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Abstract

We propose a methodology for evaluation of agreement between two methods of

measuring a continuous variable whose variability changes with magnitude. This prob-

lem routinely arises in method comparison studies that are common in health-related

disciplines. Assuming replicated measurements, our approach is to first model the data

using a heteroscedastic mixed-effects model, wherein a suitably defined true measure-

ment serves as the variance covariate. Fitting this model poses some computational

difficulties as the likelihood function is not available in a closed form. We deal with this

issue by suggesting four estimation methods to get approximate maximum likelihood

estimates. Two of these methods are based on numerical approximation of the likeli-

hood and the other two are based on approximation of the model. Next, we extend the

existing agreement evaluation methodology designed for homoscedastic data to work

under the proposed heteroscedastic model. This methodology can be used with any

scalar measure of agreement. Simulations show that the suggested inference procedures

generally work well for moderately large samples. They are illustrated by analyzing a

data set of cholesterol measurements.
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1 Introduction

Hundreds of method comparison studies are published each year in health-related fields such

as medicine, biomedical engineering, medical imaging, nutrition and clinical chemistry. These

studies compare a new cheaper, simpler or less invasive method of measuring a continuous

variable with an established method to see if they have sufficient agreement for interchange-

able use. The methods may be assays, clinical observers, medical devices, etc. The variable

of interest typically has some clinical importance, e.g., concentration of a chemical, blood

pressure, cholesterol level, etc. Each subject in the study is measured at least once by every

method. The statistical methodology for evaluation of agreement in such studies is well

developed for the case when the variability of measurement remains constant over the entire

measurement range. Reviews of the literature on this topic can be found in [1–4].

This methodology generally consists of two steps. The first step is to model the method

comparison data. It is common to use a mixed-effects model [5] assuming normality for both

random effects and errors, and with variances that may depend on the method but remain

constant over the measurement range [6–11]. The second step is to evaluate agreement

between the methods by performing inference on one or more measures of agreement that

quantify how well the methods agree. Essentially good agreement between two methods

means small differences in their measurements. The agreement measures are appropriate

functions of parameters of the model fitted in the first step. A number of such measures are

available in the literature, see [1] for a detailed review.

In practice, the error variances of the methods often depend on the magnitude of mea-

surement [12–14], violating the homoscedasticity assumption of the model. A real example

of this is the cholesterol data from [15]. These data come from a trial involving 100 subjects

in which serum cholesterol (mg/dl) is measured ten times using each of two assays — Cobas

Bio (method 1) and Ekatachem 700 (method 2). The first assay is a Centers for Disease
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Control standardized method serving as a reference, whereas the second assay is a routine

laboratory analyzer serving as a test method. The design of these data is balanced and there

is a total of 100× 2× 10 = 2000 observations. We are interested in quantifying the extent of

agreement between the two assays to see if they can be used interchangeably. Figure 1 shows

a trellis plot of the data. Although there is considerable overlap between the two assays, the

Ektachem measurements tend to be larger and have higher within-subject variation than the

Cobas Bio measurements. Moreover, for both assays, this variation seems to increase with

the magnitude of measurement but it remains substantially lower than the between-subject

variation. There is also evidence of assay × subject interaction. Initially we fit the usual

homoscedastic mixed-effects model — to be presented in Section 2.1 — to these data via

maximum likelihood (ML) using the nlme package [16] in R [17]. Figure 2 shows the resulting

residual plot for each assay. The fan-shaped pattern in both plots confirms that the error

variation of each assay increases with the magnitude of measurement.

Unlike the homoscedastic case, the extent of agreement in the heteroscedastic case is not

constant because it depends on the magnitude of measurement. Thus, if this heteroscedastic-

ity is not taken into account at the data modeling stage, the subsequent agreement evaluation

could be misleading as it would mistakenly treat the agreement measure to be a constant. It

may be possible to remove the heteroscedasticity by a variance stabilizing transformation of

data [13, 14], but a transformation is not always successful. Besides, a transformation other

than log is generally not recommended in method comparison studies because the differences

of the transformed measurements may be difficult to interpret [13].

The goal of this article is to develop a methodology for agreement evaluation when the

error variances of the two methods change with magnitude of measurement. Instead of

removing the heteroscedasticity altogether, we explicitly model it in the data modeling step

using a suitably defined true measurement as the variance covariate [5, ch. 5]. Such a model

is a heteroscedastic mixed-effects model [5, 18]. We then generalize the agreement evaluation
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methodology designed for homoscedastic data to work under this heteroscedastic model. This

methodology can be used with any scalar measure of agreement currently available in the

literature. We assume that the measurements are replicated, i.e., each subject in the study is

measured more than once by every method under identical conditions. However, the design

of the study need not be balanced.

Note that the true measurement in method comparison studies, and hence our variance

covariate, is an unobservable random quantity. This contrasts with variance covariates in

heteroscedastic regression models [19] wherein they are possibly unknown but non-random

quantities. Further, our approach differs from [20] which models differences in unreplicated

measurements from two methods. Here we model all data, not just the differences.

