UWFLO,
make signiﬁcant assumptions and approximations in modeling the
wake velocity deﬁcit. These assumptions can lead to results that
may not appropriately represent the commercial wind farm
scenario. A Computational Fluid Dynamics (CFD) model is likely to
achieve a more accurate estimation of the wake velocities, as performed by Cal et al. [15] using Large Eddy Simulation. However,
a high ﬁdelity CFD simulation of wind ﬂowing across an entire wind
farm would involve excessive computational complexity and
process runtime.
1.3. Development of the UWFLO model
The Unrestricted Wind Farm Layout Optimization (UWFLO)
model, presented in this paper is an extension of the UWFLO model,
introduced by Chowdhury et al. [16]. In the UWFLO model, the
growth of the wake behind a turbine is determined using the wake
growth model proposed by Frandsen et al. [17]. The corresponding
energy deﬁcit behind a turbine is determined using the velocity
deﬁcit model originally presented by Katic et al. [6]; this velocity
deﬁcit model has been widely adopted in wind farm modeling
[7,11,13]. In a wind farm, the velocity of the wind approaching
a turbine can be affected by the wake of multiple turbines upstream
from it. Crespo et al. [18] provide a review of different methods that
account for the merging of wakes (wake superposition), in determining the wake velocity deﬁcits. UWFLO implements the wake
superposition model developed by Katic et al. [6]. The possibility of
a turbine being partially in the wake of another turbine (upwind) has
also been taken into account in the UWFLO power generation model.
The wind farm model developed in UWFLO is ﬁrst validated
against recently published experimental data [15]. In this wind
tunnel experiment, the velocity distributions within a 3  3 array of
model wind turbines are analyzed using a stereo PIV system. The
power generated by the last row center turbine has also been
determined for different incoming wind velocities. We perform
layout optimization on a wind farm similar to that in the experimental setup [15], in terms of (i) the farm dimensions, (ii) the total
number of turbines involved (nine), (iii) the surface roughness
(farm topography), and (iv) the incoming wind conditions (averaged). The net power generated by the wind farm is evaluated by
the sum of the power generated by the individual turbines. The
farm dimensions and the minimum distance required between any
two turbines are treated as system constraints. This UWFLO model
represents a nonlinear continuous optimization problem; this
problem is likely to be computationally less expensive to solve
compared to the nonlinear mixed discrete-continuous problems,
developed in the standard grid-wise locating approaches.
A Particle Swarm Optimization algorithm [19] is employed to
optimize the farm layout with the objective of maximizing the total
power generation. A robust constraint handling technique, based
on constraint dominance principles [20], is employed to deal with
the problem constraints. It was found from preliminary exploration
that the design domain of the wind farm model has multiple local
optima. PSO, being a stochastic search algorithm, deals with
multimodal problems signiﬁcantly better than do gradient based
algorithms. Moreover, PSO is relatively simple to implement and
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involves fewer user-deﬁned parameters that need to be adjusted,
compared to most other standard evolutionary optimization
algorithms.
Such factors as (i) the use of turbines with differing rotor diameters, (ii) the number of turbines in a farm, and (iii) the farm land size
are expected to play important roles in deciding the optimum farm
layout. Further studies are performed using the UWFLO technique to
investigate the inﬂuence of these factors. Two representative cost
models (polynomial interpolations) are formulated to express the
cost of a wind farm in terms of the turbine rotor diameter and the
number of turbines in a farm. However, we could not analyze the
relationship between the farm cost and the farm land size, owing to
a lack of available data regarding the size of existing commercial
wind farms. The authors point out that this paper does not intend to
develop an extensive cost analysis of commercial wind farms; the
actual cost depends on other important factors as well, which are
not explicitly considered in this paper.
The following assumptions are made in the development of the
overall UWFLO framework in this paper:
1. The designed wind farm is assumed to have a rectangular
shape. This assumption is helpful for validating the UWFLO
model against the data from the wind tunnel experiment (on
a scaled down rectangular wind farm).
2. The incoming wind is assumed to be unidirectional and
approaching witha ﬁxed speed.
3. The analytical wake model [17] used in this paper assumes that,
(i) the velocity inside the wake is axi-symmetric and uniform,
(ii) the wake starts expanding immediately behind the turbine,
and (iii) the freestream velocity is uniform. In addition, the
wake ﬂow speed proﬁle is assumed to be self-similar [17]. The
entrainment parameter is determined empirically and depends
on the structure of turbulence.
4. In a commercial-scale wind farm, the relative placement of the
turbines is also regulated by such factors as (i) the dynamic
loading on the turbines, (ii) the local terrain, (iii) the load
bearing capacity of the soil, and (iv) the road layout of the farm
[13]. However, these additional practical constraints to the
farm layout have not been considered in this paper.
5. In this paper the turbines in the wind farm are assumed to have
the same hub height and the same performance characteristics.
6. In this paper, we develop two independent wind farm cost
models, based on the turbine rotor diameters and the number of
turbines installed. The cost of a wind farm is, however,
a complex function that also depends on several other economic
and environmental factors (e.g. labor costs, grid connection, site
accessibility, turbine reliability, and Government policies).
Speciﬁc assumptions made in the component models that
comprise the UWFLO framework, particularly the analytical power
generation model, are stated in the course of the model formulation. The following topics are discussed in Sections 2e6, respectively: (i) the formulation of the power generation model; (ii) the
formulation of the wind farm cost model; (iii) the validation of the
model using the wind tunnel experiment data; (iv) a brief
description of the PSO algorithm; and, (v) three case studies in wind
farm layout optimization.
2. Unrestricted wind farm layout optimization (UWFLO)
model
2.1. Analytical power generation model
The power generated by a wind farm is an intricate function of
the conﬁguration and location of the individual wind turbines.

