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Abstract—Wind power ramps are significantly impacting the
power balance of the system operations. Understanding the sta-
tistical characteristics of ramping features would help power sys-
tem operators better manage these extreme events. Toward this
end, this paper develops an analytical generalized Gaussian mix-
ture model (GGMM) to fit the probability distributions of differ-
ent ramping features. The nonlinear least-squares method with
the trust-region algorithm is adopted to optimize the tunable pa-
rameters of mixture components. The optimal number of mixture
components is adaptively solved by minimizing the Euclidean dis-
tance between the GGMM and the actual histogram distribution.
The probability distribution of ramping features is generally trun-
cated due to the ramp definition with a specific threshold. Thus,
a sign function is utilized to truncate the GGMM distribution.
Then, the cumulative distribution function of the GGMM is ana-
lytically derived and utilized to design a random number generator
for ramping features. Numerical simulations on publicly available
wind power data show that the parametric GGMM can accurately
characterize the irregular and multimodal distributions of ramp-
ing features.

Index Terms—Generalized Gaussian mixture model, probability
distribution, statistical analysis, wind power ramps.

I. INTRODUCTION

W ITH the increase of wind power penetration in the power
grid, the uncertainty and variability of wind power

have drawn more and more attention, especially under extreme
weather conditions [1], [2]. As an important type of extreme
events, wind power ramps (WPRs) have been investigated in re-
cent studies [3]–[5]. WPRs have a serious impact on the power
balance of the system, and may lead to an instability of the power
system frequency, load shedding, and other reliable operations.
Statistical analysis would help power system operators better
understand the characteristics of ramping features, thereby as-
sisting them to manage these extreme ramping events. Wind
power ramping features generally consist of ramping duration,
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rate, and magnitude. These ramping features have been used
to adjust the system scheduling in the California Independent
System Operator (CAISO) Balancing Authority [6], [7], which
makes the statistical analysis more desired and practical [8].

Currently, there are few studies in the literature focusing on
accurately characterizing the parametric distributions of wind
power ramping features, which are apt to be practically in-
tegrated into the power system scheduling models like the
chance-constrained economic dispatch (ED) and unit commit-
ment (UC) [9]. Sevlian et al. [10] characterized and analyzed
ramping magnitude, duration, and rate by empirical distribu-
tions. But the empirical distribution is a step function with dis-
crete (rather than continuous) probability values, which cannot
be analytically expressed. Cui et al. [11] depicted the ramping
feature statistics by using the kernel smoothing probability den-
sity (ksdensity) estimate. However, the ksdensity distribution
was a nonparametric model, which limits the practical use of the
distribution. Ganger et al. [12] utilized the Fréchet distribution
(a generalized extreme value distribution) to fit the empirical
wind power ramping magnitude. However, the Fréchet distri-
bution is a unimodal distribution that cannot accurately capture
the multimodal distribution.

The Gaussian mixture model (GMM) has been widely used
to fit the multimodal distribution in the statistics community,
and recently been applied in the renewable energy areas [13]–
[15]. The GMM specializes in characterizing the multimodal
and irregular probability distribution. Ke et al. [13] customized
the GMM by three Gaussian functions and utilized the GMM
to approximate the probability density function (PDF) of wind
power generation with triple probability peaks. Singh et al. [14]
represented all irregular PDFs of load using GMM in various
distribution system applications. Valverde et al. [15] proposed
the use of GMM to represent non-Gaussian correlated wind
power output and aggregated load demands for modeling the
probabilistic load flow. However, the widely used GMM is con-
strained by two unity constraints. The first constraint is that
the integral of each mixture component (standard normal distri-
bution) over the entire sample space must strictly equal unity.
The other constraint is that the sum of all weights must strictly
equal unity as well. These constraints limit the practical use
of GMM in distribution fitting. WPRs are highly nonlinear
and uncertain, and likely present multi-mode in the distribu-
tion of ramping features. To accurately characterize the dis-
tribution of ramping features, this paper develops a general-
ized Gaussian mixture model (GGMM) to fit the PDFs and

1949-3029 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.

https://orcid.org/0000-0002-3047-5141
https://orcid.org/0000-0001-7478-5670


262 IEEE TRANSACTIONS ON SUSTAINABLE ENERGY, VOL. 9, NO. 1, JANUARY 2018

Fig. 1. An example of wind power ramps in one day.

cumulative distribution functions (CDFs) of different ramping
features.

In addition to the parametric GMM distribution, one non-
parametric (i.e., ksdensity) and two more parametric distribu-
tions (i.e., normal and hyperbolic), widely used in statistical
analysis, are selected to verify the effectiveness of the GGMM
in this paper. Zhang et al. [16] used the nonparametric ksden-
sity distribution in wind speed distribution characterization and
renewable energy forecasting. Makarov et al. [6] utilized the
normal distribution to design the random number generator and
generate load forecasting errors. Hodge et al. [17] deployed the
hyperbolic distribution to analyze and characterize wind and
load forecasting errors.

The developed GGMM model is expected to accurately model
the distributions of different ramping features, therefore being
used in a variety of power system operations. The advantage of
the GGMM approach is that different types of ramping feature
distributions are fairly represented as a combination of multiple
Gaussian components. The main contributions of this paper
include: (i) developing a GGMM methodology to fit the irregular
and multimodal distributions of wind power ramping features;
(ii) deducing the analytical CDF expression of the GGMM;
and (iii) designing a random number generator based on the
analytical CDF for wind power ramping features.

The organization of this paper is as follows. In Section II, a
wind power ramp extraction method using an optimized swing-
ing door algorithm is briefly introduced. Section III presents
the analytical expressions of the probability and cumulative dis-
tributions of the developed GGMM. Case studies and results
analysis performed on publicly available wind power data are
discussed in Section IV. Concluding remarks and future work
are given in Section VI.

II. WIND POWER RAMPING FEATURES EXTRACTION

An optimized swinging door algorithm (OpSDA) [11] is used
to detect all the WPRs in historical wind power data. A brief
example of wind power ramp detection in one day is illustrated
in Fig. 1. In the OpSDA, the swinging door algorithm (SDA)
with a predefined parameter, ε, is first applied to segregate the
wind power data into multiple discrete segments. Then dynamic
programming is used to merge adjacent segments with the same
ramping direction and relatively high ramping rate. Subintervals
that satisfy the ramping rules are rewarded by a score function;
otherwise, their score is set to zero. The current subinterval is

retested as above after being combined with the next subinterval.
This process is performed recursively to the end of dataset.
Finally, significant wind power ramps with the maximum score
are successfully extracted.

A positive score function, Sc , is designed based on the length
of the interval segregated by the SDA. Given a time interval (u,
v) of all discrete time points and an objective function, S1 , of the
dynamic programming, one WPR is extracted by maximizing
the objective function:

S1(u, v) = max
u<k<v

[Sc(u, k) + S1(k, v)], u < v (1)

s.t.