This article is organized as follows. In Section 2, we describe a heteroscedastic mixed-

effects model for method comparison data and discuss its fitting. We also provide tests for

heteroscedasticity in this section. In Section 3, we use simulation to examine properties

of the proposed estimation and testing procedures. In Section 4, we extend the existing

agreement evaluation methodology developed for homoscedastic models to work with the

heteroscedastic model. In Section 5, we illustrate the methodology by analyzing the choles-

terol data introduced earlier in this section. We conclude in Section 6 with a discussion. The

statistical software R [17] has been used for all the computations in this article.

2 A heteroscedastic model for method comparison data

Consider a method comparison data set consisting of Yijk, k = 1, . . . , nij (≥ 2), j = 1, 2, i =

1, . . . ,m, where Yijk is the kth replicate measurement by the jth method on the ith subject.

Here m is the number of subjects in the study and nij is the number of measurements from

the jth method on the ith subject. Let ni = ni1 + ni2 be the total number of measurements

on the ith subject. It is assumed that the multiple measurements on a subject made by
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the same method are replications of the same true underlying measurement. Moreover, the

replicates from the two methods are not paired in that their time ordering is immaterial.

Let Yij be a nij × 1 vector of measurements (Yij1, . . . , Yijnij
) on the ith subject from

the jth method. Also let Y ij =
∑nij

k=1 Yijk/nij be the sample mean of these measurements.

The ni × 1 vector Yi = (Yi1,Yi2) denotes all the data on ith subject, and the 2× 1 vector

Yi = (Y i1, Y i2) denotes the vector of the sample means. All vectors in this article are

column vectors unless specified otherwise. The vectors and matrices are bold-faced. The

transpose of a vector or matrix A is denoted as AT . We will use θ to denote the vector of all

unknown model parameters. We will also use fθ(y1,y2) for joint probability density function

of (Y1,Y2), and fθ(y1|y2) for conditional probability density function of Y1|Y2 = y2.

2.1 A common homoscedastic mixed-effects model

It is common to assume that the method comparison data follow the mixed-effects model:

Yijk = βj + bij + eijk, k = 1, . . . , nij, j = 1, 2, i = 1, . . . ,m, (1)

where βj is the fixed mean of the jth method, bij is the random effect of the ith subject on

the jth method and eijk is the within-subject random error. Let bi = (bi1, bi2) be the 2× 1

vector of random effects of the ith subject. It is assumed that the errors and the random

effects follow mutually independent normal distributions,

eijk ∼ independent N1

(
0, σ2

j

)
, bi ∼ independent N2(0,Ψ), (2)

where Ψ is a 2× 2 positive definite matrix with ψ2
1 and ψ2

2 as diagonal elements, ψ12 as the

off-diagonal element, and ρ = ψ12/(ψ1ψ2) as the correlation. This homoscedastic model has

been used in several articles, including [8, 11, 21].

Let µij = βj + bij be the conditional mean, E(Yijk|bi). It represents the unobservable

“true” (i.e., error-free) measurement of the jth method on the ith subject under model (1).
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The true measurements of the methods may be unequal due to the method × subject inter-

action and a difference in the means. Next, let β = (β1, β2) be the 2× 1 vector of the fixed

means and µi = (µi1, µi2) = β + bi be the 2× 1 vector of the true values.

2.2 The proposed heteroscedastic mixed-effects model

Let v be a variance covariate and vi be its value for the ith subject. To model the error

variation as a function of the magnitude of measurement, we would like v to be the true

measurement. But the absolute truth is not available in method comparison studies. There-

fore, as in [14], one practical alternative is to take vi = µi1 if one of the methods in the

comparison, say, method 1, is an established standard method serving as a reference, oth-

erwise, vi = (µi1 + µi2)/2. In either case, vi is a function of µi, say, vi = h(µi), and is an

unobservable random quantity serving as a proxy for the true measurement.

Next, let g(v, δ) denote a variance function — a function of v describing how the vari-

ation changes with v. This function has a known form but may involve an unknown het-

eroscedasticity parameter vector δ such that g(v, δ) ≡ 1 when δ = 0, corresponding to

homoscedasticity. Some common variance function models include g(v, δ) = |v|δ (power

model), g(v, δ) = δ0 + |v|δ1 (constant plus power model) and g(v, δ) = exp(δv) (exponential

model). See [5, ch. 5] for a discussion of how to choose a variance function model.

We model the variability of errors in (1) as

var(eijk|bi) = σ2
j g

2
j (vi, δj), vi = h(µi), µi = β + bi, (3)

allowing each method to have its own variance function of the common covariate v. With

the additional assumption of normality, the proposed heteroscedastic mixed-effects model

for method comparison data is model (1) where

eijk|bi ∼ independent N1

(
0, σ2

j g
2
j

(
vi, δj

))
, bi ∼ independent N2(0,Ψ). (4)
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The homoscedastic model of Section 2.1 is a special case of this model when δ1 = δ2 = 0.