The ﬂow pattern inside a wind farm is complex, primarily due to
the wake effects and the highly turbulent ﬂow. It is helpful to
determine the velocity of the wind approaching a turbine and the
corresponding power generated separately for each turbine and
in a particular order (based on the streamwise location). A wind
farm of given dimensions, consisting of N turbines, is considered
here. This wind farm is exposed to a wind proﬁle [15] given by

 0:15
U
z
¼ b1
UN
b2

(1)

where U represents the wind velocity at a height z above the
ground, UN represents the freestream wind velocity, and b1 and b2
are constants that depend on the terrain, the surface roughness and
the atmospheric conditions. However, in this paper we assume
a uniform incoming ﬂow (deﬁned by the velocity, U0) equivalent to
the velocity (in Eq. (1)) integrated and averaged over the rotor area.
We determine the total power generated by the wind farm by
observing the following sequence of ﬁve steps.
Step 1. Each turbine is assigned a coordinate (X, Y) based on
a ﬁxed coordinate system (Xi, Yi). This system is then transformed
into another coordinate system (x, y), such that the positive xdirection is aligned with the current direction of the wind (constant
or variable) using



xi
yi




¼

cos q
sin q

sin q
cos q



Xi
Yi


(2)

In Eq. (2), q is the angle made by the direction of the wind with the
positive X-axis when measured clockwise. The separation between
any two turbines (i and j) is denoted by

Dxij ¼ xi  xj ;

Dyij ¼ yi  yj

(3)

Step 2. In order to identify whether a turbine is within the
inﬂuence of the wake of another turbine, an inﬂuence matrix M is
created such that,

8
< þ1 if Turbine  i influences Turbine  j
Mij ¼
1 if Turbine  j influences Turbine  i
:
0 if there is no mutual influence

(4)

where Turbine-j is in the inﬂuence of the wake created by Turbine-i
if and only if





D
D
Dxij < 0 & Dyij   j < wake;ij
2

2

(5)

where Dj is the rotor diameter of Turbine-j and Dwake,ij is the
diameter of the wake front due to Turbine-i, approaching Turbine-j.
Step 3. The turbines are ranked (Ri ¼ 1,2,.,N) in the increasing
order of their x-value. Thereby, the closer the turbine is to the direct
wind (wind entering the farm) the lower its rank. If any two
turbines have the same x -coordinate, they will be assigned the
same rank.
Step 4. The power generated by each turbine (say Turbine-j) is
computed sequentially in the order of its rank, i.e. starting with
rank one. This method ensures that the inﬂuence of the wakes
(both individual and merged) from the turbines upwind can be
appropriately accounted for. Turbine-j might be partially or
completely in the wakes of other turbines. The wake of each
preceding turbine (say Turbine-k) for which Mkj ¼ 1, is mapped
onto Turbine-j as follows:
 If the rotor of Turbine-j is completely in the wake of Turbine-k,
then
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Akj ¼ Aj
Aj ¼ pD2j =4

(6)

 If the rotor of Turbine-j is partially in the wake of Turbine-k,
then

0
1
0
1
d2kj þrk2 rj2
d2kj þrj2 rk2
A þr 2 cos1 @
A
Akj ¼ rk2 cos1 @
j
2dkj rk
2dkj rj
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ



1 
dkj þrk þrj dkj rk þrj dkj þrk rj dkj þrk þrj

2
(7)
where Akj is the effective area of inﬂuence of the wake (from
Turbine-k) on Turbine-j. The terms rk and rj are the areas of the
wake front and the Turbine-j rotor (the circles in Fig. 1), respectively; and dkj is the distance between the two centers.
The contribution of the wake of each upwind Turbine-k (Pkj)
toward the net kinetic energy approaching Turbine-j per unit time
is given by

Pkj ¼

Akj 2
U
Aj kj

The power Pj, generated by Turbine-j, is then determined using the
formula

Pj ¼ kg kb Cp0

!

(10)

Cp ¼ kg kb Cp0

(11)

Step 5. The power generated by the farm, Pfarm, is given by the
algebraic sum of the powers generated by the individual turbines,
which is expressed as
N
X

Pfarm ¼

vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uX 
2
u
Akj
U0  Ukj
Uj ¼ U0  t
Aj

2
1 Dj 3
rp Uj
4
2

where r is the density of air. The parameters kg and kb are the
generator efﬁciency (electrical efﬁciency) and the gearbox efﬁciency (mechanical efﬁciency), respectively. The parameter Cp0 is the
coefﬁcient of power, which is a measure of the ratio of power
extracted from the wind and the power available. The power
coefﬁcient is characteristic of the design of the turbine rotor and is
dependent on the tip speed ratio and the incoming wind velocity.
The maximum achievable value of Cp0 is 0.59, which is given by the
Betz limit [21]. In the remainder of the paper, the product of the
efﬁciencies and the parameter Cp0 will be referred to as the power
coefﬁcient Cp that is

(8)

where Ukj is velocity of the wake produced by Turbine-k and
approaching Turbine-j. The effective deﬁcit, in the velocity of the
wind approaching Turbine-j, can be estimated as the quadratic sum
of the deﬁcits of all the inﬂuencing turbines (all Turbine-k’s with
Mkj ¼ 1) [6,13]. The corresponding velocity of the wind approaching
Turbine-j is expressed as
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Pj

(12)

j¼1

Accordingly, the farm efﬁciency [3] can be expressed as

hfarm ¼

Pfarm
N
X
P0j

(13)

j¼1

c k yielding Mkj ¼ 1

k

(9)

where P0j is the power that Turbine-j would generate if operating as
a standalone entity, for the given uniform incoming wind speed.
However, owing to the nature of the power curve for the experimental model-turbines (discussed in Section 4.1), the above expression can yield farm efﬁciencies higher than one. In order to avoid this
apparent anomaly, the effective farm efﬁciency hfarm is deﬁned as

hfarm ¼

Pfarm
N
X
PRj

(14)

j¼1

where PRj is the rated power for Turbine-j. In the case of the
experimental model-turbines, the rated power is estimated to be
0.385 W (Fig. 4).
2.2. Wake model
The wake model used in UWFLO, which determines the growth
of individual wakes has been adopted from Frandsen et al. [17]. This
model employs the control volume concept that relates the thrust
and power coefﬁcients to the velocity deﬁcit [21,22]. The growth of
the wake front behind any Turbine-j is given by the equation

Dwake; j ¼ ð1 þ 2asÞDj ;
s ¼ s=Dj

where
(15)

where Dwake,j is the diameter of the expanding wake front at
a distance s behind Turbine-j. The parameter a is the wake spreading
constant [17], which is determined using the formula

a ¼
Fig. 1. Overlap of a wake front and a turbine rotor.

