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Abstract

We consider modeling and analysis of functional data arising in method comparison
studies. The observed data consist of repeated measurements of a continuous variable
obtained using multiple methods of measurement on a sample of subjects. The data
are treated as multivariate functional data that are observed with noise at a common
set of discrete time points which may vary from subject to subject. The proposed
methodology uses functional principal components analysis within the framework of
a mixed-effects model to represent the observations in terms of a small number of
method-specific principal components. Two approaches for estimating the unknowns
in the model, both adaptations of general techniques developed for multivariate func-
tional principal components analysis, are presented. Bootstrapping is employed to get
estimates of bias and covariance matrix of model parameter estimates. These in turn
are used to compute confidence intervals for parameters and functions thereof, such as
the measures of similarity and agreement between the measurement methods, that are
necessary for data analysis. The estimation approaches are evaluated using simulation.

The methodology is illustrated by analyzing two datasets.
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1 Introduction

Multivariate functional data arise when repeated measurements of J (> 2) variables are
taken over time on every subject [1-5]. The measurements of each variable on a subject are
assumed to be values of an underlying smooth random function that is observed with noise at
discrete time points. For each subject, all the J variables are recorded at every observation
time. Thus, these data consist of J curves per subject, observed at a common set of discrete
observation times. This set of times, however, may vary from subject to subject. There is
dependence in the J curves as they come from the same subject.

We are specifically interested in the special case of multivariate functional data arising
in method comparison studies [6]. They involve measuring a continuous variable on every
subject using multiple methods of measurement in a common unit. All methods measure
the variable with error. The primary goal in these studies is to evaluate whether the meth-
ods agree sufficiently well to be used interchangeably. It is evident from more than 25,000
citations of Bland and Altman [7], which proposed the popular limits of agreement approach
for agreement evaluation with scalar observations, that such studies are common in biomed-
ical sciences. The measurements from the multiple methods are the dependent functional
variables here.

For example, consider two method comparison datasets, both with J = 2, that motivated
this work—body fat data Chinchilli et al. [8] and body temperature data Li and Chow [9]. In
the first, we have measurements of percentage body fat made using skinfold calipers and dual
energy x-ray absorptiometry (DEXA) in a cohort of adolescent girls over a period of about
4 years. These longitudinal data are an example of sparse bivariate functional data. In the
second, we have core body temperature—the temperature of tissues deep within the body,
measured every minute over a period of 90 minutes at two locations in the body—esophagus

and rectum. These data are an example of dense bivariate functional data. Our interest is



in evaluating agreement between measurements from caliper and DEXA methods in the first
case and between measurements taken at the two body locations in the second case.

There is a growing body of literature on the analysis of method comparison data. See
Barnhart et al. [10] and Choudhary and Nagaraja [6] for an introduction. Nevertheless,
almost all the literature assumes that the observations are scalar. For scalar data, evaluation
of agreement between two methods involves quantifying how far the methods are from having
perfect agreement, in which case the joint distribution of the methods is concentrated on the
line of equality. In other words, two methods in perfect agreement have equal means, equal
variances, and a correlation of one; or equivalently, their differences are zero with probability
one. In the statistical literature, agreement is commonly evaluated by performing inference
on measures of agreement such as concordance correlation coefficient (CCC) of Lin [11] and
total deviation index (TDI) of Lin [12]. However, in the biomedical literature, the limits
of agreement approach of Bland and Altman [7] is the most popular. These measures are
defined in Section 4. A reader interested in their comparison may consult Barnhart et al. [10].
In addition to evaluation of agreement, a secondary goal of a method comparison study is to
evaluate similarity of methods by comparing their marginal characteristics such as means and
precisions. This is typically done by performing inference on measures of similarity such as
mean difference and precision ratio [13]. Evaluation of similarity is a necessary supplement
to evaluation of agreement as it provides information about the sources of disagreement
between the methods [6, Chapter 1].

In the method comparison literature, we are only aware of Li and Chow [9] that deals
with functional observations. It extends the ideas of Lin [11] to develop a CCC for functional
data from J = 2 methods. But this approach has drawbacks that limit its usefulness. First,
it produces a single overall index of agreement over the entire time interval. However,
given the functional nature of the data, an index that changes smoothly over time may be

preferable over the overall scalar index because the former allows insight into how the extent



of agreement changes over time. Second, the approach is specifically designed for CCC—a
function of first and second order moments of the measurements. It is unclear how the
approach can be adapted for other measures of agreement such as TDI, which is a percentile
(see Section 4). This is an issue because CCC is often criticized for being unduly influenced
by the between-subject variation in the data as it may lead to misleading conclusions (see,
e.g., Barnhart et al. [10]). Third, the approach assumes that all curves are observed at
the same time points. This assumption is unnecessarily restrictive. For example, it does
not hold for the body fat data although it holds for the body temperature data. Fourth,
the approach in its present form cannot deal with J > 2 methods. These drawbacks may
be overcome by a model-based approach for analyzing functional method comparison data.
The model parameters can be used to obtain functional analogs of any measure of similarity
and agreement for scalar observations. The model would allow the observation times to
differ between the subjects. It can also accommodate more than two methods. This is the
approach we take in this article.

Functional data analysis is currently an active area of research, see Ramsay and Silver-
man [1] for an introduction. A common analytical approach involves performing a func-
tional principal components analysis (FPCA) to obtain a parsimonious representation of
the data [1, Chapter 8]. The PACE (principal components analysis through conditional
expectation) methodology of Yao et al. [14] is a popular approach for FPCA of data that
are observed with measurement error. It involves decomposing the functional observations
via a Karhunen-Loeve expansion and using the framework of mixed-effects model for esti-
mating coefficients in the expansion as best linear unbiased predictors of random effects,
and estimating error variance by smoothing the covariance function. This approach and its
refinement due to Goldsmith et al. [15] are implemented in the refund [16] and MFPCA [17]
packages for the statistical software system R [18].

Methodologies for FPCA of multivariate functional data have also been developed, see,



e.g., Ramsay and Silverman [1, Chapter 8], Berrendero et al. [2], Jacques and Preda [3], Chiou
et al. [4], and Happ and Greven [5]. Among these, the approaches of Chiou et al. [4] and Happ
and Greven [5] are of specific interest in this article as they can be used for data observed with
measurement error, which is the case for our method comparison data. Although Chiou et al.
[4] and Happ and Greven [5] differ in their basic premise regarding univariate components of
the multivariate observation—in particular, they may have different units in Chiou et al. [4]
and they may be observed on different (dimensional) domains in Happ and Greven [5]—both
first obtain a Karhunen-Loeve expansion of the multivariate observations. Thereafter, Chiou
et al. [4] estimate the unknowns by a generalization of the PACE methodology. They also
employ normalization to deal with the different units. On the other hand, Happ and Greven
[5] establish a relation between univariate and multivariate FPC decompositions and employ
it to obtain estimates of the unknowns in the multivariate model using their estimates from
the univariate models. The univariate estimates may be obtained, e.g., using the PACE
approach of Yao et al. [14]. This methodology is implemented in an R package MFPCA [17].
This brings us to our approach for analysis of functional method comparison data. In
Section 2, we begin by writing a subject’s observed curve from a measurement method as
a sum of an unobservable true smooth curve and a random measurement error. Each mea-
surement method has its own mean and covariance functions and error variance. Next, the
method-specific true curves are represented via a multivariate Karhunen-Loeve expansion.
In Section 3, we consider two approaches for estimating the unknowns in the model. The first
approach—termed MPACE—directly adapts the PACE methodology to deal with multivari-
ate data along the lines of Chiou et al. [4]. The second approach—termed UPACE—adapts
the methodology of Happ and Greven [5]. Bootstrap is used to construct relevant confidence
intervals and bands. In Section 4, we discuss evaluation of similarity and agreement under
the assumed model. Section 5 presents a simulation study to evaluate properties of the two

estimation approaches. The body fat data are analyzed in Section 6. Section 7 concludes



with a discussion. Appendix A contains some technical details. An analysis of the body
temperature data and additional simulation results are presented in the online Supplemental

Material, which can be accessed from the journal website.

2 Modeling of Data

Let the random function X; denote the true unobservable curve measured using method j =
1,...,J (> 2) for a randomly selected subject from the population of interest. The curves
are defined on a common domain 7 = [a,b], @ < b € R. Let the mean and covariance

functions of the random functions be denoted by
pi(t) = E(X;(t), Gu(s,t) = cov(X,(s), Xi(t)), j,l=1,...,J; s,t€T.

Let X = (X1,..., X ;)T denote the J x 1 vector of the curves and p(t) = (uy(t),. .., pus(t))"

be the J x 1 vector of its mean.

2.1 Model for Population Curves

Under certain conditions [4, 5], the multivariate Karhunen-Loeve Theorem provides a stochas-

tic representation of X as

X(1) = u(t) + Y &i(t), teT. (1)

Here, ¢, (t) = (¢p1(t), ..., drs(t))T are orthonormal eigenfunctions, satisfying the property
that the inner product of ¢, and ¢,, given as Z}]:1 S &rj (t) i (t)dt, equals zero if k # [ and
one if k£ = [; and &—called “scores”—are uncorrelated random variables with mean zero

and variance \;. The variances \j are eigenvalues associated with the eigenfunctions ¢, and

are non-increasing, i.e., Ay > Ay > ... > 0. We can write (1) as
Xi(t) = () + > &), j=1,...,J; teT. (2)
k=1
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Thus, the Karhunen-Loeve representation provides a basis expansion of the curve X; in terms
of the basis functions ¢, ¢9;, . .. that depend on method j, whereas the random coefficients
&1,&, ... are common to all methods. It is these coefficients that induce dependence within

and between the curves. In particular, under (2), the covariance functions can be written as

]ZSt ZAkQSkJ d)kl > jal::laa‘]a S7t€7-' (3)

The true curves X;(t) are observed with error as Y;(t) = X;(¢) + ¢;(t), where the errors
€;(t) are independent random variables with mean zero and variance 7']-2, J=1,...,J, and

are independent of the true values. Using (2), we can write this model as
Y;(t +Z£k¢k3 tet), j=1,... . teT. (4)

Thus, the mean and autocovariance functions of the observed curves are
E(Y;(1)) = 15(0), cov(Yy(s), Yy(t) = Gy, t) + 2(s = 1), j=1,...0.  (5)

and their cross covariance function is cov(Y;(s),Y(t)) = Gu(s,t), j #1=1,...,J. Here I is
the indicator function. It follows that, for each ¢ € T, the vector (Yi(t),...,Y;(t)) has a J-
2

variate distribution with mean (p(t), ..., us(t)), variance (o%(t),...,o%(t)), and correlation

pji(t), where

jAl=1,...,J (6)

032‘<t> = ij(t7t) + 7-j27 le(t) = Ju

Further, for j # [, the difference Dj(t) = Y;(t) — Yi(¢) has a distribution with mean §;(t)

and variance 7% (t), where

O(t) = p(t) — pu(t), my(t) = o5 (t) + o/ (t) — 2G (¢, 1), (7)

These distributions are used in Section 4 to get functional analogs of measures of similarity

and agreement.