Note that, unlike the homoscedastic case, the random effects and errors in (4) are not

independent because the error variance function involves bi through µi in vi.

Next, let 1n denote a n× 1 vector of ones. Define Xi and Zi as ni × 2 design matrices

Xi =

1ni1
0

0 1ni2

 , Zi = Xi.

Also define Σij(vi) as a nij × nij diagonal matrix and Σi(vi) as a ni × ni diagonal matrix,

Σij(vi) = diag
{
σ2
j g

2
j (vi, δj

)
, . . . , σ2

j g
2
j

(
vi, δj

)}
, Σi(vi) = diag{Σi1(vi),Σi2(vi)}.

We can now write the proposed heteroscedastic model in the matrix form as

Yi = Xiβ + Zibi + ei, ei|bi ∼ independent Nni
(0,Σi(vi)),

bi ∼ independent N2(0,Ψ), i = 1, . . . ,m, (5)

with ei as the ni × 1 error vector. A hierarchical representation of this model is as follows:Yi1

Yi2

 |(bi1, bi2) ∼ Nni


(β1 + bi1)1ni1

(β2 + bi2)1ni2

 ,
Σi1(vi) 0

0 Σi2(vi)


 ,

bi2|bi1 ∼ N1

(
ρ(ψ2/ψ1)bi1, ψ

2
2(1− ρ2)

)
, bi1 ∼ N1(0, ψ

2
1). (6)

Here the model parameter vector θ consists of β, the elements in the upper triangle of Ψ,

and σ2
1, σ2

2, δ1 and δ2.

The marginal density of Yi under this model can be expressed as

fθ(yi) =

∫ ∞
−∞

∫ ∞
−∞

fθ(yi,bi) dbi =

∫ ∞
−∞

∫ ∞
−∞

fθ(yi1|bi) fθ(yi2|bi) fθ(bi) dbi, (7)

where we have used the conditional independence of Yi1 and Yi2 given bi to write fθ(yi|bi) =

fθ(yi1|bi) fθ(yi2|bi). The densities involved in this two-dimensional integral are those of

normal distributions and can be obtained from (6). The situation is somewhat simpler
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when vi depends only on µi1, as may be the case when there is a reference method in

the comparison. In this case, Proposition 1 in Appendix shows that bi2 can be explicitly

integrated out to get the one-dimensional integral

fθ(yi) =

∫ ∞
−∞

fθ(yi, bi1) dbi1 =

∫ ∞
−∞

fθ(yi1|bi1) fθ(yi2|bi1) fθ(bi1) dbi1, (8)

where the densities involved are those of normal distributions given in (A.2).

Unfortunately the marginal density fθ(yi), given by either (7) or (8), and hence the

likelihood function,

L(θ) =
m∏
i=1

fθ(yi),

is not available in a closed-form because bi enters the model nonlinearly via the variance

function, precluding it from being explicitly integrated out. A similar issue arises in nonlinear

mixed-effects models [18, ch. 6] and generalized linear mixed-effects models [22, ch. 4-6].

2.3 Model fitting

The lack of a closed-form for the likelihood function causes difficulty in model fitting. We

next discuss two approaches to deal with it — one computes the likelihood by numerically

evaluating the integrals in (7) and (8), and the other approximates the model (5) so that

the corresponding likelihood function is available in a closed-form. In either case, the model

is fit by maximizing the resulting approximate likelihood function with respect to θ to get

θ̂ as an approximate ML estimator of θ.

2.3.1 Approach 1: Numerical computation of likelihood

To treat the integrals in (7) and (8) in a unified manner, consider computing the integral

fθ(yi) =
∫∞
−∞ · · ·

∫∞
−∞ fθ(yi,ui) dui, where ui is a d× 1 vector. When the variance covariate

vi depends on both (µi1, µi2), ui plays the role of bi with d = 2 and the integral equals

(7). On the other hand, when vi depends only on µi1, ui plays the role of bi1 with d = 1
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and the integral equals (8). Let ûi be a minimizer of the negative log-density, lθ(yi,ui) =

− log fθ(yi,ui), with respect to ui. Also let

l′′θ(yi, ûi) =
∂2lθ(yi,ui)

∂ui∂uTi

∣∣∣∣
ui=ûi

be the corresponding d× d Hessian matrix evaluated at ûi.