0:5
 
z
ln H
z0

(16)
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where zH and z0 are the average hub height of the turbines and the
average surface roughness of the wind farm region, respectively.
The wind velocity in the wake [6] is given by

U ¼

1

2a

!
Uj

ð1 þ 2asÞ2

Sufﬁcient cost information is not available for commercial wind
farms with non-identical wind turbines (turbines with differing
rotor diameters). Therefore, the cost of a wind farm with nonidentical wind turbines is approximated by

(17)
CostD ðD1 ; D2 ; .; DN Þ ¼

where a is the induction factor, which can be determined from the
coefﬁcient of thrust (Ct). The latter is one of the design characteristics of a turbine rotor. Eq. (17) is equivalent to the expression
suggested in the Park wake model [5,6].

N
1X
Cost Dj
N j¼1

The number of turbines based cost function (considering identical
wind turbines) is given by

CostN ðNÞ ¼ 133:3938  0:1501N  7:9104 N2
3. UWFLO cost model
Numerous techniques have been developed to evaluate the cost
(installation, operation and maintenance) of both onshore and
offshore wind farms over the past twenty years. Notable examples
include: the short-cut model [23], the cost analysis model for the
Greek market [24], the OWECOP-Prob cost model [25], the JEDIwind cost model [26], and the Opti-OWECS cost model [27].
Among these cost models, only Refs. [23,24] present analytical
expressions of the cost as functions of the critical contributing
factors. Turbine-rotor diameters strongly affect the ﬂow pattern
inside the wind farm, and thereby inﬂuences the performance and
the net economy of the farm. Most of the existing models do not
explicitly consider the effect of the rotor diameter of the wind
turbines. Generally, only the rated power of the wind turbines is
considered as a variable in these cost models. A new response
surface based cost model developed by Zhang et al. [28] explains
how the rotor diameter of the turbines installed is a crucial factor in
determining the Cost of Energy (COE) of a wind farm.
In this study, quadratic response surfaces have been developed
to represent the cost of a wind farm. A general m-variable quadratic
response surface is expressed as

Cost ¼ c0 þ

m
X
i¼1

ci vi þ

m
X
i¼1

cii v2i þ

m X
m
X

cij vi vj

(18)

i¼1 j¼1

(21)

The cost function in Eq. (21) was evaluated with a relative error of
0.21%. In this case, the effective cost per KW of power produced
(CostN,eff) can be expressed as

CostN;eff ¼

CostN  P0  N
Pfarm

(22)

As stated in Section 1, the economics of a wind farm depend on
a series of environmental, technical and ﬁnancial factors, which
have not been explicitly accounted for in this paper. However, the
objectives of the 1D quadratic cost models in Eqs. (20) and (22) are
to, respectively, explore (i) the beneﬁts of using non-identical
turbines and (ii) the inﬂuence of “the number of turbines
installed” on the net economic utility of a wind farm. Speciﬁcally,
we break more ground in exploring the potential impacts of these
factors. These cost functions are highly sensitive to the training data
used. Considering the likely uncertainties in various economic
factors related to wind energy, these functions might not readily
apply to the broad commercial scenario in wind farm cost
modeling. Future research should pursue the development of more
comprehensive wind farm cost models.

4. Power generation model validation
4.1. Wind tunnel experiment [15]

jsi

where the vi’s and the ci’s respectively denote the generic variables
and the unknown coefﬁcients. These coefﬁcients are determined
through the least squares approach, using available commercial
data. Two single variable response surfaces have been developed in
this paper. One expresses the cost of a wind farm as a function of
the turbine rotor diameter, and the other expresses the wind farm
cost as a function of the number of turbines in the farm. The cost
functions in this paper represent the cost per KW of installed
capacity (total rated capacity of the wind farm). The rotor diameter
based cost function is developed to allow for an unbiased
comparison of the performance of wind farm designs with different
combinations of turbine rotor diameters. The number of turbines
based cost function is developed to speciﬁcally explore and
compare the variations in (i) the total power generation and (ii) the
cost of a wind farm with the installed number of turbines. These
functions are evaluated using data for wind farms in the state of
New York, provided by the Wind and Hydropower Technologies
program (US Department of Energy) [26].
The farm cost functions are developed using data [26] on different
1.5 MW turbines. The estimated rotor diameter based cost function is
given by

CostD ðDÞ ¼ 143:85  0:32447D  1:4841103 D2

(20)

(19)

where D is the diameter of the wind turbines in the farm. The cost
function in Eq. (19) was evaluated with a relative error of 0.2%.

Experimental measurements are used to validate the power
generation model in UWFLO. The experiment consists of a scaled
down wind farm that is placed in a wind tunnel as shown in Fig. 2. A
3  3 array of model wind turbines was subjected to inﬂow
conditions that represent those of a neutrally stable boundary layer
ﬂow. Hot-wire anemometry was used to characterize the inﬂow
properties. Measurements of the ﬂow inside the array were performed using Stereo-Particle Image Velocimetry in 18 planes
surrounding the center wind turbine of the third row, downstream.
In the remainder of the paper this wind turbine is referred to as the
Turbine-8. Detailed information, regarding the experiment, can be
found in the paper by Cal et al. [15].
The properties of the wind farm and the incoming wind characteristics are given in Tables 1 and 2, respectively. The mean
velocity proﬁle [15] in meters per second is given by

 y
UðyÞ
¼ 8:4
UN
0:37

0:15

(23)

The variation of the power coefﬁcient (Cp) with streamwise velocity
was determined from direct torque measurements performed on
Turbine-8. Extensive details of these measurements has been
provided by Kang et al. [29]. The Cp curve presented in Fig. 3
corresponds to a constant tip speed ratio (l) of 4.9, which was
used during the experiments. Three operational points were
measured and a quadratic curve ﬁt was obtained.
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Table 2
Wind characteristics.

Fig. 2. Photograph of the experimental setup from a downstream location [15].