2.2 Model for Observed Data

Suppose there are n subjects in the study, indexed as ¢ = 1,...,n. The observed data
consist of J curves per subject, one from each method, observed at discrete observation
times. Specifically, let Y;;(t;,) denote the observation from method j on subject i taken at
time t;,, m=1,...,N;, y=1,...,J,7=1,...,n. The J curves for a subject are linked
in that they are observed at common observation times ¢;,,, m = 1,..., N;. Thus, subject ¢
contributes JN; observations. The number of observations and the observation times need
not be the same for each subject. The design is balanced if the observation times are common
for all subjects and the linked observations are available at each observation time from every
subject. Otherwise, the design is unbalanced. The functional data are usually said to be
dense when the design is balanced and the common N; is large, and they are said to be
sparse when the design is unbalanced and N; is small.

To obtain a model for the observed data, let X;;(t), €;(t), Yi;(f), and &y denote the
respective counterparts of the population quantities X;(¢), €;(¢), Y;(t), and &, given by (2)
and (4), for subject i. The quantities for subject i are assumed to be independent copies of
the corresponding population quantities. Thus, the model for the data can be written as

o0
Yij(tim) = t(tim)+ Y Ebns(tim) +€i5(tim), m=1,... Ny j=1,.. J;i=1...n, (8)
k=1
where the errors €;;(;,) are independent random variables with mean zero and variance
TJ-Q. The model postulates that a subject’s true curve from a method is an infinite linear
combination of method-specific basis functions that are common to all subjects but with
subject-specific coefficients that are common to all methods. The eigenfunctions ¢y;(t) serve

as the basis functions and the scores &;;, serve as the coefficients.

To analyze these data, first we perform a dimension reduction by truncating the infinite



sum in (8) to K terms, where K is the number of FPC to be selected. This leads to
K
Yij (tim) % 115 (tim) + > s (tim) + €55 (tim) (9)
k=1
as the approximate model. It has the structure of a mixed-effects model. The true model (4)
is used to define the parameters and their functions that are the target of inference. But they
are estimated by fitting this approximate model to the data. The number of components K
is treated as an unknown component in the model. The issue of estimation of unknowns is
taken up in Section 3.
To write (9) in the matrix notation, define the N; x 1 vectors t; = (i1, ..., tin;)7, Yi(t:) =
(Yij(tan), - Yig(tan )T gy (80) = (i), - py(tan,)) T and €55 (6:) = (eqj(tan), - - €55 (tan,)) "
These respectively represent the vectors of the observation times for subject ¢, the corre-

sponding observations from method j, their means, and the associated random errors. Next,

define the JN; x 1 vectors

Y () p (t:) €i(t;)
Yi(ti) = : , k(b)) = : , €(t;) = : 7 (10)
Yis(ts) py(ts) €is(t:)
and take the JN; x JN; diagonal matrix R; = diag{7?,...,7,...,77,...,77}, where 77

is repeated N; times for each j, as the covariance matrix of €;(t;). Further, define &, =
(&1, ..., &x)T as the K x 1 vector of scores and A = diag{\, ..., A\g} as its K x K diagonal
covariance matrix; ¢y;(t;) = (¢nj(tin), ..., dr;(tin,))" as the N; x 1 vector of values of kth
eigenfunction ¢y; associated with method j; ¢, (t;) = (¢}, (t:), ..., P1,(t:)T as the JN; x 1
vector by stacking the values for all the methods; and ®(t;) = (¢, (t;), ..., P (t;)) as their
JN; x K matrix.

With this notation, the model (9) can be written as

Y,(t:) ~ plts) + ®(t)E; +et), i=1,....n. (11)



Here the &, follow independent distributions with mean 0 and covariance matrix A, €;(t;)
follow independent distributions with mean 0 and covariance matrix R;, and the two vectors

are mutually independent. It follows that
E(Yi(t:) = p(t), var(Yi(t;) ~ ®(t:)A®" (t;) + R.. (12)

The elements of the first term of var(Y;(t;)) consist of values of covariance functions given
by (3) but with the infinite sums therein truncated to K terms. The unknowns in the model

are

0:{,Ulla---;,uJaKa)\la---7>\K7¢117---7¢J17---7¢1K7---7¢JK;7—12;---77—3}-

The mean functions and eigenfunctions in @ depend on ¢t € T as well but this dependency is

A

suppressed for convenience. Next, we discuss estimation of 6 to get the plug-in estimator 6.

3 Parameter Estimation and FPCA

3.1 Parameter Estimation

Let Ny be the number of unique observation times in the data and to = (to1, ..., ton,)’ be
the Ny x 1 vector of these times in increasing order. The elements of ty form a grid in the
domain 7. By definition, there is at least one observation from all measurement methods at
each time in ty. For estimation, we begin by pooling observations from each method on all
subjects and smoothing them ignoring the within-subject dependence. Separate smoothing
is performed for each method. This results in a smooth estimate fi;(¢) of p;(t), 7 =1,...,J.
Then, each observation in the data is centered by subtracting off the corresponding estimated
mean as ffij (tim) = Yij(tim) — f1(tim). These centered observations are used to form JNy x 1
vectors Y;(to) in the same way as Y;(t;) are formed in (10). If the subject i does not have

an observation for some t € tg, that observation is set to be missing in Y, (to).
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In Appendix A, we describe the two approaches—MPACE and UPACE—for estimating
the remaining unknown components of @ and the multivariate scores £ in the model (11).
Both use the centered data as inputs and involve the PACE methodology of Yao et al. [14]
for univariate functional data. MPACE directly adapts the PACE methodology to deal with
multivariate data along the lines of Chiou et al. [4], whereas UPACE adapts the approach of
Happ and Greven [5]. UPACE is computationally simpler of the two as it involves first ap-
plying the univariate PACE methodology separately to each component of the multivariate
data and then processing the results. However, this may result in loss of efficiency in esti-
mates, especially of the error variances 7]2 because they also come from univariate analyses
rather than a multivariate analysis as in MPACE. Although the smoothing needed in these
approaches and also for estimating the mean functions is performed here using gam function
in R package mgcv [19], any other smoothing technique—e.g., local linear regression as in Yao
et al. [14] and Chiou et al. [4]—can also be used without affecting the general methodology.

Upon model fitting, the fitted curves are Y;(t;) = f1,(t;) + ® ()€, i =1,...,n.

3.2 Confidence Intervals and Bands

Suppose ¥ = 1(0) is a function of model parameters of interest. Examples of ¢ include
the precision ratio 7¢/75. Often, the parameter function depends on ¢, i.e., it has the form
Y(t) =(t,0), t € T. Examples of ¢(¢) include the mean difference §;(¢) and the agreement
measures defined in next section. Since 1) can be considered a special case of ¥(t), we focus on
constructing one- and two-sided confidence bands for ¥(¢). In effect, we construct pointwise
and simultaneous intervals on a relatively fine grid t of L points in T, say, t1,...,t;. This
grid may be the same as the grid t, formed by the observed time points, used for estimation
in Section 3. Or it may consist of a subset of these time points. In practice, L € [25,50] is

often adequate.

Let 1(t) = 1(t,0) be the plug-in estimator of 1(t). Also, let 9(t) and 9 (t) be L x 1
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vectors representing the values of the two functions evaluated at the elements of t. When n is
large, the joint distribution of 1:b(t) —1p(t) can be approximated by a N7 (b, S) distribution,
possibly after a applying normalizing transformation, where the Lx 1 vector b = (by,...,by)T
and the L x L matrix S = (si);x=1,..1 respectively represent the estimated bias vector and

covariance matrix of the estimators. Once b and S are available, an approximate 100(1—a)%

one- or two-sided pointwise confidence band for ¢ (t), t € T can be computed as

lower band: z/z(tl) — b — z1-av/Su, upper band: @(tl) — b+ z1-an/Su,

two-sided band: @Z(tl) — bt zi_apsu, 1=1,...,L, (13)

where z, is the 100ath percentile of a N;(0,1) distribution. A simultaneous band can be
constructed by replacing z, in (13) by an appropriate percentile [6, Chapter 3] that can be
computed using the multcomp package of Hothorn et al. [20] in R or via simulation as we do
here. We now present a bootstrap methodology to compute b and S. It has the following

steps:

1. Sample n indices with replacement from the integers 1, ..., n. Take the observed curves

associated with the sampled subject indices as a resample of the original data.

2. Apply the estimation and FPCA approach described in Appendix A to estimate 8 from

the resampled data to get 0.
3. Use 0 to estimate 1(t) as @ (t). This 9 (t) is a resample of 9(t).

4. Repeat the previous steps () times to get the resamples {pZ(t), g=1,...,Q. Compute
the bias vector b as Zqul {p:(t)/Q —4p(t), and the covariance matrix S as the sample

covariance matrix of the resamples.

In practice, Q = 500 is often enough to estimate b and S. If there is evidence that a

bias correction is not needed, then the term b; in (13) can be dropped (see Section 5 for an
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example). Note that a separate FPCA is performed in each bootstrap repetition. Therefore,
the resulting confidence intervals also account for the uncertainty due to FPC decomposition
in addition to the usual uncertainty due to sampling [15]. The procedure of this subsection
can be easily adapted to construct confidence interval for a parameter function v that does

not depend on t.

