
Maximum flow t

minimum cut



Given a directed graph
G =/V

,
E) + two vertices

si source

t : target or sink

An 1st) - flow is a

function f :[→ IR
, ,

that

satisfies the conservation
constraints for every
vertex ✓ except for stti

.

§ flu →w)=Eflu→v)u

(flow in = flow out)
flu→ v) is assumed =O if U→v¢E



Let Sfcv) : : Ew flv→w) - Eufluor)
( net flow out)

85-61=0 for all ✓ Is,t
The Value_ of flow 5- is

1ft :-c SF G) = Ewfls→w) -
§ flu→ s)

⇒ ff It)= - ffls)

(0=98867--55-63+58

Given

capacityfunctioni.IE→ Rzo .

f is feasible if 5- (e) Ec (e)
HE



f-(e)Tle)f saturates edge e if

8 avoids edge e if 861=0
.

T[ flow /capacity
value = to

maximum flow problem :

Given G
,
s
, tic .

Find a
flow f.of maximum value

.



Minimum Cut

An Csf)-oat_ is a partition
of vertices into disjoint
subsets S &T (SVT=V&

5^-1=03
such that s c-St + c-T

.

The capacity of cut (Si)
is the sum of capacities
for edges starting in St
ending in T .

115
,
-111 : EE clv→ w)

VES WET

( say clue→ u )=O it w> v. ¢ E)



115,711 = IS

minimum cut problem :
find an Cst) - cut of min

capacity



Lemma t The value of any
feasible 1st) - flow f is at
most the capacity of any
1st)- cut (Si)

.

15-1=25-6)
= E 28lb
VES

E EE flu →w) - EEflu→v)
VES W VES W

= EE flu→w) - EE flood
Ves WET ves WET

E E E 5- Lv→w) [5-63--0]
vesw ET

E E E
ves wet

' ( ✓→ W) GG) Edd]
= 115

, -111



Are equal its you avoid

every T to S edge &
saturate

every S to T

edge .

⇒ You have a Max flow
t a min cat

.



Max flow Min cut Theorem
[ Ford - Fulkerson

'

547

( [Elias
,

Feinstein ,t Shannon 6]

In any flow network , the

value of the maximum Cst)-flow
equals the capacity of the
min Cst) - cat .

Assume graph is reduced
you don't have an edge w→vt
its reversal ✓ → w in E.



Consider any Feasible flow
f.
We'll try to increase value
of 8

.

Sometimes you can't find a
path of not - saturated edges .



-1¥.ru?iI:1capacitycglu-v)-
more

:→{clu→v
) - flu>D it usu c- E

less ?→ flu → W) if ✓→ n EE

of o.ir
.

non- negative
Clu → v) may be -0 even if

a.→ ✓ ¢ E

residual graph Gg :( V, Eg) .
Eg is all edges with positive
to) residual capacity.



G
, gtf Gg & cg

Suppose Gg has a path from
s to t

. Call it P
.

P is called an

augmentingpath.LAF. = min c l usu)
a→✓c-p f

We
"

push
"

F units of flow along
P to make flow f

'

IE →R



f
'

/usu) =

{
flu→ d) + F if u→vep
flu >,v ) - F if ✓→uep

flu → v) aw
.

Push only changes 251s)t2lt) .
Increases Jfls) by F

.

So f
'

is still a flow
.



Flow f
'

is feasible . . .

For any u→veE

If u→v c- P

f '(u→v)=flw→v)tF
> flush
20

fYu→v)=f(u→DtF

eflu-ivtglu-D-flu.su)tcCu→D
- fLu→v)

=c(u→v)

(& 0Eflu→v)Eclu→v) if
✓→a EP)



F-0
,
so 1811 > 15-1=7 f

Was not Max

Otherwise
,
We'll spp an

Cs,t) - cut CST) where

115,1-11=15-1
.