The loss in velocity incurred by the wind, while ﬂowing across
a turbine, is generally characteristic of the turbine design and
control. A measure of this velocity loss is given by the induction
factor a that is deﬁned as

7.09 m/s
Refer Eq. (23)
0 with positive X-axis
1.2 kg/m3

underestimation can be attributed to the ideal ﬂow assumption
that neglects critical factors such as (i) rotor inefﬁciencies, (ii) wake
of the tower, and (iii) existence of the hub. Detailed information
regarding the calculation of the induction factor from the velocity
ﬁeld may be found in Ref. [31]. It is seen from Fig. 3(a) and (b) that
the maximum values of Cp and a (0.3125 and 0.095, respectively)
occur at a velocity of 5.00 m/s.
Fig. 4 shows the variation of the actual power generated by
a wind turbine as a function of the incoming wind velocity. The
available wind energy increases with velocity, whereas the extent
to which it can be extracted by the turbine (represented by Cp) may
follow a different trend, compared to that shown in Fig. 3(a). As
a result, the power curve (Fig. 4) offers a more explicit representation of the actual performance of wind turbines. It is seen that the
maximum power (P ¼ 0.385 W) is generated when the approaching
wind velocity is 6.17 m/s.

!
(24)

where Ufront and Uback are respectively the average streamwise
velocities of the wind in front of and behind the turbine, each of
which has been modeled as a streamtube that passes through
a rotor disk. According to the 1-dimensional ideal ﬂow assumption
[30], the induction factor and the coefﬁcient of power are related by

Cp ¼ 4að1  aÞ2

(25)

Eq. (25) is solved to yield the values of the induction factor (a),
using the measured values of Cp. Fig. 3(b) shows the corresponding
quadratic ﬁt obtained for the variation of the induction factor with
the incoming wind velocity. However, beyond the boundary data
point (point A in Fig. 3(b)), the induction factor curve is approximated using a linear extrapolation (dashed line in Fig. 3(b)) to
compensate for the lack of information over a wide range of
velocities. The slope of this linear extrapolation is set to be equal to
that of the quadratic function at the boundary point. This approximation was necessary because several wind turbines (both during
validation of the model and optimization) were observed to operate
in the velocity range of 5.2e7.1 m/s.
In the case of the experimental conditions, the induction factor
(for Turbine-8) evaluated from Eq. (25) is a x 0.05, while that
directly measured from the ﬂow ﬁeld is a ¼ 0.087. This

Table 1
Wind farm properties.
Attribute

Value

Length
Breadth
Turbine hub height (H)
Turbine rotor diameter (D)
Downwind separation
Crosswind separation
Average surface roughness

1.68 m
0.72 m
0.12 m
0.12 m
7Dm
3Dm
0.001 m

a

0.40
Data from experiment
Quadratic fit

0.35
Power Coefficient, Cp

Uback
Ufront

Value

Rotor averaged wind speed (U0)
Mean velocity proﬁle
Wind direction
Density of air

0.30
0.25
0.20
Cp = − 0.0494*U2 + 0.4914*U − 0.9097

0.15
0.10
0.05
3

4

5

6

7

8

Approaching Wind Velocity, U (m/s)

b

0.10

A

a = − 0.0063*U +0.1273

0.09
Induction Factor, a

a ¼ 0:5 1 

Parameter

0.08
a = − 0.0163*U2 + 0.1635*U − 0.3142

0.07
0.06
0.05

Data from experiment
Slope equivalent linear extraploation
Quadratic fit

0.04
0.03
0.02
3

4
5
6
7
Approaching Wind Velocity, U (m/s)

Fig. 3. (a) Coefﬁcient of power (Cp) curve. (b) Induction factor, a, curve.
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Table 3
Comparison of the power generation model with the experiment.
Parameter

Wind farm model

Experiment

U in front of turbine
Power generated
Cp
a

6.71 m/s
0.336 W
0.16
0.085

6.24 m/s
0.34 W
0.21
0.087

velocity deﬁcit is appropriately captured by the model. Fig. 7(a) and
(b) show that, although the power available from wind decreases
downstream due to the wake effects, the power generated by each
turbine follows an opposite trend. The model is also observed to
underestimate the power generated by Turbine-8 (as seen from
Fig. 7(b) and Table 3). These observations are explained by the
overall nature of the power curve (Fig. 4). The incoming wind (at
7.09 m/s) in this case is already above the optimal/rated wind speed
(6.17 m/s); therefore, with decreasing velocity downstream, the
power generated increases. The total power generated by the farm
(Eq. (12)) and the corresponding farm efﬁciency (Eq. (14)) are
computed to be 2.53 W and 0.73, respectively. These computed data
will be useful, when we compare the performance of the optimized
wind farm with that of the 3  3 array wind farm. It is helpful to
note that, the computed data used for validation and performance
comparison is subject to the undesirable deviations (in the estimated velocity deﬁcits), introduced by the assumptions in the
analytical wake model.
Analytical wake models similar to that used in this paper
provide a computationally inexpensive means of determining wind
farm power generation. This attribute is particularly helpful for
optimization, which may require iterative comparisons of a large
number of wind farm designs. However, the inherent assumptions
in these simpliﬁed wake models can often be a source of appreciable error in the farm power estimation. The development of
wake models that provide a more attractive trade-off between (i)
accuracy/reliability and (ii) computational expense would be
helpful in addressing this issue.
In the authors’ opinion, the reliability of the wake model (e.g.
wake expansion, wake velocity deﬁcit, and wake merging) is
a key factor that governs the accuracy of the overall power
generation model. The determination of the power generated by
an individual turbine is also subject to the approximations made
regarding the relationship between the power coefﬁcient (Cp)
and the incoming wind velocity. The likely errors attributed to
these approximations can, however, be minimized if reliable
power curves are available from commercial turbine manufacturers. The framework presented in this paper makes unique
contributions in developing an “unrestricted farm layout design”
protocol and exploring the use of differing turbine rotor diameters. The integration of advanced wake models and reliable
turbine power characteristics would further advance the practical
use of the UWFLO model.