Sc(u, v) > Sc(u, k) + Sc(k + 1, v), ∀u < k < v (2a)

Sc(u, v) = (u − v)2 × RL(u, v), ∀u < k < v (2b)

where the positive score function Sc conforms to a superad-
ditivity property in (2). Ramping rule, RL, is defined as the
change in wind power magnitude without ramp duration lim-
its [18], [19]. Based on (1)-(2), the optimization process can
proceed recursively as follows. Assuming that the number of
all WPRs is M (∀m : 1 < m < M ); the WPR interval set ξ =
{E1 , . . . , Em , . . . , EM } is the set of intervals, Em = (sm , em );
and the non-WPR interval set ξ̄ = {E1 , . . . , Em , . . . , EM } is
the set of intervals Em = (sm , em ). For ∀(sm , em ) ∈ ξ and
∀u, v : sm < u < v < em , then:

RL(u, v) = 0 (3a)

Sc(u, v) = 0 (3b)

S∗
1(sm , em ) = 0 (3c)

Considering the super-additivity property in (2a),
S∗

1(sm , em ) equals Sc(sm , em ). An optimal se-
quence of WPR and non-WPR can be presented as
Θ = {E1 , E1 , . . . , Em ,Em ,Em+1 , Em+1 , . . . , EM −1 , EM },
for a given wind power series with L points. The solution to (1)
being S∗

1(s1 , eM ) is shown as:

S∗
1(s1 , eM ) = max

s1 <k1 <k2 < ···<ku −1 <ku <eM

{
Sc(s1 , k1)

+ Sc(k1 + 1, k2) + · · · + Sc(ku−1 + 1, ku )
}

+ max
ku +1<ku <eM

S1(ku + 1, eM ) (4)

III. GENERALIZED GAUSSIAN MIXTURE MODEL

A. GGMM Description

The PDF of the GGMM is a weighted sum of a finite number
of Gaussian functions. It is characterized by the number of mix-
ture components, weights, mean values, and standard deviations
of each component, and formulated as:

fG(x|NG;Γ) =
NG∑
i=1

ωigi(x|μi, σi), ∀x ∈ X ,∀i ∈ I (5)

where X is the data set of a random variable, x, with a total
number of Nx . I is the set of mixture components with a
total number of NG . Γ is the overall parameter matrix. Each
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TABLE I
MATHEMATICAL DIFFERENCES BETWEEN THE GMM AND THE

DEVELOPED GGMM

Constraints GMM GGMM

(i) ωi ≥ 0, ∀i ∈ I −∞ ≤ ωi ≤ +∞, ∀i ∈ I

(ii)
∑NG

i=1 ωi ≡ 1 −∞ ≤
∑NG

i=1 ωi ≤ +∞
(iii)

∫ +∞
−∞ gi (x|μ, σ)dx ≡ 1,

∀i∈I

∫ +∞
−∞ gi (x|μ, σ)dx > 0,

∀i∈I

vector of Γ (γi) defines a mixture component of the GGMM,
i.e., Γ = {γi : γi = {ωi, μi, σi}}NG

i=1 . ω is the weight. μ is the
mean value. σ is the standard deviation. The function of each
component g(x|μ, σ) conforms to a Gaussian function:

g(x|μ, σ) = e−
(x −μ ) 2

2 σ 2 (6)

The developed GGMM in this paper has improved the GMM
that is currently used in the literature. For the GMM methodol-
ogy, the expectation maximization (EM) algorithm is utilized
to obtain all the solution parameters [13]–[15]. However, it
must be strictly subject to three constraints: (i) all the weights
of mixture components must be nonnegative; (ii) the sum of
all weights equals one; and (iii) the integral of each mixture
component (standard normal distribution) equals one. For the
developed GGMM, all the three constraints are not required,
which means more mixture Gaussian components, even with
negative weights, can be integrated in a more generalized way.
Mathematical differences between the GMM and the developed
GGMM are listed in Table I.

B. Parameter Estimation by the Nonlinear Least-Squares
Method

The nonlinear least square (NLS) method is adopted to esti-
mate all the parameters (ω, μ, and σ) of mixture components of
the GGMM. The number of these mixture components is fixed
during each step of parameter estimation. Thus in this section,

the PDF is simplified as fG(x|NG;Γ) NG−−→ fG(x|Γ). Suppose
a set of data points for ramping features (x) and their actual
probabilities (p), i.e., (x1 , p1), ..., (xj , pj ), ..., (xNx

, pNx
), the

objective function, S2 , of the NLS is to minimize the sum of the
squares of fitting residuals, given by:

S2 =
Nx∑
j=1

r2
j =

Nx∑
j=1

[
pj − fG(xj |Γ)

]2
(7)

where rj is the residual of the jth data point.
Taking the mean value, μ, as an example, the minimum value

of S2 occurs when the gradient is zero, given by:

∂S2

∂μi
= 2

Nx∑
j=1

rj
∂rj

∂μi
= −2

Nx∑
j=1

rj
∂fG(xj |Γ)

∂μi
= 0 (8)

Since the model contains 3 × NG parameters, there are 3 ×
NG gradient equations. Then, each mean value of the GGMM,
μi , is refined iteratively by the successive approximation:

μi ≈ μk+1
i = μk

i + Δμi (9)

where k is an iteration number and the increment, Δμi , is known
as the step size. At each iteration, the GGMM is linearized by
approximating to a first-order Taylor series expansion:

fG(x|Γ) ≈ fG(x|Γk ) +
NG∑
i=1

∂fG(x|Γk )
∂ωi

Δωi

+
NG∑
i=1

∂fG(x|Γk )
∂μi

Δμi +
NG∑
i=1

∂fG(x|Γk )
∂σi

Δσi

(10)

where the Jacobian matrix, J, is defined as a set of the derivatives
∂fG(x|Γk )/∂ωi , ∂fG(x|Γk )/∂μi , and ∂fG(x|Γk )/∂σi . Each
derivative is analytically deduced by:

Jω
ij =

∂fG(xj |Γk )
∂ωi

= e
− (x j −μ k

i
) 2

2 (σ k
i

) 2
(11a)

Jμ
ij =

∂fG(xj |Γk )
∂μi

=
ωk

i (xj − μk
i )

(σk
i )2

e
− (x j −μ k

i
) 2

2 (σ k
i

) 2
(11b)

Jσ
ij =

∂fG(xj |Γk )
∂σi

=
ωk

i (xj − μk
i )2

(σk
i )3

e
− (x j −μ k

i
) 2

2 (σ k
i

) 2
(11c)

J = [Jω Jμ Jσ ]T , ∀Jω
ij ∈ Jω ,∀Jμ

ij ∈ Jμ ,∀Jσ
ij ∈ Jσ (11d)

Since the iterative residuals are given by: Δpj = pj −
fG(xj |Γk ), the original residuals are rearranged by:

rj = (pj − fG(xj |Γk )) + (fG(xj |Γk ) − fG(xj |Γ))

= Δpj −
NG∑
s=1

Jω
sjΔωs −

NG∑
s=1

Jμ
sjΔμs −

NG∑
s=1

Jσ
sjΔσs (12)

Then substituting these expressions in (11) and (12) into the
gradient equations in (8), we can rearrange and get the normal
equations:

Nx∑
j=1

NG∑
s=1

Jμ
ij (J

ω
sjΔωs + Jμ

sjΔμs + Jσ
sjΔσs) =

Nx∑
j=1

Jμ
ijΔpj

(13a)

Nx∑
j=1

NG∑
s=1

Jω
ij (J

ω
sjΔωs + Jμ

sjΔμs + Jσ
sjΔσs) =

Nx∑
j=1

Jω
ijΔpj

(13b)

Nx∑
j=1

NG∑
s=1

Jσ
ij (J

ω
sjΔωs + Jμ

sjΔμs + Jσ
sjΔσs) =

Nx∑
j=1

Jσ
ijΔpj

(13c)

The normal equations are written in the matrix notation as:

JTJ

⎡
⎢⎢⎣

Δω

Δμ

Δσ

⎤
⎥⎥⎦ = JTΔp (14)

Since the estimated initial parameters may be far from the
optimum, Equation (14) is improved by using the trust-region
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algorithm [20], given by:

[JTJ + λdiag(JTJ)]

⎡
⎢⎢⎣

Δω

Δμ

Δσ

⎤
⎥⎥⎦ = JTΔp (15)

where diag(JTJ) is the diagonal matrix with the same diagonal
as JTJ and λ is used to control the trust-region size.

After estimating the parameters of each mixture component of
the GGMM, the next step is to determine the optimal number of
mixture components, NG ,opt , by minimizing the Euclidean dis-
tance between the actual PDF, PDFA , and the PDF of GGMM,

fG , i.e., fG(x|NG)
NG , o p t−−−−→ fG(x). The objective function is for-

mulated as:

min
√∑

x∈X

[fG(x|i) − PDFA]2 , i = 1, 2, ...,NG (16)

C. Truncated GGMM

Normally, the probability distribution of ramping features is
truncated due to the ramp definition with a specific threshold.
Hence, a sign function, sign(x), is utilized in this section to
truncate the aforementioned PDF of the GGMM, given by:

sign(x) =

⎧
⎨
⎩

1, x ≥ 0

0, x < 0 (17)

Then the final truncated PDF of the GGMM, f(x), is analyt-
ically formulated as:

f(x) = fG(x) × sign(x − Tr) (18)

where Tr is the threshold for defining wind power ramps. In
this paper, a wind power ramp is defined as the change in wind
power output larger than 20% of the rated capacity without
constraining the ramping duration and rate. The threshold of
ramping magnitude, TrM , equals 0.2. The threshold of ramping
duration, TrD , equals 0. The threshold of ramping rate, TrR , is
calculated by TrM/(max(Dr)), where max(Dr) represents the
maximum value of ramping duration. This wind power ramp
definition is predefined empirically and has been widely used in
the literature, such as [10], [11], [18], [21], [22].

D. Analytical Expression of CDF of the GGMM

The cumulative distribution, FG , is another essential statis-
tic metric to analyze ramping features due to its monotonicity,
which is analytically expressed as:

FG(x|NG;Γ) =
∫ x

−∞

NG∑
i=1

ωie
− 1

2

[
t−μ i

σ i

]2

dt

=
NG∑
i=1

[√
π

2
ωiσierf

(
μi − x

σi

)]
+ C (19)

where erf is the Gaussian error function and defined as:

erf(x) =
2√
π

∫ x

0
e−t2

dt (20)

Equation (19) is an indefinite integral with a constant C, which
can be solved by (21). Since the ramping features are normalized
into the range [0, 1], it can be derived that FG(x < 0) = 0 and
FG(x > 1) = 1. Hence, we use x = −0.1 (i.e., FG(−0.1) = 0)
to obtain the constant, C, given by:

C = FG(−0.1) −
NG∑
i=1

[√
π

2
ωiσierf

(−0.1 − μi

σi

)]
(21)

Considering the sign function in (17), the final CDF of the
GGMM, F (x), is analytically formulated as:

F (x) = FG(x) × sign(x − Tr) (22)

E. Application of GGMM: Random Number Generator (RNG)

One important application of the ramping features statistical
characterization is to generate random and realistic ramping
features for the power system operations study. In this section,
we design an RNG based on the GGMM (RNG-GGMM). The
inverse transform method using Monte Carlo sampling has been
widely used to generate the random number [23]. In this paper,
the RNG-GGMM method utilizes the inverse function of the
CDF of GGMM, formulated as:

x̂ = F−1
G

(
NG∑
i=1

[√
π

2
ωiσierf

(
μi − x

σi

)]
+ C

)
(24)

However, the inverse function in (24) cannot be analytically
deduced. Instead of obtaining the analytical solution, we use
the Newton-Raphson method to obtain a numerial solution. The
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pseudocode of the ramping features generation process is illus-
trated in Algorithm 1. The process repeats until the range is less
than the stopping threshold ε, given by:

|xk − xk−1 | < ε (25)

where ε is set as 1 × 10−8 . Finally, the random number of a
ramping feature is generated.

IV. CASE STUDIES AND RESULTS

A. Test Cases and Benchmarks

The proposed GGMM distribution is evaluated and ana-
lyzed based on the Wind Integration National Dataset (WIND)
Toolkit [24]. The WIND Toolkit data represents wind power
generation and forecasts spanning from January 1st 2007 to
December 31st 2012, sampled every 5 minutes. Five regions
located around Dallas, Chicago, New York, Los Angeles, and
Miami are selected for the case studies. Two rated capacities
with approximately 10GW and 2 GW are chosen, including
almost 3,500 and 700 wind sites, respectively. Five time resolu-
tions (5-, 15-, 30-, 45-minute, and 1-hour) are selected for the
case studies. The total number of samples is 10,696,960, which
is sufficiently large for statistical analysis of ramping features.
The door width of OpSDA is set as 5% of the rated capacity.

Based on the analysis of a large number of experiments, we
find that the ramping duration and rate usually present unimodal
PDF distributions, while the ramping magnitude presents a mul-
timodal distribution. For the simplicity of comparison, we study
the statistical characterizations of the ramping duration and rate
in Section IV-C, and those of the ramping magnitude with more
simulations in Section IV-D.

B. Ensemble Metrics for Assessing the Fitting Performance

To verify the performance of GGMM with different dis-
tributions, a suit of widely used metrics are adopted to
assess the distribution accuracy. These metrics include the
Chi-square goodness-of-fit (GOF), correlation coefficient, nor-
malized root mean square error (NRMSE), maximum abso-
lute error (MaxAE), mean absolute error (MAE), Kolmogorov-
Smirnov test integral (KSIPer), and fourth root mean quartic
error (4RMQE). The correlation coefficient is a measure of the
correlation between the actual PDF and the PDF of fitting distri-
butions. NRMSE is suitable for evaluating the overall accuracy
of the fit while penalizing large fitting errors in a square order.
MaxAE is suitable for evaluating the largest fitting error. MAE is
suitable for evaluating uniform fitting errors. KSIPer evaluates
the statistical similarity between the actual PDF and the PDF
of fitting distributions. 4RMQE is suitable for evaluating the
overall accuracy of the fit while penalizing large fitting errors
in a quartic order. A smaller value indicates a better forecast
for most of the metrics, except for the correlation coefficient.
Detailed information about these metrics can be found in [16].