4 Evaluation of Similarity and Agreement

We now focus on how to evaluate similarity and agreement of a pair of measurement methods
jand l, 7 #1=1,...,J. This evaluation can be repeated for all such pairs of interest. For
similarity evaluation, inference is performed on two measures of similarity—difference in
means of the methods and ratio of their precisions [13]. Under the true model (4), §;(¢)
given by (7) is the mean difference and 77 /77 is the precision ratio.

For agreement evaluation, inference is performed on functional analogs of agreement
measures originally developed for scalar data. These are obtained by using the definitions of
the measures under the bivariate distribution of (Y;(¢), Y;(¢)) induced by the true model (4)
for each t € T.

We specifically consider two agreement measures. One is the concordance correlation
coefficient (CCC) due to Lin [11]. It is defined in terms of first and second order moments
of the paired observations. Using (5) and (6), the functional CCC can be expressed as
2G5i(t,t) 2

— = pj(t) '
() — (t)}? 2(¢ 2(¢ pil = @®}? | o) | ot
{1 () — @)} + 03 (t) + 07 (1) e 0a® T ow T o0

See Lin [11] for properties of a CCC. Here we just note that |[CCCj;(¢)| < |pj(t)] < 1 and

CCCyy(t) (14)

CCCyi(t) = palt) if p;(t) = w(t) and o2 (t) = o7 (t). A large positive value for CCC implies
good agreement. The methods j and [ have perfect agreement when CCCj;(t) = 1 for all ¢.
The other measure is the total deviation index (TDI) due to Lin [12]. For a given

large probability pg, it is defined as the poth percentile of absolute difference in the paired
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observations. For inference on TDI, we additionally assume that the scores and the errors in
the models (4) and (9) follow normal distributions. Under this assumption, for each t € T,
the difference Dj(t) follows a normal distribution with mean d;(t) and variance 73(t), given

by (7). This implies that the functional TDI can be expressed as

1/2
. 0% (t)
TDI;(po,t) = 100poth percentile of |D;;(t)| = n;(t) {Xipo (77]2[ (t)) } , (15)
il

where X7, (A) is the 100poth percentile of a noncentral x* distribution with one degree of
freedom and noncentrality parameter A. A TDI is non-negative, and its small value implies
good agreement. Agreement between methods j and [ is perfect when TDI;;(¢) = 0 for all .

The measures of similarity and agreement are estimated by plug-in. Similarity of the
methods is evaluated by examining a two-sided confidence band for §;(t) and a two-sided
confidence interval for Tj2 /7#. Agreement between the methods is evaluated by examining
appropriate one-sided confidence bands for agreement measures. Since a large value for CCC
and a small value for TDI imply good agreement, an upper confidence band for CCC and
a lower confidence band for TDI are appropriate. The construction of confidence intervals
and bands was discussed in the previous subsection. To improve accuracy, the intervals
for precision ratio and TDI are obtained by first applying a log transformation and those
for CCC are obtained by first applying the Fisher’s z-transformation. The results are then
transformed back to the original scale.

As mentioned in Section 1, the limits of agreement approach of Bland and Altman [7]
is quite popular in the biomedical literature for agreement evaluation. This involves, under
the normality assumption for the differences, computing estimated mean 4+ 1.96 times the
estimated standard deviation of the differences, and examining whether the limits contain

any unacceptably large differences. Using (7), the functional limits of agreement are 5jl(t) +

1.967;,(t), t € T.
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5 Simulation Study

In this section, we use Monte Carlo simulation to evaluate performance of point and interval
estimators of key parameters and parameter functions, including measures of similarity and
agreement, provided by the MPACE and UPACE approaches. This investigation focuses
on J = 2 measurement methods and takes mean squared error (MSE) of a point estimator
and coverage probability of a confidence interval as the measure of accuracy. The data are
simulated from the true model (4) along the lines of our real data examples by taking the
domain as 7 = [0, 1]; assuming normality for scores and errors; taking the mean functions
of the two methods as uy(t) = 24 + ¢ and ps(t) = 23 + 2¢; and setting the eigenvalues as
M = 100 x e *=D/2 for k < 6 and zero for k > 6. The eigenfunctions corresponding to the
non-zero eigenvalues are taken as the eigenfunctions estimated from the body temperature
data by restricting them to the selected domain 7. The grid tgi = {v:u=0,1/49,...,1}
of 50 equally-spaced points between 0 and 1 is used for simulating data as well as point and
interval estimation.

We consider a total of four dense and sparse designs. In the dense case, a balanced design
with N; = 50 is considered. The observation times in this case are all points on tgq, and all
subjects have the same observation times. In the sparse case, three scenarios with increasing
sparsity are considered. Two are balanced designs with N; = 30 and N; = 20, and the
third is an unbalanced design with N; distributed as a Poisson random variable with mean
20. We refer to these four designs as (a), (b), (c¢), and (d), respectively. The observation
times in the sparse cases are drawn from a uniform distribution on tgiq separately for each
subject. Consequently, in the sparse case, the subjects may not have the same observation
times. In all the four designs, observations from both measurement methods are simulated
at each observation time, ensuring paired data. The observations for different subjects are

independent. Three combinations of values are chosen for the error variances of the methods,
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namely, (72,72) = (2, 2), (2, 4), and (4, 4), to allow a range of practical scenarios. Three
values are chosen for the number of subjects, n € {50,100,200}. Further, as is common in
practice, pg = 0.90 is taken for TDI and 1 — o = 0.95 is taken for the confidence intervals
and bands. Thus, we consider a total of 4 x 3 x 3 = 36 settings.

For each setting, we simulate a dataset, perform parameter estimation as described in
Section 3.1 and Appendix A, and construct 95% confidence intervals and bands as described
in Sections 3.2 and 4. The proportion of variation explained that is needed for FPCA is taken
to be 0.99 for both MPACE and UPACE. For the smoothing involved in point estimation, gam
function in mgev package of Wood [19] is used with default settings. For interval estimation,
() = 250 bootstrap resamples are used. The entire process from data simulation to interval
estimation is repeated 300 times. The results are used to compute estimated MSEs of point
estimators of log(77), log(73), log(73/7%), log{ TDI(po, t)} and z{CCC(t)}, with z(-) denoting
the Fisher’s z-transformation, and estimated coverage probabilities for confidence intervals
of these quantities. The coverage probabilities are also computed for py(t), p2(t), and 6(t)
but these quantities are excluded from the MSE calculation as both MPACE and UPACE
use the same point estimators for them. We additionally compute estimated MSE of K and

estimates of

Xn:mmim (&ik — &n)? p and E { ! i(f/(t) y@))?}

i — Ein)? - i\t) — X ;

i= Cr—
which provide an overall measure of accuracy in prediction of scores and individual curves,
respectively. For convenience, these measures are also referred to as MSE. The efficiency
of MPACE relative to UPACE is measured by dividing the MSE in case of UPACE by its
MPACE counterpart. From a practical viewpoint, if a relative efficiency falls between 0.9
and 1.1, we may consider the two approaches to be equally accurate for estimating that

quantity. Now, a note about interval estimation of log{TDI(py,?)} is in order. Our initial

simulation studies showed that its confidence band tended to be more accurate without the
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bias correction. Therefore, we drop the bias term from (13) when computing the confidence
band for this measure in the remainder of this article.

Table 1 presents the MSEs for the two approaches and their relative efficiencies for
(2, 72) = (2,2). We see that, with a few exceptions, the efficiency tends to decrease with the
sparsity of design. Further, the efficiencies for the curves and scores in all cases are between
0.96 and 1.05, implying that the two approaches may be considered equally accurate for
estimating them. Also, the efficiencies for K are between 0.26 and 0.83 in all cases but one.
This suggests that UPACE is more accurate than MPACE for estimation of K. Additional
investigation shows that MPACE tends to overestimate K. All the efficiencies for z(CCC) are
greater than one, implying superiority of MPACE over UPACE. For the remaining quantities,
the efficiencies depend on n and sparsity of design. In particular, for dense data (Design (a)),
the efficiencies range between 0.96 and 1.20, indicating superiority of MPACE. However, as
the level of sparsity increases, MPACE begins to lose its efficiency advantage to UPACE,
especially when n = 50. But then the advantage of UPACE also shrinks as n increases.
For example, for Design (d), the efficiencies range between 0.84 and 0.96 when n = 50,
clearly indicating superiority of UPACE, but the range becomes 0.98 to 1.03 when n = 200,
indicating nearly the same efficiency of the two approaches. Qualitatively similar conclusions
hold in case of (72, 7%) = (4,4) (see Table 2) and also (2, 4), the results for which are omitted.
On the whole, these findings indicate that MPACE may be considered slightly more efficient
than UPACE for dense data but the converse is true for sparse data with small n. In the
other cases, the two may be considered more or less equally efficient. These conclusions
remain unaffected by the error variances.

Next, we examine estimated coverage probabilities of the confidence intervals. Table 3
presents the coverage probabilities for confidence intervals of error variances and their ratio,
which are free of t. With a few exceptions, the entries are 1-2% higher than the nominal

level of 95%, suggesting the intervals are slightly conservative. Both MPACE and UPACE
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appear equally accurate and there is little impact of n or the error variances.

For parameter functions that depend on ¢, Table 4 presents averages of estimated point-
wise coverage probabilities of the confidence bands. There is no difference in the entries for
11, pa, and 6 between MPACE and UPACE because both use the same estimates for them.
In general, these entries are about 1% higher than 95%. For CCC, the entries are close to
95% for MPACE but about 96-98% for UPACE. For TDI, the entries are close to 95% for
MPACE. This is also true for UPACE for n > 100. These conclusions hold regardless of the
values of the error variances and whether the design is dense or sparse. Table 5 presents
estimated simultaneous coverage probabilities of the confidence bands. With the exception
of TDI, in which case the entries are below 95%, the other entries may be considered close
to 95%, especially when n > 100. In case of TDI, the accuracy of MPACE improves with
n and it may be considered acceptable for n = 200. Although the accuracy of UPACE also
improves with n, but it remains quite liberal even with n = 200.