5. Constrained particle swarm optimization (PSO) algorithm
PSO is one of the most well known stochastic optimization
algorithms, initially coined by an Electrical Engineer (Russel Eberhart) and a Social Psychologist (James Kennedy) in 1995 [19]. Later,
several improved variations of the algorithm have appeared in the
literature and been used in popular commercial optimization
packages. The PSO algorithm used in this project has been derived
from the unconstrained version presented by Colaco et al. [32]. A
general single objective constrained maximization problem can be
expressed as

Max f ðXvar Þ
subject to
gj ðXvar Þ  0; j ¼ 1; 2; .; p
hk ðXvar Þ ¼ 0; k ¼ 1; 2; .; q

23

(26)

where p and q are the number of inequality and equality
constraints, respectively, and Xvar is the vector of design variables.
The basic steps of the algorithm are summarized as

xtþ1
¼ xti þ vtþ1
i
i


vtþ1
¼ avti þ bl r1 pi  xti þ bg r2 pg  xti
i

(27)

where,






xti is ith member of the population (swarm) at the tth iteration,
r1 and r2 are random numbers between 0 and 1,
pi is the best candidate solution found for the ith member,
pg is the best candidate solution for the entire population, and
a, bl and bg are user-deﬁned constants.

The technique used to deal with constraints is based on the
principle of constrained non-domination, introduced by Deb et al.
[20] and later adopted by Chowdhury et al. [33]. In this technique,
solution-i is said to dominate solution-j if,
 solution-i is feasible and solution-j is infeasible or,
 both solutions are infeasible and solution-i has a smaller
constraint violation than solution-j or,
 both solutions are feasible and solution-i weakly dominates
solution-j.
If none of the above conditions apply (possible only in the case
of a multi-objective problem), then the solutions are considered
non-dominated with respect to each other.

6. Application of the UWFLO framework
The UWFLO technique has been applied to three different layout
optimization cases (1, 2 and 3) for different wind farm scenarios, as
listed below.
Case 1. Wind farm with identical turbines (same rotor diameter).
Case 2. Wind farm with non-identical turbines (differing rotor
diameters).
Case 3. Wind farm with identical turbines that can adapt to
wind conditions, as in the case of commercial turbines.
The speciﬁed incoming wind velocities in Cases 1 and 2 are the
same as in the experiment [15]. The speciﬁed incoming velocity in
Case 3 is lower than that in the experiment [15]. Case 3 is further
applied to investigate the inﬂuences of the number of turbines and
the farm land size, on the optimal layout of the wind farm. All three
cases assume a unidirectional wind of constant speed, since speciﬁc
information regarding the distribution of wind speed and direction
was not available for the experiment [15]. However, in the
commercial scenario, the speed and the direction of wind change
with time. In the literature [1], the long term wind speed variation
is often represented using a Weibull distribution, which is
controlled by the shape parameter K and the scale parameter C. The
values of these parameters have not been reported in the case of the
experimental setup [15]. Nevertheless, this assumption does not
restrict the application of the UWFLO framework. When the annual
distribution of wind speed and direction is available for a particular
wind farm site, a numerical integration procedure can be readily
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performed to approximate the overall energy production (as in
Ref. [12]).
It is noteworthy that the optimum wind farm layout is not
necessarily unique. There can be different optimal arrangements of
turbines with nearly equal amount of total power output, which
results in a multimodal optimization problem. To compensate for
the performance ﬂuctuations induced by the random number
generators in PSO (used in creating the initial population and other
swarm operators), the algorithm is run ﬁve times for each case.
6.1. UWFLO Case 1
In Case 1, the wind farm is comprised of a ﬁxed number of
identical wind turbines (with rotor diameter ¼ D). The wind farm
properties (except for the layout) and the nature of the incoming
wind are the same as given in Tables 1 and 2. Also, the turbines are
assumed to be always facing the incoming wind. The layout of the
rectangular wind farm is optimized to achieve maximum power
generation. The optimization problem is deﬁned as

Max f ðVÞ ¼ hfarm
subject to
g1 ðVÞ  0
V ¼ fX1 ; X2 ; ..; XN ; Y1 ; Y2 ; ..; YN g
0  Xi  Xfarm
0  Yi  Yfarm

(28)

where hfarm is given by Eq. (14). The inequality constraint g1
represents the minimum clearance required between any two
turbines, and is given by

g1 ðVÞ ¼

N
N
P
P
i¼1 j¼1

max Di þ Dj þ Dmin  dij ; 0

jsi

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Dx2ij þ Dy2ij
dij ¼

(29)

In Eq. (29), Dmin is the minimum clearance required between the
outer edge of the rotors of the two turbines. The value of Dmin is set
at zero, to allow maximum ﬂexibility in turbine spacing. In practice,
a higher value of Dmin is advisable. The parameters Xfarm and Yfarm
in Eq. (28) represent the dimensions of the rectangular wind farm
in the X and Y directions, respectively. To ensure the placement of
the wind turbines within the ﬁxed size wind farm, the Xi and Yi
bounds are formulated into an inequality constraint, g2(V)  0. The
constraint g2 is expressed by

g2 ðVÞ ¼

N

1
1 X
max  Xi ; Xi  Xfarm ; 0
2N Xfarm i ¼ 1
!
N

1 X
max  Yi ; Yi  Yfarm ; 0
þ
Yfarm i ¼ 1

Table 4
User-deﬁned constants in PSO.
Constant

Value

a
bg
bl

0.5
1.4
1.4
5  Nvar
15000

Population size
Allowed number of function calls

Fig. 8 shows that the algorithm converges after approximately
3000 function evaluations during which the power generated by
the farm increases by 15.54%. The power generated by the optimum
farm layout (3.298 W) is 30.19% higher than that generated by the
original farm layout in the experiment (Fig. 5). The increase in the
power generated by the wind farm through unrestricted layout
optimization is substantial. In the remainder of the paper, the farm
layout obtained by UWFLO is referred to as the “optimum farm
layout”. It should be noted that, since we are using heuristic optimization, this method does not necessarily guarantee a global
optimum. The optimum farm layout is shown in Fig. 9, and the
power generated by each turbine (of this wind farm) is shown in
Fig. 10. Fig. 10 presents the wind velocity immediately in front of
each turbine. In the UWFLO model, the rank of the turbines that
represents the order in which the turbines encounter the incoming
wind. Fig. 10(a) and (b) are thus plotted with respect to the turbine
number that is equivalent to the turbine rank. Thereby, a discrete
manifestation of the variation of P and U in the downstream
direction is provided.
The optimization procedure sought to arrange the turbines in
a manner such that most of them operate near the maximum
power generation point of the power curve (rated speed of 6.17 m/s,
as seen from Fig. 4). This phenomenon can be observed from
Fig. 10(a) and (b). The increase in the power generated by the
turbines (as illustrated by 10(b)) as we move downstream
(increasing turbine rank) might initially seem counterintuitive.
However, this phenomenon can be attributed to the speciﬁc nature
of the power curve for the experimental model-turbines (as shown
in Fig. 4) - beyond the rated speed of wind, the power decreases
with increasing speed. The incoming wind speed (which is
7.0896 m/s) in this case is greater than the rated wind speed. This
condition leads to the deliberate positioning of certain turbines in
the wakes of other turbines located upstream (as shown in Fig. 9),
thereby facing an incoming wind speed that approaches the rated
speed (through speed reduction). The above observation shows
that this farm optimization methodology is appropriately adaptive