C. Statistical Comparisons of Ramping Duration and Rate

Ramping duration and rate are two important ramping fea-
tures. In this section, the probability distributions of ramping
duration and rate are characterized and analyzed by using the

Fig. 2. PDFs of ramping duration and rate using five distributions. (a) PDFs
of ramping duration. (b) PDFs of ramping rate.

TABLE II
METRICS OF FIVE DISTRIBUTIONS ESTIMATED FOR RAMP DURATION

Metrics Distributions

Normal Hyper. ksdensity GMM GGMM

Correlation coeff . 0.95 0.98 0.99 0.99 0.99
Chi - square 4.26 0.68 0.46 0.47 0.42
NRMSE 0.10 0.07 0.05 0.05 0.05
MaxAE 0.29 0.18 0.14 0.13 0.11
MAE 0.07 0.05 0.03 0.03 0.03
KSIPer 11.37 17.70 12.06 11.88 10.24
4RMQE 0.14 0.10 0.07 0.07 0.06

GGMM. Fig. 2(a) compares the probability distribution of ramp-
ing duration by using five distributions. There are five Gaussian
components for the GGMM that optimally fit the distribution
of ramping duration. Due to the irregular and asymmetric char-
acteristics of the ramping duration distribution, the parametric
models of the normal and hyperbolic distributions fail to track
the actual probability values, especially for the peak values.
However, the GMM, GGMM, and the nonparametric distribu-
tion (ksdensity) can fit the actual histogram distribution well.
This is specifically illustrated in Table II with numerical met-
rics. A larger value of the correlation coefficient and smaller
values of other metrics indicate a better fit. The GMM, GGMM,
and ksdensity distributions show better performance than other
parametric distributions, and the GGMM provides an equal-
to-better performance comparing to the GMM and ksdensity
distributions, especially in terms of the KSIPer indicator. It
means the GGMM can characterize more statistical similarity
to the actual histogram distribution for the ramping duration.

The probability distribution of ramping rate is a truncated
distribution as shown in Fig. 2(b), where the truncation thresh-
old is 3.54 MW/min. Four Gaussian components are found to
optimally fit the actual histogram distribution of ramping rate. It
is shown that the GGMM characterizes the peak of probability
better than other distributions. Table III lists the metrics for the
fitting performance of different distributions. Among all para-
metric models, the GGMM performs better than the normal and
hyperbolic distributions for all metrics, and shows an equal-to-
better performance comparing to the GMM. Comparing with the
nonparametric ksdensity model, the GGMM can also provide
an equal-to-better performance however in an analytical way.
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TABLE III
METRICS OF FIVE DISTRIBUTIONS ESTIMATED FOR RAMP RATE

Metrics Distributions

Normal Hyper. ksdensity GMM GGMM

Correlation coeff . 0.92 0.98 0.99 0.99 0.99
Chi - square 8.82 0.43 0.25 0.40 0.14
NRMSE 0.11 0.04 0.03 0.03 0.03
MaxAE 0.31 0.16 0.11 0.09 0.07
MAE 0.07 0.02 0.02 0.02 0.02
KSIPer 21.26 6.54 6.29 5.88 5.29
4RMQE 0.16 0.07 0.05 0.05 0.04

Fig. 3. Comparisons of PDFs, CDFs, and Chi-square goodness-of-fit.
(a) PDFs of different components. (b) PDFs of different distributions. (c) CDFs
of different distributions. (d) Chi-square GOF.

D. Statistical Comparisons of Ramping Magnitudes

In addition to ramping duration and rate, the magnitude is an-
other important ramping feature. Three cases have been studied
by using the developed GGMM:

Case 1: Comparison of five distributions in a single region
at a single time resolution.
Case 2: Comparison of the PDF fitting performance for
the GMM and GGMM in a single region at multiple time
resolutions.
Case 3: Comparison of the PDF fitting performance for
the GMM and GGMM in multiple regions at a single time
resolution.

Case 1: The region around Dallas, Texas with 711 wind sites
is chosen as a representative to compare the fitting performance.
Fig. 3 compares the PDF, CDF, and Chi-square goodness-of-fit
for five distributions. As shown in Fig. 3(a), seven Gaussian
components are found to optimally fit the distribution of ramp-
ing magnitude. There are totally 21 parameters (3 × 7) in the
GGMM. For the actual histogram distribution, there are three
peaks located around 0.32 p.u., 0.41 p.u., and 0.65 p.u., as shown

TABLE IV
METRICS OF FIVE DISTRIBUTIONS ESTIMATED FOR RAMP MAGNITUDE

Metrics Distributions

Normal Hyper. ksdensity GMM GGMM

Correlation coeff . 0.88 0.89 0.96 0.97 0.98
Chi - square 4.09 3.49 1.41 1.07 0.56
NRMSE 0.16 0.16 0.09 0.08 0.06
MaxAE 0.41 0.45 0.22 0.27 0.18
MAE 0.12 0.11 0.07 0.06 0.04
KSIPer 33.16 30.14 23.73 17.16 10.28
4RMQE 0.22 0.21 0.12 0.12 0.09

in Fig. 3(b). It means that the wind power output changes occur
at these three values with a high probability, which are more
critical and informative for power system operations. For ex-
ample, ramping reserve requirements [25] could be designed
by considering these three peak values instead of only one
peak. Since the normal and hyperbolic distributions conform
to the unimodal distribution, only one single peak (0.5 and
0.45 p.u., respectively) is depicted with the highest probabil-
ity. This ill-information may mislead power system operators
to mainly cope with the WPRs with magnitudes spanning from
0.45 p.u. to 0.5 p.u., and neglect other significant wind power
ramps around 0.32 p.u., 0.41 p.u., and 0.65 p.u.. Though the
nonparametric model (ksdensity) is well-known in fitting the
irregular distributions, it presents a worse performance than
both the GMM and GGMM from visual inspection. Besides,
the nonparametric nature of ksdensity restricts its application in
practice. This is because the analytical expressions of both PDF
and CDF of the distribution are generally required in stochas-
tic power system operations, such as chance-constrained con-
straints in ED or UC problems. The comparison of CDF fitting
performance is illustrated in Fig. 3(c). It is also shown that both
the GMM and GGMM follow the actual CDF curve significantly
better than other distributions.

To compare the fitting performance of the GMM and GGMM,
the Chi-square (χ2) statistics [14] is used to measure the
goodness-of-fit. A smaller value indicates a better fit. As seen
in Fig. 3(d), the GGMM has a smaller Chi-square goodness-
of-fit than the GMM when using the same number of mixture
components. Note that the optimal number of mixture compo-
nents of the GMM is five in this case study.

Another interesting finding in fitting the actual histogram
distribution is the truncation part as shown in the left tail area
in Fig. 3(b). Due to the definition of WPRs (20% of the rated
capacity), all the ramping magnitudes are greater than or equal
to 0.2 p.u.. For the ramping magnitude less than 0.2 p.u., the
occurrence probability should be zero. Under this circumstance,
the GGMM distribution performs much better than any other
distributions due to its intrinsic truncation process, which also
verifies the effectiveness of the GGMM.