Taken together, our key findings based on the settings considered and their practical
implications may be summarized as follows. First, the sparsity of design affects the relative
performance of the two approaches in point estimation but not so much in interval estimation.
However, the error variances do not seem to have much impact on the performance. Second,
for both point and interval estimation, MPACE may be considered to have an edge over
UPACE. Finally, we have also evaluated the two variants of MPACE and UPACE algorithms
mentioned in Appendix A. However, we did not find any noticeable difference in the results
from those presented here. Therefore, these are omitted. The results of an additional
simulation study to evaluate the impact of non-normality is presented in online Supplemental

Material.
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6 Analysis of Body Fat Data

These data from Chinchilli et al. [8] consist of percentage body fat measurements taken
over time on a cohort of 112 adolescent girls using skinfold calipers (method 1) and DEXA
(method 2) methods. Age at visit is the time variable ¢ here. See [8, 21-23] for more
details about the dataset. Upon pre-processing the data which includes retaining only the
observation times for which paired observations are available from both methods, we get a
total of 2 % 654 = 1308 observations from n = 91 girls. The observations range between 12.7
and 37.4. There are 56 distinct observation times on the domain 7 = [11.2,16.8] years and
their numbers per subject range between 4 and 8 with an average of 7.2.

Figure 1 presents the individual longitudinal profiles from the two methods, superimposed
with their estimated mean functions (see below). The caliper mean ranges from 23.6 to 24.7,
whereas the DEXA mean ranges from 21.4 to 24.3. They also behave differently over the
domain. For example, the caliper mean remains essentially flat until age 14, then it decreases
slightly until about age 15.5, and begins to increase thereafter. However, the DEXA mean
decreases in the beginning, bottoms out around age 13, and increases thereafter with some
flattening near the end. Figure 2 shows the age-specific scatterplots for ages 12 through 16.
(Note that to draw these plots, the ages have been rounded to the nearest integer. Otherwise,
there would be relatively few points in each plot, making it hard to discern any pattern.)
The methods appear moderately correlated at these ages, with associated sample correlations
0.80,0.73,0.66,0.67, and 0.73, respectively. Also, the points do not tightly cluster around
the 45° line for any age, implying that the methods do not agree well.

Our next task is to perform an FPCA of these data by fitting the model (9) using
both MPACE and UPACE approaches. The smoothing is performed using gam function in
mgcv package of R as described in the simulation section. The resulting mean functions are

displayed in Figures 1 and 3. The FPCA yields the following estimates for the number of
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FPC needed to explain at least 99% of variability, eigenvalues, and error variances:
K = 3,(M, Ao, Ag) = (97.33,23.80,6.11), (72, 72) = (2.64,2.32), for MPACE,

K =4, (A1, Ao, Az, Ag) = (102.43,12.28,7.61,1.27), (72,72) = (2.61,2.34), for UPACE.
MPACE requires one fewer FPC than UPACE but both yield similar estimates for the error
variances. Figure 4 presents the estimated eigenfunctions. Ignoring a sign flip as the FPC are
unique only up to a sign change, we see that the first three eigenfunctions for caliper and the
first two eigenfunctions for DEXA from the two approaches are quite similar. The resulting
estimates of standard deviation functions and correlation function for caliper and DEXA are
displayed in Figure 3. The standard deviation functions estimated by MPACE and UPACE
are somewhat similar, with the function exhibiting a decreasing trend for caliper and an
increasing trend for DEXA. However, the two correlation functions seem quite different. In
particular, the UPACE estimate shows a decreasing trend throughout, whereas the MPACE
estimate shows an initial decreasing trend with minima at age 14, followed by an increasing
trend. The latter pattern is consistent with the trend of correlation associated with the
scatterplots in Figure 2. Therefore, we use MPACE for rest of the analysis here.

We now proceed as described in Section 4 to compute interval estimates for measures
of similarity and agreement using Q = 500 bootstrap resamples. The estimate and 95%
simultaneous confidence band for mean difference (caliper — DEXA) are displayed in Fig-
ure 3. The estimate increases from 1 around age 11 to about 3 around age 13, then starts to
decrease and falls slightly under zero around age 15, and then increases to about 0.5 around
age 17. The band lies above zero over the age interval from 11.5 to 14.5. The estimate and
95% confidence interval for precision ratio (caliper over DEXA) are 1.14 and (0.60, 2.57), re-
spectively. Taken together, these findings indicate that the methods have the same precision
but their means are not the same. Hence the methods cannot be regarded as similar.

For agreement evaluation, Figure 5 presents estimates and 95% one-sided simultaneous

confidence bands for CCC and TDI (with pg = 0.90) functions. A lower band for CCC and
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an upper band for TDI are presented. The pattern of increase and decrease of TDI estimate
broadly resembles that of the mean difference function in Figure 3. This indicates that the
agreement between the methods is best in the beginning. Then, it becomes progressively
worse as age increases to about age 13.5, starts to get better till about age 14.5, and gets
progressively worse thereafter. The same conclusion can be reached on the basis of CCC
also. The TDI upper bound ranges between 6.78 and 9.64 and the CCC lower bound ranges
between 0.22 and 0.60. Based on these values, the methods cannot be considered to agree
well. It is also clear from the similarity evaluation that this lack of agreement is primarily
due to a difference in the means of the two methods. These conclusions are consistent with

other analyses of these data reported in [8, 21, 23].

7 Summary and Discussion

To summarize, this article discusses modeling and analysis of functional data arising in a
method comparison study. The methodology involves representing the data using a trun-
cated Karhunen-Loeve expansion. The unknowns in the model are estimated using two
approaches—MPACE and UPACE, both adaptations of existing methods for FPCA of mul-
tivariate functional data observed with noise. Confidence intervals for measures of similarity
and agreement, obtained by bootstrapping, are used to evaluate similarity and agreement of
the measurement methods. A separate FPC decomposition is obtained for each bootstrap
resample. Therefore, the variability due to FPC decomposition is also accounted for in the
confidence intervals. Although both MPACE and UPACE often have comparable perfor-
mance, there is evidence in both simulation studies and real data analysis that sometimes
MPACE works better than UPACE. Here we use splines for smoothing involved in estima-
tion. However, any other smoothing method can also be used without affecting the general

methodology. No parametric assumption is required unless the inference on TDI is needed
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in which case normality is assumed for scores and errors.

This article takes a multivariate FPCA approach to model the data. Given that the
mixed-effects models are common for modeling univariate method comparison data [6, Chap-
ter 3|, an alternative would be to take a functional mixed-effects model approach. For exam-
ple, Zhou et al. [24] use this to model dependence in paired functional variables. However,
this methodology is difficult to implement, especially since no computer program is publicly
available to fit their model. Although our methodology works for both dense and sparse
functional data, it assumes that observations from all methods are available at each obser-
vation time. But this assumption is restrictive. For example, it does not hold for the body
fat data. However, it may be possible to relax this assumption. Further research is needed
to explore these directions.

Software in the form of R code, together with illustration and documentation, is available

at http://www.utdallas.edu/~pankaj/.
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Appendix A. Two approaches for parameter estimation

This appendix describes two approaches based on FPCA for estimating components of @
besides the mean functions. Estimation of mean function was discussed in Section 3.1. Both

use the centered data Y;(tg), i = 1,...,n as input.

A.1 Approach 1 (MPACE)

This approach is an adaptation of the PACE methodology for univariate functional data
[14, 15] to deal with multivariate functional data. A similar approach has been used by

Chiou et al. [4] for normalized functional data. It involves the following steps.

1. Compute the sum of products > , Yi(to)ﬁ?? (to) using only the non-missing observa-
tions in Y;(to). Divide each element of this JN; x JNy matrix by the corresponding
number of non-missing terms contributing to the sum. This divisor is n for a balanced
design. If at least two observations are available at each t € ty, we may subtract 1

from the number of non-missing terms contributing to the sum and use that as the
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divisor. Denote the resulting matrix as V. It has a block structure,

V11 V1J

where each of the submatrices is a Ny x Ny matrix and Vj; = Vlfg-, j # 1. By con-
struction, there is no missing entry in this matrix. The elements of V;; provide a raw
estimate of the autocovariance function Gj;(s,t) + 771(s = t) of Yj(t) for s,t € to,
see (5). Likewise, the elements of V;; provide a raw estimate of the cross covariance

function Gj;(s,t), given by (3), for s,t € t,.

. Perform bivariate smoothing of the off-diagonal elements of V;, separately for each
J, to obtain preliminary smooth estimates of the functions G,;(s,t). Evaluate the

estimated functions at s,t € ty to get Ny x Ny matrices \ijj, g=1,...,J.

. Perform bivariate smoothing of the elements of V;, separately for each (j,[) pair with
[ > j, to obtain preliminary smooth estimates of the functions Gj;(s,t). Evaluate the

estimated functions at s,t € ty to get Ny x Ny matrices \7]-;, Il>5=1,...,J.

. Compute the JNy x JN, matrix V, an analog of V, by replacing V;; on the diagonal,
V;; above the diagonal, and V;; below the diagonal of V with ij, le, and VjTl,

respectively.