0.96

(30)

In this optimization problem, the number of design variables (Nvar)
is equal to 2N.
6.2. UWFLO Case 1 results
The objective of this study (Case 1) is to investigate the layout
optimization of a wind farm that has the same properties, and is
subjected to the same conditions as in the experiment [15]. Optimization is performed using the PSO algorithm, which is initiated
with a population of random wind farm layouts. The user deﬁned
constants involved in PSO are summarized in Table 4. The outcomes
of one of the representative runs for Case 1 are illustrated in this
paper.

0.94
Objective Function, f

24

0.92
0.90
0.88
0.86
0.84
0.82
0.80

3000

6000

9000

12000

Number of Function Evaluations
Fig. 8. Convergence history of PSO (Case 1).

15000
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turbines are designed to orient themselves (such as by changing the
pitch and yaw angle) in order to extract maximum power from the
wind while operating within other constraints such as structural
limitations. Hence, the power curve and the performance characteristics of real life wind turbines (details available in the Wind
Energy Handbook [1]) are more complex than the simple “scaled
down model-turbines” used in the experiment [15]. However, these
performance characteristics are simply inputs to the UWFLO model.
The optimization results illustrate how the UWFLO model is
expected to produce reliable results for full scale commercial wind
farms, when the appropriate performance curves are provided.

Y - coordinate

1.0

0.5

1

2

3

8
4

7

5

25

6
9

0.0

6.3. UWFLO Case 2
-0.5
0.0

0.5

1.0

1.5

X - coordinate
Fig. 9. Optimized wind farm layout in meters (Case 1).

to the input parameters such as turbine characteristics speciﬁed by
the user.
Nevertheless, in the case of a commercial wind farm, the
scenario may be quite different. This is because real life wind

a
Approaching Wind Velocity, U (m/s)

7.50
Optimal Layout (Case 1)
Original Experiment Layout
7.00

6.00

0

1
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3

4

5

6

7

8

9

N
1X
CostðDi Þ  CostD ðD0 Þ
N i¼1

(31)

where D0 is a reference rotor diameter, which in this case is set
equal to that of the experimental model-turbines. It should be
noted that the objective function (effective farm efﬁciency) is
deﬁned with respect to the rated power of the experimental scale
model-turbine (0.385W). In order to maximize the power generated by the wind farm, the optimization problem in Case 2 is
formulated as

10

Turbine Number
Optimal Layout (Case 1)
Original Experiment Layout

0.40
0.35
0.30
0.25
0.20
0.15
0.10
0

1

2

3

4

5

6

(32)
6.4. UWFLO Case 2 results

0.50
0.45

Power Generated, P (W)

g3 ðVÞ ¼

Max f ðVÞ ¼ hfarm
subject to
g1 ðVÞ  0
g2 ðVÞ  0
g3 ðVÞ  0
V ¼ fX1 ; X2 ; ..; XN ; Y1 ; Y2 ; ..; YN ; D1 ; D2 ; ..; DN g
0  Xi  Xfarm
0  Yi  Yfarm
Dmin  Di  Dmax

6.50

5.50

b

In Case 2, the wind turbines are allowed to take on different
rotor diameters. Other speciﬁed parameters in Case 2 are similar to
those in Case 1 (refer Tables 1 and 2). During optimization, the rotor
diameter of each turbine is treated as a design variable. Hence,
there is a total of 3N design variables in Case 2, as opposed to 2N
variables in Case 1. The rotor diameter based cost of a wind farm is
implemented as an additional constraint g3. This constraint is
deﬁned as

7

8

9

10

Turbine Number
Fig. 10. (a) Velocity of wind approaching each turbine (U). (b) Power generated by each
turbine (P).

The objective of this study (Case 2) is to explore the effect of
using non-identical wind turbines (differing rotor diameters) on
the total power generation from the wind farm. This investigation
demands simultaneous optimization of the location and the rotor
diameter of each turbine placed in the wind farm. The rotor
diameter based cost constraint (g3) ensures that any feasible wind
farm design requires a net investment equal to or less than that
required for a wind farm with identical wind turbines. The mean
rotor diameter and the deviation in diameter, determined from the
commercial data used for the cost function evaluation [26],
are 75 m and 25 m, respectively. These commercial-scale design
dimensions, when scaled down to the dimensions of the model
turbines, used in the experiments (with D ¼ 0.12 m), yield a deviation of 0.04 m. Thus, the feasible range of rotor diameter was
speciﬁed as 0.08e0.16 m. However, in practice, only a limited set of
choices of rotor diameters (for wind turbines) is commercially
available. Hence, a more practical wind farm optimization calls for
the treatment of rotor diameters as discrete design variables. This
requirement has not been considered in this paper, in order to avoid

26
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a
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Original Experiment Layout

7.25
7.00
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Number of Function Evaluations

0

b

the intensive computational expense of solving a mixed discretecontinuous optimization problem. Larger rotor diameters are
often accompanied by greater hub heights, which has also not been
considered in this paper.
The PSO algorithm is allowed to run for 25,000 function evaluations for Case 2. A higher number of function evaluations is
allowed to compensate for the increase in the dimensionality of the
problem (N additional design variables). Fig. 11 shows that the
algorithm converges after approximately 15,000 function evaluations during which the power generated by the farm increases by
28.75%. The power generated by the optimum farm layout
(3.569 W) is 41.11% higher than that generated by the original farm
layout in the experiment (Fig. 5). The resulting rotor diameters, in
this case, can be higher than the rotor diameters of the modelturbines used in the experiment (D ¼ 0.12 m). Consequently, the
maximum possible power generation, from a single turbine, is not
restricted by the power curve shown in Fig. 4. The objective function, in this case, does not conform with the conventional deﬁnition
of farm efﬁciency; the function can reach values higher than unity
as shown in Fig. 11. The optimum farm layout is shown in Fig. 12,
and the wind velocity approaching each turbine is shown in Fig. 13
(a). Figs. 13(b) and 14 present the power generated by each turbine
and the rotor diameter of each turbine in the optimum wind farm,
respectively.
The optimized farm design (as shown in Fig. 12) exhibits an
interesting distribution of the approaching wind velocity (as shown
in Fig. 13(a)) and of the power generated (as shown in Fig. 13(b)) in
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Fig. 13. (a) Velocity of wind approaching each turbine (U). (b) Power generated by each
turbine (P).