For quantitative comparison, Table IV lists the fitting metrics
for different distributions. Regarding the correlation coefficient
metric in green, the GGMM shows the largest value. Regarding
other metrics in blue, the GGMM shows the smallest values.
This numerically indicates that the GGMM outperforms other
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Fig. 4. Comparisons of the PDF fitting performance and metrics of the GMM and GGMM in Dallas region at multiple time resolutions. (a) 15-minute.
(b) 30-minute. (c) 45-minute. (d) 1-hour. (e) Metrics.

parametric distributions, and even performs better than the non-
parametric distribution (ksdensity) as a parametric model.

Case 2: Fig. 4 compares the PDF fitting performance of the
GMM and GGMM in Dallas region at multiple time resolutions:
15-, 30-, 45-minute, and 1-hour. Different mixture components
are also illustrated in this figure. It is seen that the GMM presents
a worse performance of fit than the GGMM from visual in-
spection. Numerical comparisons of two evaluation metrics are
shown in Fig. 4(e) (Chi-square GOF at the left axis and corre-
lation coefficient at the right axis). For all time resolutions, the
GGMM shows smaller Chi-square GOFs and larger correlation
coefficients than the GMM, which verifies the effectiveness of
the GGMM distribution. We also find that the Chi-square GOF
values increase and the correlation coefficient values decrease
along with the increase of time resolution. It indicates that the
increasing time resolution makes the fitting performance worse.
This is because the total number of WPRs is reduced when the
time resolution increases. The reduced number of WPRs makes
the actual histogram distribution more irregular and fluctuate.
Thereby it is more challenging to fit.

Another interesting finding is the change of distribution
shapes with the increase of time resolution. For the 1-hour time
resolution, more ramping magnitudes are concentrated in the
range [0.2, 0.4] with high probabilities. For the 15-minute time
resolution, the distribution is not as concentrated as the 1-hour
resolution case around lower peaks of probability. It means
WPRs are relatively more uncertain and unstable at the small
time resolution. In power system operations, the real-time eco-
nomic dispatch (RTED) is run at a 5-minute time resolution;
and the day-ahead unit commitment (DAUC) is run at a 1-hour
time resolution [26]. Under this circumstance, WPRs could im-
pact the scheduling in RTED more significantly than that in
DAUC. This finding would help balancing authorities to make
better plans to manage WPRs with high renewable penetrations,
such as utilizing the ramping feature information (e.g., ramping
product market design [22]) in system operations, or mitigate
ramping events (e.g., ramping control using energy storage sys-
tems [27]).

Case 3: Table V shows the parameters of GGMM compo-
nents for five regions. Negative Components are highlighted for
cases: Dallas-10GW and Miami-10GW. The results of PDF fit-
ting performance for the GMM and GGMM in the five regions
are illustrated in Fig. 5. Individual components of each GGMM
distribution are also shown in this figure. From visual inspection,
the GGMM presents a better fitting performance than the GMM.
The GGMM is also capable of fitting one negative component

TABLE V
PARAMETERS OF GGMM COMPONENTS FOR FIVE REGIONS: NEGATIVE

COMPONENTS ARE HIGHLIGHTED

Cases GGMM Components

Weight Coefficients
(ω)

Mean Values (μ) Standard Deviations
(σ)

D-2GW (1.93, 0.60, 1.45,
0.97, 1.35)

(0.28, 0.37, 0.46,
0.62, 0.80)

(0.09, 0.01, 0.10,
0.08, 0.14)

C-2GW (1.52, 0.94, 1.22,
1.43)

(0.26, 0.39, 0.33,
0.42)

(0.03, 0.01, 0.04,
0.44)

N-2GW (2.53, 2.84, 1.76,
1.16, 0.72)

(0.31, 0.26, 0.36,
0.55, 0.44)

(0.02, 0.04, 0.04,
0.26, 0.06)

L-2GW (1.11, 1.93, 0.68,
1.45, 1.98)

(0.46, 0.31, 0.41,
0.25, 0.48)

(0.01, 0.07, 0.03,
0.01, 0.20)

M-2GW (1.48, 2.46, 1.17,
2.72)

(0.30, 0.34, 0.44,
0.27)

(0.01, 0.08, 0.21,
0.04)

D-10GW (1.04, 0.844, 1.36,
-0.52, 2.01)

(0.41, 0.34, 0.29,
0.54, 0.57)

(0.02, 0.01, 0.07,
0.03, 0.23)

C-10GW (2.24, 1.02, 1.60,
0.56, 0.64, 1.29)

(0.26, 0.45, 0.36,
0.53, 0.82, 0.59)

(0.04, 0.03, 0.06,
0.01, 0.07, 0.22)

N-10GW (2.43, 1.61, 1.17,
1.20, 0.84)

(0.27, 0.33, 0.38,
0.49, 0.46)

(0.04, 0.02, 0.03,
0.31, 0.09)

L-10GW (1.28, 1.13, 2.24,
1.93, 1.71, 0.57, 1.59)

(0.55, 0.46, 0.31,
0.67, 0.42, 0.59, 0.51)

(0.01, 0.004, 0.07,
0.11, 0.04, 0.01, 0.06)

M-
10GW

(3.82, 2.50, 1.64,
1.07, -0.79)

(0.28, 0.36, 0.41,
0.52, 0.27)

(0.04, 0.02, 0.09,
0.21, 0.005)

Note that the abbreviations of “D”, “C”, “N”, “L”, and “M” represent the regions of “Dallas”,
“Chicago”, “New York”, “Los Angeles”, and “Miami”, respectively.

for the cases of Dallas-10GW (Fig. 5(f)) and Miami-10GW
(Fig. 5(j)). The extended negative component could help fit the
actual histogram distribution more accurately.

Numerical comparisons of two evaluation metrics are illus-
trated in Fig. 6 (Chi-square GOF with the bar graph at the left
axis and correlation coefficient with the stem graph at the right
axis). The range of correlation coefficient is [0.976, 0.994] when
using the GGMM, and it decreases to [0.939, 0.987] when us-
ing the GMM. The range of Chi-square GOF is [0.61, 9.93]
when using the GGMM, and it increases to [2.21, 16.06] when
using the GMM. For all different regions, the GGMM shows
smaller Chi-square GOFs and larger correlation coefficients
than the GMM, which verifies the effectiveness of the GGMM
distribution.

Moreover, comparing to the distributions of ramping duration
and rate in Section IV-C, it is shown that the developed GGMM
performs significantly well at fitting the probability distributions
of ramping magnitude. For the ramping duration and rate, the
GGMM can provide better fitting performance than unimodal
distributions (the normal and hyperbolic), and equal-to-better
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Fig. 5. PDF fitting performance for the GMM and GGMM in multiple regions with two rated capacities. (a) DAL-2GW. (b) CHI-2GW. (c) NYC-2GW.
(d) LA-2GW. (e) MIA-2GW. (f) DAL-10GW. (g) CHI-10GW. (h) NYC-10GW. (i) LA-10GW. (j) MIA-10GW.