. Use a quadrature rule (e.g., the trapezoidal rule) that approximates an integral fT f(t)dt
as Zf]v:ol w, f(tog), where the quadrature points to1, . .., ton, are the elements of tg, to
get the associated weights wy, ..., wy,. Form a JNy x J Ny diagonal matrix W with the
entire set of weights (wy, ..., wy,) repeated J times as the diagonal elements. Compute

the JNy X JNp matrix U = W/2VW1/2,
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6. Perform a spectral decomposition of U to get the eigenvalues A, and the corresponding
J Ny x 1 orthogonal eigenvectors ug, k = 1,..., JNy. Replace any negative eigenvalues,
which may possibly be nearly zero, with zero. Choose K as the smallest number of
eigenvalues for which (Zk L/ S )\k) > 7, where 7 is a specified lower bound
on the proportion of total variability in the observed curves to be explained by the
principal components. Compute the vectors ¢, (tg) = W12y, for k= 1,..., K. The
eigenvalues A provide the estimated score variances and the corresponding vectors
& (t0) = (q?)zl (to),- .-, g;sz(to))T provide values of the estimated eigenfunctions ¢y (t),

g=1,...,J fort € t,.
7. Compute a revised estimate of the covariance functions in (3) as

K
ZS\ Ak] kl t), j,l:L...,J; s,t € ty. (AQ)
k=1

8. For j =1,...,J, compute %jz by subtracting ij(t,t) given above from the diagonal
clements of Vj;—given by (A.1) and which estimate Gj;(t,t) + 77—for t € to and
combining the differences to form a single number. One way to accomplish this is to
proceed along the lines of the implementations of the PACE methodology in R packages

MFPCA and refund [16, 17]. For this, define an interval 7* C T as
T* = [mln{t c to 0t Z t01 + (tONO - t01)/4}, max{t € t() 0t S tONo - (tONo - t01)/4}],

and let | 77| be its length. Also let #j;, ..., ¢, be those elements of to that also lie in
T*. Corresponding to each tj , there is a diagonal element of matrix Vj; in (A.1), say,
Vjj (tgq). Then, as in Step 5, let w, ..., wf, be the weights associated with a quadrature

rule that takes ¢, ..., ¢ as the quadrature points. Finally, take

Q
1 .
~2 * * * *
Tj = 17| qu (Ujj(th) - ij(thvth)> )
q=1
provided it is positive, otherwise take it to be zero. This is the estimate we use here.

An alternative is to proceed as in Goldsmith et al. [15] and use the average difference
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between v;;(t) and Gj;(t,t) computed over the middle 60% of the grid to. In either
case, some observation times from the two ends of ty are discarded to improve stability

of the estimate.

9. Estimate the score vector &, by its estimated best linear unbiased predictor under

model (11),
T s A aT 51 .
The estimated matrices here are plug-in estimates of their population counterparts.

The matrix V in Step 4 is not guaranteed to be positive definite. Therefore, we may
replace it by its nearest positive definite approximation, computed using the nearPD function
in R package Matrix [25] which implements the algorithm of Higham [26], before continuing
with the rest of the steps. This variant of the algorithm is evaluated using simulation in

Section 5.

A.2 Approach 2 (UPACE)

This approach is a special case of a general approach for multivariate FPCA proposed
by Happ and Greven [5]. In our adaptation here, it begins with the centered data Y (to),

1 =1,...,n and involves the following steps.

1. Use the PACE methodology [14] to perform univariate FPCA of data from each mea-
surement method separately. This effectively amounts to considering data from one
measurement method at a time, assuming a model for it similar to (9) that is based on a
univariate Karhunen-Loeve expansion, and fitting the model by applying the algorithm
of the previous section by suitably modifying it. Suppose for data from measurement
method 7 = 1,...,J, this results in K@ as the smallest number of principal compo-

nents explaining at least a specified proportion 7¥) of variability: (}bgj) (to) as the Ny x 1
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vector of values of the kth estimated eigenfunction for ¢t € to, k = 1,... ,f( @), 720)
as the estimated error variance; and éij) as the K ; X 1 vector of estimated scores for
the ith subject. Note that the corresponding true scores have expectation zero and we
have a total of K+ = KO + . 4+ K() estimated univariate scores for each subject.
The 720) resulting from this univariate FPCA also estimate the error variances in ),

ie, 77 =720 j=1,..J.

. Arrange the univariate scores as a n x K matrix 2 where

~()T ~ ()T
'3 '3
(T AT
£, &,

T

and form their K™ x K covariance matrix Z =2 Z/(n — 1).

. Perform a spectral decomposition of Z to get the eigenvalues A, and the corresponding
K* x 1 orthogonal eigenvectors zy, k = 1,..., K. Replace any negative eigenvalues,
which may possibly be nearly zero, with zero. Choose K as the smallest number of
eigenvalues for which (Zle A/ ZkK; Ar) > 7w, where 7 is a specified lower bound on
the proportion of variability explained. By construction, K < K*. These K and ),

estimate the corresponding components K and A\, of 6.

.Fork=1,... ,K, represent the Ktx1 eigenvector z as z, = (z,(gl)T, e ,z,gJ)T)T, where
zg) is a K@ x 1 vector with elements z,(jl) ey z]g%(j), j=1,...,J. Estimate the values

of the eigenfunction ékj(t) in O for t € ty as the Ny x 1 vector

s (to) = (61 (o), it (60))2.

. Take éi, the estimated score vector in the model (11), as the ith row of the n x K

matrix E(zi, ..., 2z).
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To conclude, both MPACE and UPACE approaches provide estimates of all the compo-
nents of @ except the mean functions whose estimation was discussed in Section 3.1. They
also provide estimates of the multivariate scores in the model (11). In applications, MPACE
involves choosing only one proportion of variation explained— for multivariate data. On
the other hand, UPACE involves choosing .J + 1 such proportions—7™®, ..., 7)) for univari-
ate data and 7 for multivariate data. In practice, such proportions are taken to be large,
e.g., between 0.95 and 0.99. The specific choice will depend on the application and can be
guided by a scree plot [1, Chapter 8]. We have chosen 0.99 in this work. A variant of the

UPACE algorithm with 7) =1 for j = 1,..., J is evaluated using simulation in Section 5.
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Figure 1: The individual profiles of percentage body fat measurements (in grey) for the two
methods superimposed with estimated mean functions (in black).
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Figure 2: Scatterplots of percentage body fat measurements at ages t = 12,13, ..., 16 years.
To draw these plots, the ages have been rounded to the nearest integer.
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Figure 3: The estimated mean, standard deviation, correlation, and mean difference func-
tions for the two methods for percentage body fat data. The bottom right panel also shows
a 95% simultaneous confidence band for the mean difference function.
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Figure 4: Estimated eigenfunctions for caliper (left panel) and DEXA (right panel) mea-
surements using MPACE (top panel) and UPACE (bottom panel) approaches.
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Figure 5: Estimate of TDI function with pg = 0.90 and its 95% simultaneous upper confidence
band (left) and estimate of CCC function and its 95% simultaneous lower confidence band
(right) using MPACE.
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Table 1: MSEs of estimators of quantities that are free of t and average MSEs of estimators of
quantities that depend on ¢, computed using MPACE (marked as M) and UPACE (marked
as U) approaches, and the ratio of the MSEs (marked as U/M) in case of four designs:
(a) N; = 50 (dense data), (b) N; = 30 (sparse data), (c) N; = 20 (sparse data), and (d)
unbalanced design with mean N; = 20 (sparse data), each with (72, 73) = (2,2).

(a) (b) (c) (d)
n  Quantity M¥ U* U/M ~M* U* U/M ~ M* Uf U/M M* Uf U/M

50  Curves 183 187 1.02 174 180 104 164 173 1.05 165 173 1.05
Scores  9.08 901 099 880 880 1.00 871 878 10l 873 876 1.00

K 1.63 0.70 043 436 163 037 536 211 039 494 1.92 0.39
log(2)  1.94 1.90 098 658 605 092 1568 1359 087 1587 1472 0.93
log(r2) 196 2.00 1.02 622 497 080 1277 1026 080 1078 9.10 0.84
log(r2/72) 3.88 394 1.02 991 996 1.0l 2176 21.30 098 2458 2352 0.96
log(TDI) 253 243 096 407 359 088 509 436 086 511 413 081
Z(CCC) 401 448 112 604 644 107 709 843 119 7.8 951 122

100 Curves 185 1.88 1.01 176 1.82 1.03 167 175  1.05 167 1.74 1.05
Scores  9.00 886 098 88 879 100 865 870 101 876 882 101

K 1.04 086 0.83 464 143 031 6.69 214 032 645 209 0.32

log(r2) 091 091 1.00  3.03 2.8 094 756 7.69 1.02 973 991 1.02
log(r2)  1.05 1.07 1.02 267 240 090 606 552 091 649 564 087
log(2/72) 1.88 1.94 1.03 502 500 100  11.74 1145 097 1431 14.05 0.98
log(TDI) 1.41 148 1.05 181 1.74 096 264 248 094 288 252 0.87
2(CCC) 215 285 133 302 411 136 356 595 167 410 655 1.60

200 Curves 1.88 189 101 178 183 103 169 175 104 168 175 1.04
Scores 920 887 096 885 883 1.00 873 877 100 869 873 1.00

K 043 078 1.82 397 120 030 669 187 028 632 163 0.26

log(r2) 051 052 1.02 157 1.61 1.02 338 350 1.03 362 375 1.03
log(2) 047 051 110 119 1.16 097 262 249 095 299 293 0.98
log(r2/72) 1.03 1.05 1.02 262 265 101 581 596 102 597 58 098
log(TDI) 0.70 0.83 1.20 101 109 108 146 149 102 147 149 1.01
Z(CCC) 113 197 1.74 170 312 184 215 480 224 196 463 237

*For all quantities except the curves, scores, and K, the entries represent 10 x MSE.
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Table 2: MSEs of estimators of quantities that are free of t and average MSEs of estimators of
quantities that depend on ¢, computed using MPACE (marked as M) and UPACE (marked
as U) approaches, and the ratio of the MSEs (marked as U/M) in case of four designs:
(a) N; = 50 (dense data), (b) N; = 30 (sparse data), (c) N; = 20 (sparse data), and (d)
unbalanced design with mean N; = 20 (sparse data), each with (72, 73) = (4,4).