the case of each turbine. Fig. 14 shows a signiﬁcant variation in the
rotor diameter of the turbines; the turbines with smaller rotors
tend to be placed upstream of the turbines with larger rotors. The
primary observation from the results of Case 2 is the remarkable
increase in the total power generation, accomplished using nonidentical turbines.
The rotor diameter has been considered as a continuous variable
in this study; commercial wind turbines, however, present
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Fig. 11. Convergence history of PSO (Case 2).
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Fig. 12. Optimized wind farm layout in meters (Case 2).
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Fig. 14. Rotor diameter of each turbine (D) in the optimized wind farm (Case 2).
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1.0
7

2

Y - coordinate

a discrete variation of the rotor diameter. Also, non-identical wind
turbines might have different performance characteristics. In this
case study, such data was not available and hence the same
performance curves (as in Fig. 4) were used for all the turbines. In
the case of a commercial wind farm, other design and economic
factors might mitigate the cost beneﬁt (cost reduction) of using
differing rotor diameters. Owing to the above reasons, further
research regarding use of differing rotor diameters needs to be
undertaken that accounts for:
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 the treatment of turbine rotor diameters as discrete variables,
 the speciﬁcation of appropriate hub height (corresponding to
different rotor diameters),
 the use of appropriate performance characteristics speciﬁc to
each turbine, and
 the application of a comprehensive cost model.
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Fig. 15. Optimized wind farm layout in meters (Case 3).

6.5. UWFLO Case 3

two regions e (i) one, located at the front end of the wind farm with
respect to the incoming wind, and (ii) the other, located at the rear
end of the farm. Such a layout minimizes the shading effects, since
the wake velocity deﬁcit decreases with distance downstream from
a turbine. This trend is also illustrated by the variation of the

a 6.50
Approaching Wind Velocity, U (m/s)

Case 3 is designed to illustrate a more appropriate characterization of the commercial wind farm scenario. Modiﬁed power
characteristics of the turbines are used in this case. Speciﬁcally, the
power generated by a turbine is assumed to remain constant and
equal to the rated power (of 0.385 W), when the approaching wind
speed is above the rated speed (of 6.17 m/s). This change is introduced to better explain the effect of turbine wakes on the optimal
layout of the wind farm. The incoming wind velocity is speciﬁed as
6.2 m/s to capture the more likely range of operation (with respect
to wind speed) of the turbines. Other user-deﬁned constants and
parameters in this case are the same as in Case 1. On account of the
above changes, the application of UWFLO to Case 3 is expected to
produce a farm layout that minimizes the mutual shading effects of
wind turbines.
Two parametric studies are also performed in Case 3. These
studies investigate the effects of (i) the number of turbines in
a farm, and (ii) the size of the farm, on the maximum power
generation. Parametric Study-I (Section 6.6.1) applies UWFLO on
ﬁve different wind farms, with the number of turbines equal to 6, 9,
12, 15 and 18, respectively. These wind farms have the same ﬁxed
dimensions, as in the experimental setup [15], which is 14D  6D.
The ﬁve different wind farms, analyzed in Parametric Study-2
(Section 6.6.2), are listed in Table 5. All the farms in Study-2 are
assumed to be rectangular in shape, with a length to breadth ratio
ðXfarm =Yfarm Þ of 7/3.
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PSO is run with the same user-deﬁned constants as speciﬁed in
Table 4. The farm layout obtained through optimization is shown in
Fig. 15; the velocity of wind approaching each turbine and corresponding power generated are shown in Fig. 16 (a) and (b),
respectively.
It can be observed, from the optimized layout shown in Fig. 15
that the nine wind turbines have been divided (by location) into
Table 5
Parametric Study-II: Wind farms.
Farm

Farm dimensions
(Xfarm  Yfarm)

Farm area
(m2)

Number of
turbines

1
2
3
4
5

7D  3D
14D  6D
21D  9D
28D  12D
35D  15D

0.3024
1.2096
2.7216
4.8384
7.5600

18
18
18
18
18

Power Generated, P (W)

6.6. UWFLO Case 3 results
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Fig. 16. (a) Velocity of wind approaching each turbine (U). (b) Power generated by each
turbine (P).
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approaching wind velocity, shown in Fig. 16(a). The turbines at the
front end face the incoming wind at 6.2 m/s, and the turbines at the
rear end face the wind approaching at a velocity of approximately
6.1 m/s. Hence, the power generated by the turbines (individually)
at the rear end is also close to the rated power. However, if distributions of wind speed and direction are considered, the resulting
optimized layout might be very different.
In the following sections, we will analyze the results of the two
Parametric Studies (I and II). Studies I and II respectively investigate
the inﬂuences of the number of turbines and of the farm land size
on the maximum power (obtained through layout optimization)
that can be generated by a wind farm.

a
farm

1.00

Farm Efficiency,
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0.94
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Fig. 18. (a) Farm efﬁciency. (b) Cost per KW of power produced.