A simple method for computing the integral is Laplace approximation [23], which gives

fθ(yi) ≈ (2π)d/2|l′′θ(yi, ûi)|−1/2fθ(yi, ûi). (9)

We refer to this method as the “LA-L” (likelihood approximation-Laplace) method. Another

alternative is a Gauss-Hermite quadrature method [23]. To describe it, let z1, . . . , zM be the

nodes and w1, . . . , wM be the associated weights for one-dimensional quadrature with kernel

exp(−z2). The nodes are roots of the Mth degree Hermite polynomial. The quadrature

grid in the d-dimensional space is (z1, . . . , zM) × . . . × (z1, . . . , zM). Let the d × 1 vector

zr = (zr1 , . . . , zrd) denote a node in this grid. The total number of such nodes is Md. For

greater accuracy of approximation, these nodes need to be centered and scaled [24, 25] as

ai,r = ûi + 21/2 l′′θ(yi, ûi)
−1/2 zr.

The approximated integral in this case is [26]

fθ(yi) ≈ 2d/2 |l′′θ(yi, ûi)|−1/2

M∑
r1=1

· · ·
M∑
rd=1

fθ(yi, ai,r)
d∏
s=1

wrs exp(z2
rs). (10)

We refer to this method as the “LA-Q” (likelihood approximation-quadrature) method.

Note that the Laplace approximation is a special case of the quadrature method when

M = 1. In this case, the sole node z1 = 0 has weight w1 = π1/2, implying ai,r = ûi, and (10)

reduces to (9). Both the accuracy of the quadrature method and its computational burden

increase with M . Thus, the LA-Q method with M > 1 is not only more accurate but also

more computationally demanding than the LA-L method. In practice, 20-30 nodes generally

provide acceptable accuracy for the quadrature method. Also, the arguments in [27] can be
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used to show that the accuracy of the LA-L method tends to increase as ni, the number of

measurements on ith subject, increases. In either case, the resulting approximate likelihood

function can be numerically maximized, e.g., using the optim function in R, to get θ̂.

2.3.2 Approach 2: Model approximation

This approach follows [18, ch. 6] and approximates the model (5) by replacing the unobserv-

able true value µi in the variance function (3) with an observable quantity, µ∗i = (µ∗i1, µ
∗
i2).

This µ∗i is expected to be close to µi but is free of bi and is held fixed during model fitting.

It leads to v∗i = h(µ∗i ) as the approximate variance covariate and

var(eijk) ≈ σ2
j g

2
j

(
v∗i , δj

)
(11)

as the approximate variance function. By analogy with (5), this approximate heteroscedastic

mixed-effects model can be written as

Yi = Xiβ+Zibi+ei, bi ∼ independent N2(0,Ψ), ei ∼ independent Nni
(0,Σi(v

∗
i )), (12)

i = 1, . . . ,m. In this formulation, bi and ei are independent, and marginally

Yi ∼ independent Nni
(Xiβ,Πi(v

∗
i )), Πi(v

∗
i ) = ZiΨZT

i + Σi(v
∗
i ).

We now discuss two natural choices for µ∗i and the fitting of the resulting model (12).

The first is a standard choice recommended by [5, ch. 5] and [18, ch. 6]. It takes the

best linear unbiased predictor (BLUP) of µi under (12) as µ∗i , which can be written as

µi,blup = E(µi|Yi) = β + bi,blup, with

bi,blup = E(bi|Yi) = ΨZT
i {Πi(v

∗
i )}−1(Yi −Xiβ)

denoting the BLUP of bi [28, ch. 4]. Notice that this µi,blup, which is needed to compute the

covariate v∗i for model fitting, itself depends on the unknown θ. This calls for an iteratively

reweighted scheme to fit (12). This scheme repeats the following two steps in each iteration

until convergence [5, ch. 5]: In iteration t = 1, 2, . . .,
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(a) use the current θ(t) to compute the BLUP µ
(t)
i,blup and get v

∗(t)
i = h(µ

∗(t)
i );

(b) hold v
∗(t)
i fixed and maximize the likelihood function of model (12) with Σi(v

∗(t)
i ) as

the error variance matrix to produce an updated estimate θ(t+1).

Any existing software for fitting mixed-effects models can be used for the maximization

step and the estimates from the homoscedastic fit can be used as the starting point θ(1).

The convergence, although not guaranteed, can be monitored by examining the maximum

relative change in components of θ or the relative change in likelihood in two successive

iterations. Nevertheless, in practice, one does not need to wait till convergence because, as

in heteroscedastic regression models [19], 2-3 iterations are generally enough to get a good

estimate of θ. The model fit in the last iteration is used for all subsequent inference. We

refer to this estimation method as the “MA-B” (model approximation-BLUP) method.

The second choice for µ∗i is to take µ∗i = Yi, the vector of sample means. In this case, the

model (12), with µ∗i held fixed, can be fit via ML using any mixed-effects models software. We

refer to this method as the “MA-M” (model approximation-mean) method. Needless to say,

the model fitting in this case is much simpler than before. Note that both choices for µ∗i —

µi,blup and Yi — are linear unbiased predictors of µi in that E(µi,blup−µi) = 0 = E(Yi−µi).

When θ is known, µi,blup is obviously a better predictor than Yi due to its optimality

property. But the optimality is not guaranteed when θ is estimated.

