
Single source shortest paths
Given directed graph G=(YE)
& edge weights w :E→1Rt

a source vertex SEV .

Goal : Compute shortest paths
from s to other vertices

.



For each VEIN
,
we have

- distlv) : pessimistic guess
on distance from s to ✓

- pred (v) : predecessor of v in

a tentative shortest walk from
s to ✓

Say edge ns.v is tense
if dist (a) tw (usu) -distal



Terminates with shortest
paths & distances iff no

negative cycle is reachable
from S

.

Lemma : In any instance of

Ford SSSP
,
at any time, for

any vertex V
,

value distal
is either 00 or the length
of a walk from s to v

ending with (pred Cu) → v1

Proof :( Using induction on
#

relaxations)



Last change to distlv)
came from relaxing some

edge a. → v.

We set distlv)← distant
wlu> v) .

& prod G)← n .

By induction distlu) was
length of some s - to- a walk

W
.

Adding w→v to W
,
we got

a walk from s to v of

length distlultwluov) ending✓
with us v.



⇒

If we set distlv) to actual
distance

,
prod G) → v is

the last edge on shortest
path .

So we'll focus on correct

dist values only .



Directed Acyclic Graphs :
-

no (negative weight) cycles

( For now )
,
let distlv) denote

the true distance to v

from S
.

distr)=

{
0 it its

1%1 ldistlutwlu.su))
0
.Wr

eval in topological order !



OCVTE ) time



Always Works : Bellman - For .d

Let disteilv) denote
the length of a shortest
walk in G from s to u

that uses Ei edges .

( disteols) = 0 , deists
,

W) =D

for all its)



Lemma : For every vertex V &

non - negative integer i
,
after

ie iterations of the white

loop , we have distlDEdistq.eu.
Proof : Lemma holds for in = 0.

Let W be shortest walk

from s to v with Ei edges.
By definition W has length
- distee.lv) .
If W has no edges , vest
disteu.lu) =D . distlsJEO-distea.lv)



QW
.

let W→v be last edge
of W

.

-
W -

Emp
:-c

After i -1 iterations
,

dist (a)Edistei . ,lu) .
In ith iteration

,
we looked

a.→v.

Either distlvledistlutwlu.ws
or w→v was tense

,
so we set

dist G) Fdistcw)twlu→D
.



Either way,
distlv) Edistlutwlu→ u)

Edisteiylultwlu-D-dista-i.lv)
.

Lemma still true with

negative cycles .
But if no negative cycles . . .

shortest paths have a-*

edges . . .

dis.fr , . , we distance to v. . .
can stop after IVI - l iterations



Iterations take OIE) time .

01 VE) time lit no

neg. Cycles)
Otherwise

,
still some tense

edge after NH iterations

OIVE) time