Fig. 6. PDFs of ramping magnitude using GMM and GGMM in five regions.

performance comparing to the GMM and the nonparametric
ksdensity distribution.

E. GGMM Application I: Random Number Generator

The developed RNG-GGMM is used to generate a large num-
ber of random ramping features. To evaluate the effectiveness
of the RNG-GGMM, a quantile-quantile (Q-Q) plot is used to
compare the quantiles of the generated random number versus
the quantiles of the actual ramping feature data. An accurate
distribution ensures that the Q-Q plot appears linear and close
to the diagonal line. Taking the ramping magnitude as an exam-
ple, Fig. 7 compares the Q-Q plots of five distributions using
the RNG. It is shown that the RNG-GGMM is distributed sig-
nificantly close to the diagonal line, especially for the intervals
at the bottom left and top right corners. This is because the ana-
lytical CDF of GGMM accurately fits the actual CDF as shown
in Fig. 3(c).

F. GGMM Application II: Probabilistic Reserve Sizing

For power system operations, statistical analysis has been
used for dynamic reserve sizing based on fitted CDFs [28], [29].
In this case, the developed GGMM can also be used to char-
acterize the CDF of wind power forecasting errors (WPFEs).
Both the dynamic upward (Rup ) and downward (Rdn ) reserves
are sized to cover a certain cumulative probability of WPFEs
termed as the design reliability (DR), as shown in Fig. 8.
Required reserves are dynamically formulated and determined

Fig. 7. Q–Q plots of different distributions using the RNGs.

Fig. 8. Diagram of determining the dynamic reserves using the CDF of
GGMM. CAP is the installed wind power capacity.

by:

F (Rup) ≤ DR

2
⇒ Rup ≤ F−1

(
DR

2

)
(26)

Rup = min
(

0, F−1
(

DR

2

))
(27)

F
(
Rdn) � 1 − DR

2
⇒ Rdn � F−1

(
1 − DR

2

)
(28)

Rdn = max
(

0, F−1
(

1 − DR

2

))
(29)
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Fig. 9. Downward (positive values) and upward (negative values) reserves
per power bin (40 bins in total) for different DR levels (50%, 60%, 70%, 80%,
90%, 95%, and 99%). (a) Original data. (b) GGMM distribution.

where the CDF F is analytically characterized by the developed
GGMM distribution model based on WPFEs. The required re-
serves are numerical solutions of the inverse CDF F−1 , which
are iteratively calculated by the Newton-Raphson method based
on the analytical CDF F .

Based on the aforementioned probabilistic reserve sizing
method in power system operations, the requirement amount of
upward and downward reserves are calculated to ensure a cer-
tain DR level. The wind power generation and forecasts data
are collected from WIND Toolkit [24] with 631,296 samples.
The actual reliability is defined as the ratio of (a) the number of
time steps that sufficient capacity is scheduled to cover the ob-
served wind power forecasts, to (b) the total number of samples
in the time series [28], [29]. Fig. 9 shows the results of required
downward (positive values) and upward (negative values) re-
serves per power bin (40 bins in total) using the original data
and the developed GGMM distribution. The DR levels are cho-
sen in a range from 50% to 99%. The required reserves directly
calculated by the original data are slightly different from those
calculated by the GGMM distribution, due to the difference in
fitting the probability distributions of both the PDF and CDF. In
addition, both results show that higher reliability levels require
more reserves.

Table VI compares the actual reliability with the DR based
on four distributions (normal, hyperbolic, GMM, and GGMM).
The normal distribution reaches only one low DR level (60%).
The hyperbolic distribution reaches two low DR levels (50%
and 60%). The GMM reaches three DR levels (50%, 60%, and
70%). When using the original data, the highest DR level that
can be reached is 90%. For higher DR levels (95% and 99%),

TABLE VI
DESIGN AND ACTUAL RELIABILITY FOR RESERVES BASED ON THE DEVELOPED

GGMM DISTRIBUTION

DR [%] Actual Reliability [%]

Normal Hyperbolic GMM Original Data GGMM

50 49.9431 50.6248 50.2324 50.2323 50.1244
60 60.0138 60.2182 60.1542 60.3974 60.7414
70 68.2173 69.1524 70.5149 70.2232 70.3143
80 78.3257 79.2654 79.2437 80.3394 80.1242
90 88.4754 89.3449 89.1274 90.2246 90.7824
95 94.3871 94.5874 94.2784 94.9876 95.1354
99 98.6418 98.2551 98.6752 98.8669 99.3548

TABLE VII
DESIGN AND ACTUAL RELIABILITY FOR RESERVES WITH DIFFERENT NUMBERS

OF SAMPLES (6 K, 60 K, AND 600 K)

DR [%] Actual Reliability [%]

Original Data GGMM

6 k 60 k 600 k 6 k 60 k 600 k

50 50.0763 50.1239 50.2323 50.0653 50.1059 50.1244
60 58.3489 60.2874 60.3974 60.2123 60.4294 60.7414
70 68.8533 70.1987 70.2232 70.0853 70.1686 70.3143
80 78.8564 79.3443 80.3394 80.0654 80.1019 80.1242
90 88.4634 89.6781 90.2246 90.1743 90.2864 90.7824
95 93.8341 94.5345 94.9876 94.8879 95.0757 95.1354
99 97.6217 98.7452 98.8669 98.1864 98.8649 99.3548

only the GGMM distribution yields sufficient reserves to en-
sure the theoretical DR level. Comparing to other distributions
(normal, hyperbolic, and GMM), the GGMM can fit tails and
peaks of the WPFE probability distribution, which are criti-
cally important in the determination of reserves, especially for
higher DR levels. Comparing to the original data, the GGMM
can calculate the required reserves based on the continuity of
its analytical PDF and CDF with highly accurate fitting per-
formance. However, the original data consist of finite samples
with a discrete probability distribution (rather than continuous),
which affects the accuracy of the inverse CDF in (27) and (29).
Table VII compares the results with different numbers of sam-
ples. More DR levels are reached with the increase of the num-
ber of samples. When the number of samples is ∼ 6 k, the
original data reaches only one low DR level (50%). When the
number of samples is ∼ 600 k, higher DR levels are reached
(50%–90%). The reached DR levels using the original data are
very sensitive to the number of samples, since smaller samples
of original data can only generate fewer discrete probability val-
ues for both the PDF and CDF. Comparing to the original data,
the reached DR levels using the GGMM distribution are less
sensitive to the number of samples. This is because the analyti-
cal PDF and CDF of the GGMM distribution can accurately fit
the probability distribution of the original data even with fewer
samples, such as ∼ 6 k samples.