(a) (b) (c) (d)

n  Quantity M¥ U* U/M ~M* U* U/M ~ M* Uf U/M M* Uf U/M
50  Curves 366 3.74 1.02 348 360 103 333 349 1.05 334 350 1.05
Scores 875 876 1.00 870 877 101 878 885 10l 871 882 101

K 390 143 037 576 217 038 582 188 032 539 179 033
log(t2) 235 227 097 472 439 093 990 922 093 883 875 0.99
log(2) 172 1.74 101 516 433 084 851 7.15 084 1052 870 0.83
log(r2/72) 424 427 101 864 852 099 1628 1638 1.0l  17.34 17.06 0.98
log(TDI) 1.85 1.70 092 278 238 086  3.68 283 0.78 354 309 0.87
Z(CCC) 268 333 124 407 490 121 543 673 124 520 658 127

100 Curves 3.70 3.77 102 354 365 1.03 341 354 104 340 353 1.04
Scores 882 881 1.00 881 88 100 866 871 101 867 873 1.0l

K 364 129 035 657 198 030 720 205 029  7.06 206 0.29

log(2) 110 1.10 1.01  1.97 202 103 406 402 099 435 450 1.04
log(7?) 113 1.07 095 191 171 089 379 363 096 406 3.69 0.91
log(72/73) 220 223 101 317 320 1.01 689 689 100 738 727 0.98
log(TDI) 091 090 099 130 118 091  1.97 1.66 084 201 174 087
2(CCC) 137 220 161 204 382 1.87 291 593 204 307 580 1.89

200 Curves 3.74 378 101 358 366 102 343 355 103 344 355 1.03
Scores 887 879 099 884 885 100 864 871 10l 868 873 1.0l

K 313 103 033 670 1.66 025 848 203 024  7.62 18 024

log(r?) 052 052 1.00 093 098 1.05 201 208 1.03 247 237 096
log(r2) 053 053 101 130 1.16 090 201 209 104 170 1.65 097
log(72/72) 096 098 1.03 202 201 1.00 397 411 104 415 416 1.00
log(TDI) 053 055 1.04 071 073 103 107 105 099 105 105 1.00
2(CCC) 069 152 219 110 3.01 274 144 463 322 155 494 3.19

*For all quantities except the curves, scores, and K, the entries represent 10 x MSE.
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Table 3: Estimated coverage probabilities (in %) of 95% confidence intervals for error vari-
ances and their ratio in case of four designs: (a) N; = 50 (dense data), (b) N; = 30 (sparse
data), (¢c) N; = 20 (sparse data), and (d) unbalanced design with mean N; = 20 (sparse
data).

(71, 73)

(2,2) (2,4) (4,4)

Method n ¢ (a) (b) (¢) (d) @) () () d (& () (¢ (d

MPACE 50 ¢ 97.3 943 957 97.3 95.7 96.0 96.0 93.3 95.7 977 957 97.7
3 97.0 96.7 96.3 97.7 96.0 97.0 97.0 973 97.7 977 97.7 953
ri/m3 98.0 97.0 97.7 97.3 95.0 97.0 96.7 96.0 96.7 97.0 95.7 95.7

100 72 980 93.0 96.7 96.7 97.7 96.7 96.3 95.0 96.3 973 97.7 96.7
3 97.3 96.0 96.7 95.7 97.0 96.3 97.0 97.7 95.7 96.3 98.0 97.0
r2/m3 97.3 96.0 96.3 97.0 96.0 97.0 96.3 96.3 95.3 95.7 97.0 97.7

200 72 963 953 97.3 97.3 96.3 96.0 97.0 96.0 97.0 973 96.0 96.3
3 953 97.3 97.0 95.3 97.3 970 96.7 97.0 94.3 96.7 95.3 96.7
2/m3 950 96.7 97.0 95.7 97.0 94.7 96.7 95.3 97.7 95.7 96.0 97.0

UPACE 50 8 96.3 943 94.0 94.7 95.3 93.7 95.0 923 96.0 96.0 95.3 96.0
3 96.7 96.3 96.0 96.0 96.3 95.7 97.7 96.0 96.7 953 95.7 943
ri/m3 98.0 96.7 97.0 98.0 96.0 96.0 96.0 94.7 96.7 96.3 95.7 96.3

100 72 973 943 96.0 94.3 973 947 96.3 93.0 96.0 97.0 973 94.7
8 977 947 940 95.3 97.0 957 97.0 97.7 95.3 953 98.0 94.7
r2/m3 97.3 97.0 96.7 97.0 97.0 973 96.3 953 96.0 96.7 97.0 98.0

200 712 973 95.7 97.0 94.7 95.7 947 95.7 953 97.3 96.7 96.0 97.0
2 943 96.3 953 94.0 96.0 96.0 95.0 96.3 95.3 96.3 97.0 98.0
2/m3 933 97.0 96.3 96.0 97.0 94.7 95.7 95.7 98.3 953 97.0 96.3
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Table 4: Average estimated pointwise coverage probabilities (in %) of 95% pointwise confi-
dence bands for function that depend on ¢ in case of four designs, (a) N; = 50 (dense data),
(b) N; = 30 (sparse data), (c¢) N; = 20 (sparse data) and (d) unbalanced design with mean
N; = 20 (sparse data).

(71, 73)
2,2) (2,4) (4,4)

no @) (@ () () (4 (@ G () d @ O () ()

MPACE 50 971 968 965 963  97.3 966 97.3 953  96.6 960 96.1 96.6
pe 963 951 96.0 96.7 962 96.6 97.5 96.6  96.3 96.1 96.6 97.1

§ 966 947 962 961 960 959 96.5 957 965 952 955 96.1

TDI 941 934 931 929 951 954 946 947 958 953 048 946

CCC 954 956 949 953 955 952 942 952 961 950 951 95.4

100wy 960 972 964 96.7 973 973 975 97.2 972 969 969 964
te 961 96.6 96.1 96.3 97.1 970 97.0 97.6 96.1 96.9 97.0 96.2

d 96.3 95.8 96.7 96.6 96.2 97.0 96.3 96.9 97.1 96.3 96.6 95.8

TDI 949 954 946 94.2 96.5 95.3 946 94.1 96.2 954 944 94.6

CCC 959 956 955 96.4 955 95.8 95.7 95.3 96.0 96.5 959 95.8

200 p1 963 969 972 96.8 974 972 96.8 96.8 96.3 972 97.7 97.3

te 955 96.9 96.2 97.3 96.2 97.5 964 97.2 96.8 974 97.6 97.0

) 95.6 96.2 958 96.9 95.8 96.4 96.0 96.5 95.9 964 96.7 96.7

TDI 96.7 959 96.1 95.8 96.8 96.7 95.7 96.0 97.0 96.5 96.5 96.1

CCC 956 949 96.1 95.9 96.0 95.8 95.8 95.2 95.8 95.5 95.1 95.9

UPACE 50 w971 96.8 96.5 96.3 973 96.6 97.3 95.2 96.6 96.0 96.1 96.6
pe 963 951 96.0 96.7 96.2 96.6 97.5 96.6 96.3 96.1 956 97.1

o 96.6 94.7 96.2 96.1 96.0 959 96.5 95.7 96.5 95.2 955 96.1

TDI 91.7 91.3 91.0 914 93.3 929 93.3 93.2 94.3 939 93.6 93.8

CCC 971 98.7 97.8 985 97.7 99.0 98.0 99.0 98.5 99.1 98.8 99.3

100 w960 97.2 964 96.7 97.3 973 975 97.2 97.2 969 96.9 96.4
pe 961 96.6 96.1 96.3 97.1 97.0 97.0 97.6 96.1 96.9 97.0 96.2

) 96.3 95.8 96.7 96.6 96.2 97.0 96.3 96.9 97.1 96.3 96.6 95.8

TDI 93.7 93.2 93.6 93.0 942 94.0 93.7 934 95.1 94.7 944 94.2

CCC 96.5 984 97.8 98.8 97.3 99.0 98.3 98.7 98.2 99.5 988 99.5

200 w963 96.9 972 96.8 974 972 96.8 96.8 96.3 972 97.7 973
pe 955 969 96.2 97.3 96.2 975 964 97.2 96.8 974 97.6 97.0

] 95.6 96.2 95.8 96.9 95.8 96.4 96.0 96.5 95.9 964 96.7 96.7

TDI 95.0 94.7 945 94.3 95.1 94.5 948 94.0 953 95.1 944 94.6

CCC 964 976 974 979 97.3 98.8 97.8 98.2 98.3 99.2 98.0 99.2
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Table 5: Estimated simultaneous coverage probabilities (in %) of 95% simultaneous confi-
dence bands in case of four designs, (a) V; = 50 (dense data), (b) N; = 30 (sparse data), (c)
N; = 20 (sparse data) and (d) unbalanced design with mean N; = 20 (sparse data).

(r,75)

2,2) (2,4) (4,4)
noP) (&) () (¢ (d @ (b)) () d (3 (b)) (o (d)
MPACE 50 g 957 950 943 943 953 947 047 937 950 947 940 94.0
pe 950 947 940 933 950 937 96.7 943 950 947 93.7 95.0
§ 947 943 943 933 947 940 943 937 947 940 940 933
TDI 90.0 89.3 883 883  91.0 917 90.0 90.7 933 93.0 92.7 92.7
CCC 93.0 947 920 9L7 940 91.0 910 927 947 93.0 93.7 92.7

100 g 957 96.0 953 94.3 96.0 96.7 953 95.7 95.7 95.0 953 95.3
pe 963 947 940 94.7 94.0 94.7 96.0 95.7 94.7 957 943 93.3

) 95.3 94.7 94.0 93.0 943 94.7 93.7 93.3 94.7 93.7 933 93.3

TDI 927 93.0 91.7 91.3 93.3 927 927 91.7 93.7 923 91.3 92.0

CCC 95.0 933 92.0 94.7 94.3 94.0 953 95.3 95.3 94.3 93.7 94.3

200 w1 953 96.7 95.7 95.3 95.7 95.3 95.0 94.0 95.3 95.0 95.0 95.3

te  95.0 96.0 94.7 94.0 95.3 95.3 94.7 95.7 95.3 947 94.7 947

) 94.3 957 94.7 93.7 95.0 95.0 94.3 94.7 95.3 943 94.0 94.7

TDI 94.0 93.7 94.0 93.3 94.7 94.3 93.7 94.0 95.0 94.3 94.3 94.0

CCC 94.3 927 93.0 94.3 96.0 94.0 95.7 94.7 95.3 93.3 953 95.3

UPACE 50 pmr 957 95.0 940 94.3 95.3 94.3 94.7 94.0 95.0 94.7 94.0 94.0
te  95.0 94.7 94.0 93.3 95.3 94.0 96.3 94.7 94.7 947 93.7 953