2.4 Inference on model parameters

The previous section discussed four methods for computing approximate ML estimator θ̂

of θ. For further inference, we proceed as in nonlinear mixed-effects models [18, ch. 6] and

generalized linear mixed-effects models [22, ch. 4-6] by essentially ignoring the fact that we are

working with either the approximate likelihood or the approximate model. Thus, regardless

of the estimation method used, when m is large, we can approximate the distribution of θ̂
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by a normal distribution with mean θ and variance I(θ̂)−1, where

I(θ̂) = − ∂2 logL(θ)

∂θ∂θT

∣∣∣∣
θ=θ̂

is the observed information matrix. Note that L(θ) here denotes the likelihood function

actually maximized to get θ̂. The theoretical justification for this result is easiest to give in

case of quadrature approximation (10) of likelihood. When the number of nodes M is large,

the error in approximation of the integral can be effectively ignored, and the asymptotic

normality follows from the standard large sample theory of ML estimators [29]. One can

get this result for Laplace approximation (9) of likelihood as well by adapting [27] assuming

that minmi=1{ni} is also large in addition to m.

The approximate normality of θ̂ can be used in the usual manner for likelihood-based

inference on θ. The derivatives needed for I can be computed numerically, e.g., using the

numDeriv package [30] in R. In applications, we are particularly interested in testing the null

hypothesis of homoscedasticity, H0 : δ1 = 0 = δ2. We can use either a likelihood ratio test

or a score test for this purpose. The likelihood ratio statistic is twice the difference in the

negative log-likelihoods of the “full” heteroscedastic model and the “reduced” homoscedastic

model, which assumes H0 to be true. To define the score statistic, let

s(θ) =
∂ logL(θ)

∂θ

be the score function. Write θ = (θ1,θ2), where θ1 = (δ1, δ2) and θ2 is the vector of

remaining model parameters. Thus, the null hypothesis is H0 : θ1 = 0. Next, conformably

partition s = (s1, s2) and

I =

I11 I12

I21 I22

 .
Let θ̂2,0 be the ML estimator of θ2 under the reduced model. Define θ̂0 = (θ1 = 0, θ̂2,0).

Then the score statistic [31] for testing H0 is s(θ̂0)
T I11.2(θ̂0)

−1 s(θ̂0), where s(θ̂0) represents

the score function evaluated at θ = θ̂0 and I11.2 = I11 − I12I
−1
22 IT12. Notice that the ML
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estimator of θ under the full model is not needed to compute the score statistic. When m is

large, the null distributions of both likelihood ratio and score statistics can be approximated

by a chi-squared distribution with degrees of freedom equal to the number of elements in

(δ1, δ2). Thus, the p-values for testing H0 can be obtained by finding probabilities under

this distribution to the right of the observed values of the test statistics.

3 A simulation study

In this section, we use Monte Carlo simulation to evaluate and compare finite sample perfor-

mance of the four model fitting methods proposed in Section 2.3. Two of these methods —

LA-L and LA-Q — are based on likelihood approximation, whereas the other two — MA-B

and MA-M — are based on model approximation. Of specific interest are the accuracies of

the point and interval estimators of model parameters and the test of homoscedasticity. To

measure accuracy, we focus on bias and mean squared error (MSE) for a point estimator,

coverage probability for an interval estimator, and type I error probability for a test.

The data are simulated on m = 50 subjects from the true model (5) using a balanced

design with nij = 2 and 3 replications per method. The power model, gj(v, δj) = |v|δj ,

j = 1, 2, with v as the true value of method 1, is used as the variance function model.

We let δ1 = δ2 = δ in the simulations. Table 1 summarizes the actual parameter values

that we use, which are motivated by the estimates for the cholesterol data in Section 5.

They encompass a variety of scenarios we have seen in applications, including measurement

methods with characteristics that range from “quite different” to “very similar” and a level of

heteroscedasticity that ranges from “none” to “quite substantial.” Besides the error variances

here are kept small in relation to the between-subject variance as this is normally the case

in method comparison studies.

After simulating a data set, we compute point and interval estimates of model parameters
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and carry out the test of homoscedasticity using all four fitting methods. The density given

by (8) is used for LA-L and LA-Q methods. The latter uses M = 30 nodes. Also, only

three iterations of the iteratively reweighted scheme are employed in case of the MA-B

method. Further, to improve finite sample performance, inference on variance parameters

and correlation is performed after applying a normalizing transformation. In particular,

a log transformation is applied to σ2
1, σ2

2, ψ2
1 and ψ2

2, and the Fisher’s z-transformation,

z(ρ) = tanh−1(ρ), is applied to ρ. The process of simulating data and performing inference

is repeated 500 times, and the following estimates are computed: biases and MSE’s of point

estimators, coverage probabilities of confidence intervals with 95% nominal level, and type I

error probabilities of tests of homoscedasticity with 5% nominal level. Here we only present

results for nij = 2 and δ = 0, 1.1; those for nij = 3 or δ = 0.9, 1 are omitted as they lead to

essentially the same qualitative conclusions that we describe below.