V. DISCUSSION AND EXTENSION

It is still challenging to directly apply the GMM distribution
into the power system operation models, even though the op-
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Fig. 10. Schematic diagram of the applications of the GGMM distribution.

erators are informed well about the essential meaning of the
positive weights of the GMM distribution. From the perspective
of practical applications, the fitting accuracy that directly affects
the economic and reliability benefits of power system operations
will be more important. In this paper, we have performed suffi-
cient case studies to verify that the GGMM distribution shows
a significantly better fitting performance than the GMM distri-
bution. This is because the GGMM is no longer subject to the
GMMs constraints: (i) all the weights must be nonnegative; (ii)
the sum of all weights must equal to one. More mixture Gaus-
sian components are adopted in the developed GGMM to help
better fit the actual histogram distribution. From the perspec-
tive of practical applications, the essential meaning of negative
weights of the developed GGMM is to help ensure a better
fitting performance compared to the GMM distribution. The re-
search in this paper can be further extended. First, the developed
GGMM distribution model can be used in applications of power
system operations. Two representative examples are discussed
here: chance-constrained ED/UC problems, and probabilistic
wind power ramp forecasting. Second, we discuss how to use
the GGMM-based ramping feature models in the development
of a new ramping reserve product.

The schematic diagram of the applications of the GGMM
distribution is shown in Fig. 10. Historical data can be collected
from outputs from wind generators, wind power forecasting
errors, and wind power ramping features. The PDF of GGMM is
formulated based on these historical data. The CDF of GGMM is
analytically expressed as the integral of the GGMM PDF. Since
the inverse CDF of GGMM cannot be analytically deduced, the
Newton-Raphson method is used to obtain numerical solutions
based on the analytical GGMM CDF. This is also termed as
the random number generator (see Section IV-E). Finally, the
numerical solutions can be used in applications of power system
operations as follows.

A. Extension I: Application of the Developed GGMM

1) Chance-Constrained Optimization Problem: Chance-
constrained ED and UC problems are widely studied in the
literature [9], [30]–[32]. Taking Reference [30] as an exam-
ple, the probabilistic constraints of the regulation reserve are
expressed by the chance-constrained formulas, given by:

Pr

⎧
⎨
⎩

N I∑
i=1

ri ≥
N W∑
j=1

(wj − wav,j )

⎫
⎬
⎭ ≥ c (30)

where ri represents the available amount of regulation reserve
provided by conventional generator i with the total number NI .

wj is the power output of wind generator (or wind farm) j
with the total number NW . wav,j is the actual available power
output of wind generator (or wind farm) j. Pr {·} represents
the probability that should be greater than the confidence level
c. To retain a sequential linear programming formulation, the
chance-constraint in (30) is converted to a linear and determin-
istic expression, deduced as:

N W∑
j=1

wj −
N I∑
i=1

ri ≤ G−1(1 − c) (31)

where G is the analytical CDF of outputs of wind generators.
G−1 is the inverse CDF of the GGMM distribution. G−1(1 − c)
is a constant (numerical solution of the inverse function G−1)
which is preprocessed before running ED and UC optimiza-
tion models. It can be iteratively calculated by the Newton-
Raphson method based on the analytical CDF G, as illustrated in
Algorithm 1.

2) Probabilistic Wind Power Ramp Forecasting: The devel-
oped GGMM can also be used in probabilistic WPR forecasting
in both the real-time market (5-minute time resolution) and the
day-ahead market (1-hour time resolution). For the real-time
market, it takes approximately 3∼ 4 minutes to generate the
ramping forecasts, which will be updated every 15 minutes. For
the day-ahead market, it takes approximately 10∼ 15 minutes to
generate the ramping forecasts, which will be updated every 24
hours. More detailed information on the GGMM-based proba-
bilistic wind power ramping forecast can be found in [33]. First,
an ensemble machine learning technique is developed to fore-
cast the basic wind power forecasting scenario and calculate the
historical forecasting errors. The GGMM distribution is used to
fit the PDF of forecasting errors. The inverse transform method
based on Monte Carlo sampling and the analytically deduced
CDF is used to generate a massive number of forecasting error
scenarios. A wind power forecasting scenario is generated by
adding the basic ensemble forecasting data with each individ-
ual forecasting error scenario. Each individual wind forecast
is put into the OpSDA algorithm to extract all the significant
wind power ramps. Therefore, probabilistic wind power ramp-
ing forecasts are generated and analyzed, such as the ramping
magnitude and start-time.

B. Extension II: Application of GGMM-Based Probabilistic
Ramping Features

1) Ramping Magnitude: The GGMM-based probabilistic
ramping magnitude could be applied to design new types of
reserve products, such as the design of probabilistic wind power
ramping product (WPRP). Taking the upward WPRP as an ex-
ample based on the optimization model in [22], the ramping
magnitude could be used to formulate the probabilistic con-
straints of upward flexible ramping reserve requirement (32)
and then deduced to be linear and deterministic by using the
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GGMM distribution in (33).
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Pr

{
N I∑
i=1

fui +
N W∑
j=1

UPM
j ≥ UR

}
≥ cM

Pr

{
N I∑
i=1

fui +
N W∑
j=1

UPM
j ≥ UR

}

= 1 − Pr

{
UR −

N I∑
i=1

fui ≥
N W∑
j=1

UPM
j

}

= 1 − FM

(
UR −

N I∑
i=1

fui

)

(32)

=⇒ UR −
N I∑
i=1

fui ≤ F−1
M (1 − cM) (33)

where fui is the scheduled flexible up-ramping reserve of con-
ventional generator i. UPM

j is the up-WPRP provided by the
ramping magnitude of wind generator (or wind plant) j. UR is
the total flexible up-ramping reserve requirements of the system.
F−1

M is the inverse function of the GGMM CDF, FM , of ramping
magnitude. cM is the confidence level which the probability of
the ramping magnitude constraint should be greater than.

2) Ramping Duration and Rate: The power system opera-
tors need to decide at what rates (R) the WPRs should be limited
during operations. The GGMM distributions of ramping dura-
tion and rate could be used in power system optimization models
(such as the model proposed in [10]) in an analytical manner.
Given a ramp with random variables of ramping duration D and
rate R, the compensation price ρ1 (MW/hour) of the curtailed
wind power when ramping rate is greater than the rate limit R,
and the cost price ρ2 (MW/hour) of fast generators to compen-
sate a WPR with the rate limit R, the total cost compensated
to the wind plant is ρ1(R − R)+D2 and the total cost of fast
generators is ρ2(R − R)+D2 . The optimization model is to de-
termine an optimal R that minimizes the total expected cost,
given by:

min E
[
ρ1(R − R)+D2 + ρ2(R − R)+D2] (34)

This problem can be solved by using the GGMM distributions
of D and R. Assuming that the random variables R and D2 are
independent, this problem is deduced as:

min (ρ1 − ρ2)E [R]E
[
D2]+ (ρ2 − ρ1)RE

[
D2] (35)

where the expect value of R is E [R] =
∫ +∞
−∞ xfR(x)dx and fR

is the GGMM PDF of ramping rate. Taking a two component
GGMM as an example, E [R] can be analytically expressed as:

E [R] =
∫ +∞

−∞
x

[
ω1e

− (x −μ 1 ) 2

2 σ 2
1 + ω2e
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=
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√
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2i
erfi
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]
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2
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2
e
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(36)

where efri is the imaginary error function and expressed as
efri(x) = 2√

π

∫ x

0 et2
dt. The expect value of D2 is E

[
D2
]