) 94.7 94.3 943 93.3 94.7 94.0 94.3 93.7 95.0 94.0 94.0 93.3

TDI 88.3 87.7 87.3 87.3 89.3 88.0 88.7 89.3 90.7 90.0 89.0 89.3

CCC 943 97.0 96.0 96.7 97.0 99.0 97.3 98.7 98.7 98.7 97.7 98.3

100 w957 96.0 953 94.3 96.3 97.0 95.3 95.7 95.3 953 95.3 95.7
e 953 95.0 94.0 94.7 94.0 94.7 96.0 95.3 94.7 957 943 93.3

) 95.0 94.7 94.0 92.7 94.3 94.7 93.7 93.7 95.0 93.7 93.7 93.3

TDI 89.7 89.3 89.7 89.0 90.3 90.3 89.3 89.0 91.0 90.7 90.3 90.3

CCC 94.0 973 943 96.3 94.7 99.3 953 97.7 94.7 99.3 97.7 99.7

200 w953 96.3 95.7 95.3 96.0 953 953 93.7 95.7 95.0 95.0 95.3
pe 947 95.0 947 94.0 95.0 953 943 95.3 95.3 94.7 947 94.3

] 943 947 943 93.7 95.0 95.0 943 94.7 95.3 94.0 943 94.3

TDI 91.3 91.0 91.3 90.7 91.3 90.7 91.0 90.3 92.0 91.7 90.3 90.7

CCC 94.3 933 93.0 93.7 94.7 957 943 94.3 94.7 94.7 95.7 95.0
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Supplemental Material for “Modeling and Analysis of
Functional Method Comparison Data” by
Galappaththige S. R. de Silva, Lasitha N. Rathnayake
and Pankaj K. Choudhary

1 An Additional Simulation Study

In this section, we report results of a limited simulation study to evaluate the impact of
non-normality. The setup here is exactly the same as in Section 5 (Simulation Study) of
the main article with the exception that the scores &;; are now simulated as scaled log-
normal variates, specifically, &i/vAx ~ LN (0, 1), instead of & /v A ~ N (0, 1), introducing
skewness in the true data generating model. The model assumed for the data is same as
before. This change necessitated dropping TDI from consideration as its definition is tied
to normality; computing true values for mean, variance, and covariance functions of X (t)
and X,(t) assuming log-normality of the scores; and using these true values instead of j;(t)
and Gji(s,t), 7,1 = 1,2 computed assuming normality while computing true values of the
parameter functions that involve these moments, such as the CCC. Supplemental Tables 1-3
present the results for (72, 73) = (4,4). The corresponding results under normality appear
in Tables 2-5 of the main article.

From Supplemental Table 1, we see that the impact of non-normality on the MSE of a
point estimator depends on n, the design, and the parameter. For example, the MSE of
estimator of K decreases while those of z(CCC) and scores show substantial increase for
all designs. A substantial increase is seen for other quantities as well but only for designs
(b)-(d), not (a). Much of the increase in the MSEs may be driven by an increase in the
biases of the estimators. The impact on the coverage performance of interval estimators
also depends on n and the design but not so much on the parameter. The new coverage
probability estimates in Supplemental Tables 2 and 3 are generally less than before and
the new entries tend to decrease with increase in design sparsity. Nevertheless, the interval
estimators for all quantities may be considered to have acceptable accuracy for n > 50 in
case of design (a) and for n > 100 in case of the other designs. Thus, on the whole, we may
conclude that the skewness in the data generally increases the MSE of point estimators but
the interval estimators continue to have acceptable accuracy with n > 100.

2 Analysis of Body Temperature Data

In this section, we proceed along the lines of Section 6 in the main paper to analyze the body
temperature data. These data from Li and Chow [1] were collected in a study at the Noll
Physiological Research Center of the Pennsylvania State University. The variable of interest
here is the core body temperature, which is relatively unaffected by the environmental tem-
perature under normal circumstances. The study was conducted in a chamber set at 36 °C.
Each of n = 12 study subjects repeated 3 cycles of 10-minute rest followed by 20-minute
exercise. For each subject, core body temperature (°C) was measured every minute over a
period of 90 minutes at esophagus and rectum. These locations are the two “measurements



Supplemental Table 1: MSEs of estimators of quantities that are free of ¢t and average MSEs
of estimators of quantities that depend on ¢, computed using MPACE (marked as M) and
UPACE (marked as U) approaches, and the ratio of the MSEs (marked as U/M) in case of
four designs: (a) IV; = 50 (dense data), (b) N; = 30 (sparse data), (¢) N; = 20 (sparse data),
and (d) unbalanced design with mean N; = 20 (sparse data), each with (72, 7%) = (4,4).

(a) (b) (©) (d)
n  Quantity — M* U*  U/M M* U*  U/M M* U*  U/M M* U* U/M
50 Curves 3.70 378 1.02 3.70 381 1.03 3.54 3.67 1.04 3.62 374 103
Scores 71.15 76.34 1.07 62.85 64.42 1.02 61.71 62.74 1.02 60.84 61.33 1.01
K 047 0.19 0.40 196 0.82 042 2.93 1.33 045 227 143 0.63
log(7%) 2.04 255 1.06 36.89 37.94 1.03 52.72  60.67 1.15 99.42 107.83 1.08
log(73) 225 239 1.07 21.47 22.72 1.06 35.69 29.82 0.84 47.03 50.05 1.06
log(t2/72) 4.34 4.36  1.00 29.72 28.24 0.95 101.53 94.51 0.93 61.52 54.15 0.88
z(CCC) 50.00 53.19 1.06 49.13 49.33 1.00 50.55 58.73 1.17 51.89 53.40 1.03

100 Curves  3.74 3.81 1.02 3.69 377  1.02 354  3.67 1.04 360 374 1.04
Scores 6845 6845 1.00  60.86 61.04 1.00 61.71 6274 1.02 5519 57.31 1.04

K 0.09 0.08 0.96 166 0.76  0.46 293 133 045 297 160 0.54
log(72) 119 109 092 2231 2351 105 35.57 4289 1.21 4926 5524 1.12
log(72) 110 125 114 1643 17.40 1.06 19.91 20.86 1.05  17.85 21.57 121
log(T2/72) 2.09 215 103  17.07 16.73 0.98 4213 39.01 093 2325 2159 0.93
2(CCC) 3806 40.56 1.07 3082 31.95 1.04 34.83 3725 1.07  39.08 4180 1.07

200  Curves 3.76  3.83 1.02 3.67  3.76 1.02 3.52  3.65 1.04 3.55 364 1.03
Scores 65.95 65.00 0.99 64.42 64.01 0.99 67.94 68.77 1.01 67.96 67.62 1.00
K 0.01 0.02 1.67 143 059 041 3.1 1.35 0.44 287 1.63  0.57

log(2) 0.65 0.70 1.07 17.72 19.02 1.07 34.15 3736 1.09 2545 30.73 1.21
log(73) 059 0.67 1.13 10.84 11.55 1.07 19.39  20.13 1.04 16.73 21.58 1.29
log(t3/72) 1.07 115 1.08 11.96 11.82 0.99 25.75 24.03 0.93 14.34 1470 1.02
2(CCC) 23.61 26.02 1.10 22.36 21.37 0.96 20.67 24.02 1.16 26.11 3270 1.25

*For all quantities except the curves, scores, and K, the entries represent 10® x MSE.




Supplemental Table 2: Estimated coverage probabilities (in %) of 95% confidence intervals
for error variances and their ratio in case of four designs, (a) N; = 50 (dense data), (b)
N; = 30 (sparse data), (c) N; = 20 (sparse data) and (d) unbalanced design with mean
N; = 20 (sparse data), each with (77, 73) = (4,4).

n v (a) (b)) (o) (d)

MPACE 50 2 930 93.0 927 917
72933 920 933 920

72/72 943 947 93.7 93.7

100 77 943 943 93.0 923
3 943 933 93.0 92.7
2/ 95.0 953 94.0 94.3

200 72 957 947 943 94.3

72 950 947 95.0 94.0

72/72 950 96.0 95.7 95.7

UPACE 50 2 933 92.0 91.0 917
72937 923 92.0 91.0

T2/72 947 933 93.7 937

100 77 94.0 94.0 92.7 92.0
2 95.0 933 93.0 92.3
2/m3 953 95.0 94.0 93.7

200 712 950 94.0 93.7 93.3
3 94.0 943 947 93.3
T2/r3 94.0 943 94.7 94.7




Supplemental Table 3: Average estimated pointwise coverage probabilities (in %) of 95%
pointwise confidence bands and estimated simultaneous coverage probabilities (in %) of 95%
simultaneous confidence bands for function that depend on ¢ in case of four designs, (a)
N; = 50 (dense data), (b) N; = 30 (sparse data), (c) N; = 20 (sparse data) and (d)
unbalanced design with mean N; = 20 (sparse data), each with (77, 75) = (4,4).