Tables 2 and 3 present estimated biases and MSE’s of the four point estimators when

δ = 0 and δ = 1.1, respectively. In both cases, the biases for (β1, β2) are negligible relative to

their true values. The biases are negative for (logψ2
1, logψ2

2) and positive for z(ρ), albeit they

are small. The conclusion, however, is less clear-cut for (log σ2
1, log σ2

2) when the results for

δ = 0.9, 1 are included (not presented). The biases in these cases are also small but they may

be positive as well as negative. We also see that the MA-B and MA-M estimators appear

equally accurate as they have nearly identical biases and MSE’s. While some differences

exist in the accuracies of the LA-L and LA-Q estimators, the differences are not substantial.

There is also evidence that the LA-Q estimators may be slightly superior to the other three

in terms of MSE, especially for (β1, β2). But on the whole, there is little practical difference

in the accuracies of the four estimators.

Table 4 shows estimated coverage probabilities of 95% confidence intervals computed

using the four fitting methods. The entries for MA-M and MA-B methods are practically

the same and they can be considered reasonably close to 95%. However, the same cannot be
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said for the LA-L and LA-Q methods; most entries are quite less than 95% and some even

fall below 90%. This comparison shows that the methods based on model approximation are

superior to those based on likelihood approximation for constructing confidence intervals.

Table 5 reports estimated type I error probabilities for 5% level likelihood ratio test

and score test for homoscedasticity using the four fitting methods. For the likelihood ratio

test, all four methods seem equally accurate, although the test may be a bit conservative,

especially in case of setting 3. For the score test, the LA-L method does not work well as

its type I error probability is substantially less than 5%. The other three methods work

well, but they may be a bit liberal. We also examined the normal quantile-quantile plots

of parameter estimates from all four methods (not presented here) and found no obvious

departure from normality in any case.

Overall, these results suggest that the two estimation methods based on model approx-

imation are equally accurate and they lead to confidence intervals and tests that have rea-

sonably good performance with m = 50 subjects. While in some instances, the MSE’s of

these estimators may be slightly greater than those based on likelihood approximation, the

differences are not large enough to be practically important. Besides the former methods

tend to produce more accurate confidence intervals than the latter methods. Next, recall

that the methods based on model approximation are easier to implement than those based

on likelihood approximation. In particular, the MA-M method is easiest to apply; it can be

implemented using any software for fitting mixed-effects models. Thus, there appears little

reason to prefer any other method over the MA-M method.

Upon repeating the simulations with m = 30 subjects, we see that the findings regarding

relative merits of the estimation methods continue to hold, but the tests and confidence

interval became somewhat less accurate. In particular, the coverage probabilities of 95%

intervals are about 93-94% and the type I error probabilities of 5% level likelihood ratio test

of homoscedasticity is about 6-7%. Thus, it appears that data from about 50 subjects are
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necessary for the tests and confidence intervals to be reasonably accurate. The number of

replications, provided it is at least two, does not have a noteworthy effect on this accuracy.

4 Evaluation of agreement under the heteroscedastic

model

In this section, we discuss how to evaluate agreement in two measurement methods assuming

the heteroscedastic model (5) for the method comparison data. We proceed as in [11, 21] to

adapt the methodology developed assuming a homoscedastic model.

Let (Ỹ1, Ỹ2) denote the paired measurements by the two methods on a randomly selected

subject from the population. We can think of (Ỹ1, Ỹ2) as a “typical” measurement pair.

Under (5), the marginal distribution of (Ỹ1, Ỹ2) for a fixed (known) value v0 of the variance

covariate v is,Ỹ1

Ỹ2

 ∼ N2


β1

β2

 ,
ψ2

1 + σ2
1 g

2
1(v0, δ1) ψ12

ψ12 ψ2
2 + σ2

2 g
2
2(v0, δ2)


 , v0 ∈ V0, (13)

where V0 is the range of values of v0 of interest. In practice, V0 can be taken as the observed

measurement range.

4.1 Inference on an agreement measure

Let φ denote any scalar measure of agreement between the two methods [1, 2]. This φ

is a known function of the model parameter vector θ quantifying how concentrated the

bivariate distribution of (Ỹ1, Ỹ2) is around the 45o line. In the heteroscedastic case, this

distribution, given by (13), depends on v0. Therefore, φ is a function of v0 as well as

θ. Let this function be denoted by a, i.e., φ(v0) = a(θ, v0), where a has a known form

depending on the agreement measure being considered. A natural estimator for φ(v0) is
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φ̂(v0) = a(θ̂, v0), which is obtained by simply plugging-in θ̂ for θ in a. Since for a large m, θ̂

is approximately normal with mean θ and variance I(θ̂)−1, it follows from the delta method

[29] that φ̂(v0) also approximately follows a N1(φ(v0),G
T (v0)I(θ̂)−1G(v0)) distribution, with

G(v0) = ∂a(θ, v0)/∂θ|θ=θ̂ denoting the gradient vector. The derivative needed here can be

obtained in a closed-form (see, e.g., [11]) or it also be computed numerically. This result can

be used for inference on the agreement measure φ.

