
CS 6301.002 Homework 2
Due Monday February 24th on eLearning

February 7, 2020

Please answer the following 3 questions, some of which have multiple parts.

1. (From 3Marks/class) Describe an O(n log n) time algorithm that given a simple polygon P
with n vertices determines if P is monotone with respect to some line, not necessarily a
horizontal or vertical one.

[Hint: Each reflex vertex of P defines a set of allowable lines relative to which the polygon
may be monotone. Can you quickly determine if there is any line appearing in all the sets?

2. (From Mount) Explain how to solve each of the following problems in linear (expected)
time. Each can be modeled as a linear programming (LP) problem, perhaps with some
additional pre- and/or post-processing. In each case, explain how the problem is converted
into an LP instance and how the answer to the LP instance is used/interpreted to solve the
stated problem. Note you do not need to explain how to solve the LP instance, because Kyle
presented an algorithm for doing so in class.

(a) You are given two point sets P = {p1, . . . , pn} and Q = {q1, . . . , qm} in the plane, and
you are told they are separated by a vertical line x = x0, with P to the left and Q to
the right. Compute the line equations of the two “crossing tangents,”, that is, the lines
ℓ1 and ℓ2 that are both supporting lines for the convex hulls of each of P and Q such
that P lies below ℓ1 and above ℓ2 and the reverse holds for Q. (Note that you are not
given the hulls, just the point sets.) Your algorithm should run in O(n+m) time.
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Figure 1. Examples for each of the scenarios in Problem 1.
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(b) You have a cannon in R2. It has three controls labeled “a”, “b”, and “c”. A projectile
shot from this cannon travels along the parabolic arc y = a+ bx− cx2. You are asked to
determine whether it is possible to adjust the controls so that the projectile travels above
a set of n building tops, represented by a point set P = {p1, . . . , pn} and beneath a set of
m floating balloons, represented by a point set Q = {q1, . . . , qm}. Your algorithm should
run in time O(n + m). (Do not worry about the cannon’s location. Just determine if
there is some parabola along which the projectile can travel.)

(c) You are given a set of n halfplanes H = {h1, . . . , hn}, where hi is given as a pair (ai, bi),
and it consists of all the points of the plane that lie on or beneath the line y = aix− bi.
Compute the axis-parallel square of the largest side length lying in h1 ∩ · · · ∩ hn whose
lower edge lies on the x-axis. If no such square exists, your algorithm should indicate
this.

3. (From Mount) The objective of this problem is to get some practice working with back-
wards analysis. Consider the following randomized incremental algorithm for the Pareto-set
problem. Recall that the input is a set of n points P = {p1, . . . , pn} in the plane, where
pi = (xi, yi), and the objective is to compute the subset of points pi such that there is no
pj ∈ P, (j ̸= i) such that xj ≥ xi and yj ≥ yi. Our approach will be to add the points
one-by-one in random order. We make the usual general-position assumption that there are
no duplicate x- or y-coordinates.

The algorithm begins by randomly permuting the point set. Let P = ⟨p1, . . . , pn⟩ denote
the permuted sequence. Let’s add two sentinel points p−1 = (−∞,+∞) and p0 = (+∞,−∞).
The initial Pareto set Q0 consists of the pair ⟨p−1, p0⟩. Observe that as we add points to the
Pareto set, p−1 will always be the leftmost point, and p0 will always be the rightmost. For
1 ≤ i ≤ n, let Qi denote the sequence of points of the Pareto set after inserting ⟨p−1, . . . , pi⟩,
sorted from left to right. The final output will be Qn. Also, let Ri = ⟨pi+1, . . . , pn⟩ denote
the sequence of points that remain to be inserted.

Suppose that we have already inserted i− 1 points into the Pareto set. In order to make
it easy to determine where to insert the next point within the existing Pareto sequence, we
will store all the remaining points of Ri−1 in a collection of buckets, one for each point in the
current Pareto set. Let Qi−1 = ⟨pj0 , pj1 , . . . , pjm⟩. (By our earlier observation, j0 = −1 and
jm = 0.) For 1 ≤ k ≤ m, define B(k) to be the subset of remaining points that lie within the
vertical strip between the (k − 1)st and kth points of the current Pareto sequence, that is,

B(k) = {pℓ ∈ Ri−1 : xjk−1
< xℓ < xjk}.

(For example, in the figure below, the white points in the shaded region belong to bucket
B(3), because they lie between xj2 = x1 and xj3 = x4.)

(a) Using the above structure, explain how to insert the ith point pi and update the Pareto
sequence Qi−1 to form Qi. Also, explain how to update the associated buckets. (If
points are removed from the Pareto sequence, then their associated bucket sets must be
redistributed among the points that are currently in the Pareto sequence.) Don’t worry
about detailing what data structures to use, just state which sequences/sets change and
what points enter or leave them.
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Figure 2. The example scenario for Problem 2.

(b) Analyze the expected running time of your algorithm. Your analysis should include two
elements (i) the time needed to update the Pareto sequence, and (ii) the time needed to
update the associated bucket sequences. You may assume changes to the Pareto sequence
or bucket sets occur in constant time per point inserted or deleted from the sequence/set.
It may also help to recall the nth harmonic number Hn :=

∑n
i=1

1
i = Θ(log n).

[New hints: You may assume you can look up which bucket contains a given point pi in
constant time. (i) should require no appeals to randomness. For (ii), can you define the
time to create a new bucket in a given iteration as a sum of indicator random variables
with easily bounded expectations?]

3