Pointwise Simultaneous
n Y(t) (&) (b)) (¢ (d) (&) () (¢ (d)
MPACE 50 E[Y1(t)] 949 944 93.2 93.5 92.7 923 91.0 91.3
E[Y5(t)] 94.1 944 93.0 93.9 91.3 923 91.0 91.0
ElYi(t)] — E[Y5(t)] 95.3 954 94.3 94.3 94.0 93.3 92.7 92.0
CCC(t) 94.4 94.8 94.2 93.2 92.3 923 92.7 91.7
100 E[Y1(t)] 96.2 95.7 95.2 94.1 95.3 94.0 93.0 92.3
E[Y5(t)] 96.6 954 95.0 94.3 95.0 94.3 93.0 92.0
E[Yi(t)] — E[Y2(t)] 96.6 955 95.1 95.3 95.3 94.0 93.7 93.7
CCC(t) 95.1 955 94.3 94.5 94.3 93.7 93.0 93.3
200 E[Y1(t)] 96.8 96.9 96.4 96.7 95.0 95.3 94.7 94.7
E[Y5(t)] 96.8 974 954 95.9 95.3 95.3 94.0 94.0
E[Yi(t)] — E[Y2(t)] 96.9 97.1 96.1 95.4 95.3 95.3 94.0 94.3
CCC(t) 96.7 96.1 95.7 95.0 95.3 94.3 93.7 94.0
UPACE 50 E[Y1(t)] 949 944 93.2 93.5 93.0 92.3 91.3 91.3
E[Y5(t)] 94.1 94.4 93.0 93.9 91.3 92.7 91.0 91.0
E[Y1(t)] — E[Y2(t)] 95.3 954 94.3 94.3 93.7 92.3 92.7 92.0
CCC(t) 94.0 94.5 95.1 94.9 92.0 92.0 93.0 92.3
100 E[Y1(t)] 96.2 95.7 95.2 94.1 95.3 93.7 93.0 92.3
E[Y5(t)] 96.6 954 95.0 94.3 95.0 94.3 93.0 92.0
E[Yi(t)] — E[Y2(t)] 96.6 955 95.1 95.1 95.7 94.0 93.7 94.0
CCC(t) 94.6 94.7 94.5 94.2 93.7 93.7 93.0 93.3
200 E[Y1(t)] 96.8 96.9 96.4 96.7 95.3 95.0 94.7 94.7
E[Y5(t)] 96.8 96.8 954 95.9 95.3 94.7 94.7 94.0
E[Yi(t)] — E[Y2(t)] 96.8 97.1 96.1 95.4 95.3 95.3 94.0 94.3
CCC(t) 95.6 95.0 944 94.5 94.3 93.7 92.7 93.0




methods,” and they are called “Tes” and “Tre,” respectively. These are dense functional
data. It is known that Tre has a slower response time than Tes to body temperature changes
during short durations. Our interest is in evaluating agreement between the two methods.
See Li and Chow [1] for further details of the study.

Supplemental Figure 1 displays the observed curves separately for each method. Also
superimposed on the curves are their smoothed mean functions. The body temperature
is expected to increase during the exercise periods and decrease during the rest periods.
Although this effect can be seen in the curves for both methods, the effect is less prominent
for Tre because of its slower response time than Tes. The two mean functions clearly appear
different. Supplemental Figure 2 presents scatterplots of the data together with the line
of equality at ¢t = 10, 30, 40,60, 70,90 minutes. These times correspond to the end of the
rest and exercise periods in the three cycles. The measurements range between 36.5 and
38.5. The curves for both measurement methods show a general upward trend. There is
periodicity in the curves due to the three cycles of rest and exercise periods. The periodicity
is more prominent for Tes curves than Tre curves. The Tre measurements are almost always
a bit higher than the corresponding Tes measurements. The methods appear moderately
correlated at these times, with sample correlations ranging between 0.75 and 0.93. The
agreement between the methods is less than perfect because in that case all points in the
scatterplot would fall on the line of equality. On the whole, there is a small but persistent
difference in the measurement methods.

Next, we fit the model given by equation (9) in the main paper using both MPACE
and UPACE approaches. As before, the smoothing is performed using gam function in
mgcv package of R with default settings. The two smoothed mean functions are displayed
in Supplemental Figure 3. Both functions have overall increasing trends—the Tes mean
increases from 37.2 at t = 1 to 37.7 at t = 90, and the Tre mean increases from 37.4 to 38.0
over the same period. The Tre mean lies above the Tes mean throughout. The two functions
also appear different. The Tes mean exhibits a marked cyclical behavior that more or less
coincides with the cycles of rest and exercise periods in the experiment. In particular, in
each cycle, the Tes mean tends to decrease during the rest period and increase during the
exercise period. Although the times of troughs and peaks do not correspond exactly to the
end of rest and exercise periods, their discrepancy is small. In contrast, the cyclical behavior
of the Tre mean function is less apparent. It tends to increase during the exercise period but
it does not decrease as much as the Tes mean during the rest period. This difference in the
means may be explained by the slower response time of Tre than Tes to body temperature
changes during short durations.

The next step in model fitting is to perform an FPCA of these data. The respective
estimates of the number of FPC needed to explain at least 99% of variability in the observed
curves, eigenvalues, and error variances computed using MPACE are:

K =6, (A1, Aa, A3, Aa, As, Ag) = (14.29,1.15,0.60,0.22,0.11, 0.07), (72, 73) = (6.3,1.4) x 1072,
The same estimates using UPACE are:

A

K =5, (A1, Aay A3, Aa, As) = (14.28,1.13,0.59,0.20,0.10), (72, 72) = (6.5,1.4) x 1073,
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Supplemental Figure 1: The observed individual core body temperature curves (in grey)
for the two methods superimposed with estimated mean functions (in black). The vertical
broken lines at ¢ = 10,40, 70 mark the beginning of the 20-minute exercise period within
each cycle, and those at ¢ = 30, 60,90 mark its end. A 10-minute rest period precedes each
exercise period.
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Supplemental Figure 2: Scatterplots of body temperatures from two methods at ¢t =
10, 30, 40, 60, 70,90 minutes. These time points mark the end of the 10-minute rest period
and the 20-minute exercise period for each of the 3 cycles.
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Supplemental Figure 3: The estimated mean, standard deviation, correlation, and mean
difference functions for Tre and Tes methods. The bottom right panel also shows a 95%
simultaneous confidence band for the mean difference function.



Compared to MPACE, UPACE selects one fewer FPC and its eigenvalues are slightly smaller.
On the whole, however, the two sets of estimates are quite similar. Supplemental Figure 4
presents the estimated eigenfunctions for Tes and Tre temperatures (qgkj, E=1,.. .,K ,
j = 1,2) using the two approaches. The two sets of first five eigenfunctions are similar
(ignoring the sign flip for the first component). The eigenfunctions for both temperatures
exhibit trend and cyclical behavior. To try to gain further insights, let us focus on UPACE
eigenfunctions and examine their behavior.

Beginning with Tes, we see that @11 does not have a prominent trend, whereas the others
have increasing trends. Likewise, (531 does not have a prominent cyclical behavior, whereas
the others do. Both gzgll and Q;Ql peak near the middle of the exercise periods and trough near
the end of the rest periods. The times of peaks and troughs for Qg41 are swapped with those
gZA>11 and cgzl, ie., g£41 peaks near the end of the rest periods and troughs near the middle of
exercise periods. The function $51 peaks the near the middle of the rest periods and troughs
near the middle of the exercise periods, and appears to provide a contrast between the two
periods. In case of Tre, q312 has a slight decreasing trend but no prominent cyclical behavior.
However, all others exhibit both trend and cyclical behavior. Specifically, QBQQ increases up
to the end of the second exercise period, decreases in the following rest period, and increases
again in the third exercise period. On the other hand, §532 decreases up to the end of the
first exercise period and then starts exhibiting a cyclical behavior like @1, i.e., it peaks near
the end of the rest periods and troughs near the middle of the exercise periods. The function
q£42 behaves like g541 from the beginning; and (;352 is almost like a mirror image of g§42. The
initial trends in g532 and 6542 may be manifestations of the slow response time of Tre to body
temperature changes during short durations.

Supplemental Figure 3 also presents the estimates of standard deviation functions o;(¢)
and correlation function p(t), given by equation (6) in the main paper.Unsurprisingly, both
MPACE and UPACE lead to similar estimates. These functions also exhibit periodicity.
Essentially, the standard deviation functions of Tes and Tre tend to decrease during the rest
periods and increase during the exercise periods. They also cross. There is a downward trend
in the function for Tre, which is absent for Tes. The correlation function ranges between 0.68
and 0.95. It tends to trough during the rest periods and peak during the exercise periods.
Its values match up well with the raw sample correlations shown in Supplemental Figure 2.

Now, we consider evaluation of similarity. Supplemental Figure 3 presents the estimate
and a two-sided 95% simultaneous confidence band for the mean difference function (¢).
These and other interval estimates reported here use ) = 500 bootstrap repetitions. The
estimated mean difference function (Tes — Tre) is negative throughout 7. The entire con-
fidence band lies below zero. The mean difference function does not have any trend but
it varies around —0.25 in a cyclical manner. It tends to decrease during the rest periods
and increase during the exercise periods. In absolute value terms, this means that the mean
difference tends to increase during the rest periods and decrease during the exercise periods.
This cyclical pattern is similar to that of the correlation function. The estimate for precision
ratio 77/7% using MPACE is 4.5 and its 95% confidence interval is (2.2,9.0). These quanti-
ties are estimated as 4.6 and (2.3,9.7), respectively, using UPACE. Although the confidence
intervals are somewhat wide, there is indication that Tre is more precise than Tes. These
findings indicate that, because of the difference in their mean functions and precisions, the
two methods cannot be regarded as similar.
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Supplemental Figure 4: Estimated eigenfunctions for Tes (left panel) and Tre (right panel)
temperatures using MPACE (top panel) and UPACE (bottom panel) approaches.
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Supplemental Figure 5: Estimate of TDI function with py = 0.90 and its 95% simultaneous
upper confidence band (left) and estimate of CCC function and its 95% simultaneous lower
confidence band (right) using MPACE and UPACE approaches.

Next, we consider evaluation of agreement. The probability for TDI is taken as py = 0.90.
Supplemental Figure 5 presents estimates and 95% one-sided simultaneous confidence bands
for CCC and TDI. Lower bands for CCC and upper bands for TDI are presented. Both
MPACE and UPACE lead to similar results. The estimates of both CCC and TDI functions
as well as their confidence bands continue to exhibit the familiar cyclical pattern. On the
basis of both CCC and TDI, we see that the extent of agreement between the methods tends
to decrease during the rest periods and increase during the exercise periods. This cyclical
pattern is similar to the one observed for the mean difference and correlation functions. The
CCC ranges between 0.28 and 0.87 and its lower band ranges between 0 and 0.76. Thus, even
during the exercise periods, the CCC represents a rather weak amount of agreement between
the methods. This finding is consistent with the conclusion of Li and Chow [1]. The TDI
estimate ranges between 0.29 and 0.65 and its upper band ranges between 0.36 and 0.92. The
largest upper bound of 0.95 implies that 90% of differences between Tes and Tre methods
is within +0.95. Thus, if a difference of up to £0.95°C is acceptable for the application at
hand, the methods may be considered to agree sufficiently well for interchangeable use in
that application, but not otherwise. It is also clear from the similarity evaluation that one
reason why the methods do not agree well is that their mean functions differ.
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