6.6.2. Parametric study-II: ﬁxed number of turbines
In the case of a ﬁxed number of turbines, an increase in the farm
land size is likely to reduce the mutual shading effect of turbines,
and thereby enhances the farm efﬁciency. This phenomenon might
also depend on the shape of the wind farm. In this paper, only
rectangular wind farms have been studied. The convergence
histories of the application of UWFLO to the ﬁve wind farms of
different dimensions are shown in Fig. 19. Fig. 20 shows the variation of the farm efﬁciency (obtained through optimization) with
increasing farm land size. In this ﬁgure, the horizontal axis represents the area of the wind farm (Sfarm) as a multiple of the area of
the smallest farm studied, which is given by

Sfarm ¼

Xfarm  Yfarm
7D  3D

(33)

The critical output parameters (for Parametric Study-II) are also
summarized in Table 6.
It is readily observed from Fig. 20 that the farm efﬁciency
increases with increase in the farm land size only to a certain level
(which is 21D  9D in this study); beyond this level, there is no

1.00
0.95
Objective Function, f

b
Cost per KW of Power Produced,
($/KW)
Cost

6.6.1. Parametric study-I: ﬁxed farm land size
In the case of a ﬁxed size wind farm, the mutual shading effects of
turbines are expected to become more pronounced with increasing
number of operational turbines. The inﬂuence of this crowding effect
on the farm efﬁciency, and thereby on the cost per KW of power
produced, is investigated in this study. The cost per KW of power
produced is evaluated using Eq. (22) in Section 3. The convergence
histories of the application of UWFLO to the ﬁve wind farms are
shown in Fig. 17. The farm efﬁciency and the cost per KW of power
produced for each farm are illustrated in Fig. 18 (a) and (b), respectively. The farms efﬁciencies for Parametric Study-I are also summarized in Table 6. The farm number preﬁx (I- or II-) in column 1 of this
table indicates which parametric study the wind farm corresponds to.
A higher number of turbines presents a higher dimensional (in
design variable domain) problem, which demands more function
evaluations during optimization; this phenomenon is shown in
Fig. 17. Fig. 18(a) illustrates that the crowding effect (mutual
shading of turbines) may signiﬁcantly undermine the marginal
increment in power with increasing number of turbines.
The most interesting observation is provided by the variation of
the Cost per KW of power produced with increasing number of
turbines. This variation is illustrated by Fig. 18(b), which indicates
the existence of a minimum (for the cost at N ¼ 9) with respect to
number of turbines used. Hence, it is crucial to determine the
optimal number of wind turbines in a farm, which ensures the
lowest cost per KW of power production. Such information can be
extremely beneﬁcial in evaluating the genuine potential and profitability of a wind energy project. The planning of large scale wind
farms involving hundreds of turbines can signiﬁcantly beneﬁt from
such an analysis. Nevertheless, further investigation regarding the
inﬂuence of the number of turbines is necessary in order to account
for distributions of wind speed and direction that exist in the
commercial scenario.

0.90
0.85
0.80
0.75
0.70
0.65

N=6
N=9
N = 12
N = 15
N = 18
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12000
Number of Function Evaluations
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Fig. 17. Convergence history of PSO (Case 3, Study-I).

Table 6
Case 3, Parametric Study results.
Farm

Farm dimensions
(Xfarm  Yfarm)

Number of
turbines

Farm efﬁciency
after optimization

I-1
I-2
I-3
I-4
II-1
I-5/II-2
II-3
II-4
II-5

14D  6D
14D  6D
14D  6D
14D  6D
7D  3D
14D  6D
21D  9D
28D  12D
35D  15D

6
9
12
15
18
18
18
18
18

0.999
0.999
0.982
0.968
0.553
0.923
0.993
0.994
0.999

Objective Function, f
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0.90
0.85
0.80
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0.65
0.60
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Farm Size = 7D x 3D
Farm Size = 14D x 6D
Farm Size = 21D x 9D
Farm Size = 28D x 12D
Farm Size = 35D x 15D
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Number of Function Evaluations

15000

Fig. 19. Convergence history of PSO (Case 3, Study-II).
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Fig. 20. Farm efﬁciency of wind farms with different number of turbines (Case 3,
Study-II).

additional gain in the total power generated, by increasing the
farm land size. Appropriate data for the cost of a wind farm land
was not readily available; hence, we could not explore the variation of the cost of the optimized wind farm with respect to the
farm land size. However, it is expected that a larger sized farm
would generally demand a higher cost of land and an associated
increase in the cost of Operation and Maintenance (O&M). These
observations show that the determination of the optimum farm
land size (for a wind energy project) is crucial to wind farm
planning. However, from a commercial perspective, we also need
to consider factors such as the availability of land at a particular
site and the local terrain.
7. Conclusion
The Unrestricted Wind Farm Layout Optimization (UWFLO)
model developed in this paper does not make typical limiting
assumptions regarding the arrangement of turbines in a wind farm.
In addition, it accounts for a velocity-based variable induction
factor, and the partial overlap of wakes on a downstream turbine
rotor. The associated power generation model is successfully validated against data measured in a wind tunnel experiment of
a scaled down wind farm. The slight disagreement between the
parameter values determined by the model and corresponding
experimental data can be attributed to the standard assumptions
made in the analytical wake model used in the paper. Layout
optimization is performed on a wind farm, similar to that in the
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experiment. A signiﬁcant increase (30% compared to the experimental farm) in the total power generation is realized. UWFLO was
observed to conﬁgure the layout such that most of the turbines
operate close to the maximum power point, given by the power
curve. The constrained Particle Swarm Optimization (PSO) algorithm appositely dealt with the nonlinearity and the likely multimodality of the wind farm design problem.
The use of turbines with differing rotor diameters produced
a remarkable increase in the total power generated by the farm,
a 43% increase compared to the experimental farm. A cost
constraint was applied to ensure that the use of non-identical
turbines does not escalate the cost of the wind farm. Hence, the
improvement in power generation highlights the potential beneﬁts
of using non-identical turbines in a wind farm. However, an
appropriate consideration of the hub height, pertinent performance characteristics and a comprehensive cost model, is necessary to provide further insight in this direction. Additional
parametric studies indicated that the selection of the optimal
number of turbines, and the determination of the optimal farm land
size are essential to planning an efﬁcient wind farm. We can
credibly conclude that the determination of the engineering-design
requirements of a wind farm, namely number of turbines, type of
turbines, and farm land size, can be accomplished through effective
modeling and optimization, as presented in this paper. Such an
approach can corroborate the prospects of wind becoming an
important player in the future energy market.
Future developments in the UWFLO technique should account
for the temporal variation in wind velocity, the local terrain, and
other factors of commercial importance. Consideration of additional factors listed at the end of Section 6.4 will foster the exploration into the beneﬁts of using multiple types of turbine in a wind
farm. Further application of the UWFLO framework to a commercial
scale wind farm would establish the true potential of this
technique.
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