In particular, if φ is such that small values for it imply good agreement, we can compute

an approximate 100(1− α)% pointwise upper confidence band for φ(v0) as:

φ̂(v0) + z1−α{GT (v0)I(θ̂)−1G(v0)}1/2, v0 ∈ V0,

where zα is the αth quantile of a N1(0, 1) distribution. Similarly, if φ is such that large

values for it imply good agreement, we can compute an approximate 100(1−α)% pointwise

lower confidence band for φ(v0) as:

φ̂(v0)− z1−α{GT (v0)I(θ̂)−1G(v0)}1/2, v0 ∈ V0.

These one-sided confidence bands can be used to find subsets of the measurement range,

if any, where the methods have sufficient agreement for interchangeable use. To improve

finite sample accuracy, these bands may be computed after applying a suitable normalizing

transformation to φ and transforming the results back to the original scale. In absence of

heteroscedasticity, this methodology reduces to the one considered in [21] for two methods.

4.2 Heteroscedastic versions of two common agreement measures

The heteroscedastic version of any agreement measure φ can be obtained by using the dis-

tribution (13) in its definition. Below we provide expressions for two popular measures,

concordance correlation coefficient [CCC; 32] and total deviation index [TDI; 33–36].
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The CCC measure, introduced by [32], is defined as

CCC =
2 cov(Ỹ1, Ỹ2)

(E(Ỹ1)− E(Ỹ2))2 + var(Ỹ1) + var(Ỹ2)
.

It lies between -1 and +1 and a large value for it implies good agreement. Its heteroscedastic

version is obtained by using (13) for the moments of (Ỹ1, Ỹ2), leading to

CCC (v0) =
2ψ12

(β1 − β2)2 + ψ2
1 + σ2

1 g
2
1(v0, δ1) + ψ2

2 + σ2
2 g

2
2(v0, δ2)

.

Next, the TDI measure, introduced by [33], is based on the difference D̃ = Ỹ1 − Ỹ2. It is

defined as the p0th percentile of |D̃| for a given large probability p0. For normally distributed

D̃, it can be expressed as

TDI (p0) = sd(D̃)
{
χ2

1

(
p0, {E(D̃)/sd(D̃)}2

)}1/2

,

where χ2
1(p0,∆) is the p0th quantile of a chi-square distribution with one degree of freedom

and non-centrality parameter ∆. This measure is non-negative and a small value for it

indicates good agreement. To define its heteroscedastic version, note from (13) that for a

given v0, D̃ follows a N1(β1 − β2, τ
2(v0)) distribution where

τ 2(v0) = ψ2
1 + ψ2

2 − 2ψ12 + σ2
1 g

2
1(v0, δ1) + σ2

2 g
2
2(v0, δ2).

Therefore,

TDI (v0, p0) = τ(v0)
{
χ2

1

(
p0, {(β1 − β2)/τ(v0)}2

)}1/2
.

The inference on these measures proceeds as described in the previous subsection. For

greater accuracy, it is common to use the Fisher’s z-transformation of CCC and the log

transformation of TDI [34]. The other measures in [1] can be handled in a similar manner.

5 Analysis of cholesterol data

We now return to the cholesterol data introduced in Section 1 where we saw a clear evidence

of magnitude-dependent heteroscedasticity. Our first task is to find an adequate model for
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these data. Since here the Cobas Bio assay (method 1) serves as a reference method, we take

its true measurement µi1 as the variance covariate vi. Further, on the basis of a preliminary

analysis of residuals in Figure 2, we take the power model, gj(v, δj) = |v|δj , j = 1, 2, as the

variance function model for the assays. The heteroscedastic model (5) is fit using all four

estimation methods described in Section 2. Table 6 presents the resulting estimates and their

standard errors for the nine model parameters. Remarkably both likelihood approximation

methods and both model approximation methods produce identical results when rounded to

two decimal places. Further, there is no substantive difference in the two sets of estimates.

This is not surprising given the findings of the simulation study. Therefore, hereafter we

present results only for the MA-M method, which is the simplest one to implement.

The p-values for both the likelihood ratio test and the score test of homoscedasticity is

practically zero, confirming that the error variances are nonconstant. Figure 3 shows residual

plots for the fitted heteroscedastic model. As there is no discernible pattern in these plots,

we can conclude that the proposed model fits well to the data.