=∫ +∞
−∞ y2fD(y)dy and fD is the GGMM PDF of ramping dura-

tion. Similarly taking a two component GGMM as an example,
E
[
D2
]

can be analytically expressed as:

E
[
D2]

=
∫ +∞

−∞
y2
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VI. CONCLUSION

This paper developed a generalized Gaussian mixture model
(GGMM) to characterize the probability density functions
(PDFs) and cumulative distribution functions (CDFs) of wind
power ramping features. The GGMM was analytically expressed
as a parametric form. First, the non-linear least square method
with the trust-region algorithm was adopted to estimate all the
parameters of mixture components. Second, the optimal num-
ber of mixture components was adaptively solved by minimiz-
ing the Euclidean distance between the GGMM and the actual
histogram distribution. The CDF of GGMM was analytically
deduced and used to design a random number generator (RNG).
Numerical simulations on publicly available wind power data
showed that:

1) Among all parametric models, the GGMM performed
better than the normal and hyperbolic distributions for
all metrics, and presented an equal-to-better performance
comparing to the GMM.

2) Comparing with the nonparametric ksdensity model, the
GGMM could provide an equal-to-better performance but
in a parametric way.

3) The GGMM performed better in fitting the probability dis-
tribution of ramping magnitude, and equal-to-better per-
formance in fitting the probability distributions of ramping
duration and rate, comparing to the GMM.

4) The GGMM could accurately fit the actual CDF. The RNG
based on the GGMM also performed effectively.
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[20] J. J. Moré and D. C. Sorensen, “Computing a trust region step,” SIAM J.
Sci. Statist. Comput., vol. 4, no. 3, pp. 553–572, 1983.

[21] C. Ferreira, J. Gama, L. Matias, A. Botterud, and J. Wang, “A survey on
wind power ramp forecasting,” Argonne Nat. Lab., DuPage County, IL,
USA, Tech. Rep. ANL/DIS-10-13, Dec. 2010.

[22] M. Cui, J. Zhang, H. Wu, and B.-M. Hodge, “Wind-friendly flexible ramp-
ing product design in multi-timescale power system operations,” IEEE
Trans. Sustain. Energy, vol. 8, no. 3, pp. 1064–1075, Jul. 2017.

[23] P. Glasserman, Monte Carlo Methods in Financial Engineering. New
York, NY, USA: Springer, 2003.

[24] C. Draxl, A. Clifton, B.-M. Hodge, and J. McCaa, “The wind integration
national dataset (WIND) Toolkit,” Appl. Energy, vol. 151, pp. 355–366,
Aug. 2015.

[25] C. Wang, P. B. Luh, and N. Navid, “Ramp requirement design for reliable
and efficient integration of renewable energy,” IEEE Trans. Power Syst.,
vol. 32, no. 1, pp. 562–571, Jan. 2017.

[26] E. Ela and M. O’Malley, “Studying the variability and uncertainty impacts
of variable generation at multiple timescales,” IEEE Trans. Power Syst.,
vol. 27, no. 3, pp. 1324–1333, Aug. 2012.

[27] B. Zhou and T. Littler, “Local storage meets local demand: A techni-
cal solution to future power distribution system,” IET Gener. Transmiss.
Distrib., vol. 10, no. 3, pp. 704–711, 2016.

[28] K. Bruninx and E. Delarue, “A statistical description of the error on wind
power forecasts for probabilistic reserve sizing,” IEEE Trans. Sustain.
Energy, vol. 5, no. 3, pp. 995–1002, Jul. 2014.

[29] K. Bruninx, K. Van den Bergh, E. Delarue, and W. D’haeseleer, “Opti-
mization and allocation of spinning reserves in a low-carbon framework,”
IEEE Trans. Power Syst., vol. 31, no. 2, pp. 872–882, Mar. 2016.

[30] Z. Zhang, Y. Sun, D. W. Gao, J. Lin, and L. Cheng, “A versatile probability
distribution model for wind power forecast errors and its application in
economic dispatch,” IEEE Trans. Power Syst., vol. 28, no. 3, pp. 3114–
3125, Aug. 2013.

[31] L. Roald, S. Misra, T. Krause, and G. Andersson, “Corrective control to
handle forecast uncertainty: A chance constrained optimal power flow,”
IEEE Trans. Power Syst., vol. 32, no. 2, pp. 1626–1637, Mar. 2017.

[32] D. Pozo and J. Contreras, “A chance-constrained unit commitment with
an security criterion and significant wind generation,” IEEE Trans. Power
Syst., vol. 28, no. 3, pp. 2842–2851, Aug. 2013.

[33] M. Cui, C. Feng, Z.Wang, J. Zhang, Q.Wang, A. R. Florita, V. Krishnan,
and B.-M. Hodge, “Probabilistic wind power ramp forecasting based on
a scenario generation method,” in Proc. IEEE Power Energy Soc. Gen.
Meeting, Chicago, IL, USA, 2017, pp. 1–5.

Mingjian Cui (S’12–M’16) received the B.S. and
Ph.D. degrees in electrical engineering and automa-
tion from Wuhan University, Wuhan, China, in 2010
and 2015, respectively.

He is currently a Research Associate, as a Post-
doctoral, with the University of Texas at Dallas,
Richardson, TX, USA. He is also a Visiting Scholar
with the Transmission and Grid Integration Group,
National Renewable Energy Laboratory, Golden, CO,
USA, from 2014 to 2015. His research interests in-
clude renewable energy forecasting, power system

operation and control, unit commitment, economic dispatch, optimization mod-
eling, electricity market, data analytics, and statistical analysis.

Cong Feng (S’17) received the B.S. degree in power
engineering from Wuhan University, Wuhan, China,
in 2014, and the M.S. degree from the University of
Texas at Dallas, Richardson, TX, USA, in 2017. He
is currently a Ph.D student of the Department of Me-
chanical Engineering at the University of Texas at
Dallas.

His research interests include wind power fore-
casting, machine learning, and data analytics.

Zhenke Wang received the B.S. degree in aerospace
engineering from Nanjing University of Aeronautics
and Astronautics, Nanjing, China, in 2013. He is cur-
rently a master student of the Department of Mechan-
ical Engineering at the University of Texas at Dallas,
Richardson, TX, USA.

His research interests include wind power fore-
casting and energy storage.

Jie Zhang (M’13–SM’15) received the B.S. and M.S.
degrees in mechanical engineering from Huazhong
University of Science and Technology, Wuhan,
China, in 2006 and 2008, respectively, and the Ph.D.
degree in mechanical engineering from Rensselaer
Polytechnic Institute, Troy, NY, USA, in 2012.

He is currently an Assistant Professor of the De-
partment of Mechanical Engineering at The Univer-
sity of Texas at Dallas. His research interests include
multidisciplinary design optimization, complex en-
gineered systems, big data analytics, wind and solar

forecasting, renewable integration, energy systems modeling, and simulation.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