Our next task is to use the fitted model to evaluate agreement between the two assays over

the observed measurement range of 45 mg/dl to 370 mg/dl. The estimates in Table 6 confirm

that the Ektachem measurements have a larger mean and a larger error variation compared

to Cobas Bio. Their between-subject variations, however, are quite comparable. Upon using

these estimates in (13), we can see that the error standard deviation increases monotonically

from 0.43 to 3.71 in case of Cobas Bio and from 0.59 to 4.72 in case of Ektachem. Their

correlation remains very high — above 0.99 — over the entire measurement range. The mean

of the difference between their typical measurements is about 5.5 mg/dl and its standard

deviation increases monotonically from 7.32 to 9.45. Next, we apply the procedure described

in Section 4 for inference on CCC and TDI (with p = 0.90). Their 95% pointwise one-

sided confidence bands — lower band for CCC and upper band for TDI — are computed by

first applying the Fisher’s z-transformation of CCC and the log transformation of TDI. The
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results as functions of the cholesterol level are presented in Figure 4.

We see that the lower confidence bound for CCC decreases and the upper confidence

bound for TDI increases as the cholesterol level increases. Thus, in an absolute sense,

the extent of agreement between the assays becomes progressively worse, albeit only by a

small amount, with increasing magnitude. The CCC lower bounds are quite close to one,

suggesting excellent agreement between the assays over the entire measurement range. But

this conclusion is misleading because the between-subject variation in these data is much

greater than the within-subject variation (see Figure 1), guaranteeing a large CCC regardless

of the true extent of agreement. This drawback of CCC is well-known in the literature [37, 38].

A better picture of agreement is given by the TDI whose upper bound increases from 17

to 19.5 mg/dl as the cholesterol level increases from 45 to 370 mg/dl. The value of 17, e.g.,

shows that 90% of differences in measurements from the assays fall within ±17 when the true

value is 45. Such a difference is unacceptably large relative to the true value. On the other

hand, a difference as large as ±19.5 may be acceptable when the true value is 370. Thus,

we may conclude satisfactory agreement between the assays for large cholesterol values but

not for small values. It may be noted that the 95% confidence bound for TDI when the

homoscedastic model of Section 2.1 is fit is 17.6, which does not depend on the cholesterol

value. While 17.6 is not terribly far from either 17 or 19.5, clearly the extent of agreement

on the basis of homoscedastic model is underestimated for small cholesterol values and is

overestimated for large cholesterol values.

We also repeat the analysis based on heteroscedastic model after subtracting 5.5 from

Ektachem measurements so that the two assays have comparable means. The TDI bounds

now range between 12 to 15, showing improvement in the extent of agreement. These

conclusions remain unchanged when the analysis is repeated by taking the average true

measurement, i.e., vi = (µi1 + µi2)/2, as the variance covariate.

20



6 Discussion

In this article, we use a basic heteroscedastic mixed-effects model for modeling method

comparison data that allows the variability of measurements to depend on the magnitude.

The fitted model is then used to develop a methodology for agreement evaluation in two

measurement methods. Our approach is flexible in that it can accommodate balanced or

unbalanced data designs and it works with any scalar measure of agreement. It can also be

extended to handle more than two measurement methods and incorporate covariates in a

straightforward manner by following [11, 21].

A potential limitation of our approach is the assumption that the measurements are repli-

cated. Although it is a good idea to have replications [11, 13], it is common in applications

to have only unreplicated data. In principle, our methodology can be applied to unrepli-

cated data as well by suitably modifying the model, but it often does not work in practice

because there may not be enough information in the data to estimate all model parameters.

It may be possible to deal with this issue by fitting the model using a Bayesian approach

with informative prior distributions, but further research is needed for this investigation.
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Appendix A Technical details

Proposition 1. Consider the heteroscedastic mixed-effects model (5) where the variance

covariate vi depends on vector µi only through its first component µi1. Let Jn denote a n×n
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matrix of ones. Then, the marginal density of (Yi1,Yi2, bi1) is

fθ(yi1,yi2, bi1) = fθ(yi1| bi1) fθ(yi2| bi1) fθ(bi1), i = 1, . . .m, (A.1)

where

Yi1|bi1 ∼ Nni1

(
(β1 + bi1)1ni1

,Σi1(vi)
)
,

Yi2|bi1 ∼ Nni2

(
(β2 + ρ(ψ2/ψ1)bi1)1ni2

,Σi2(vi) + ψ2
2(1− ρ2) Jni2

)
, bi1 ∼ N1(0, ψ

2
1). (A.2)

Proof. We can write the joint density of (Yi1,Yi2, bi1, bi2) as

fθ(yi1,yi2, bi1, bi2) = fθ(yi1,yi2|bi1, bi2)fθ(bi2|bi1)fθ(bi1). (A.3)

From conditional independence, the first term on the right is fθ(yi1|bi1, bi2)fθ(yi2|bi1, bi2).

Next, under the assumptions, vi is free of bi2, implying that fθ(yi1|bi1, bi2) = fθ(yi1|bi1).

Therefore, the joint density in (A.3) can be written as

fθ(yi1,yi2, bi1, bi2) = fθ(yi1|bi1)fθ(yi2|bi1, bi2)fθ(bi2|bi1)fθ(bi1)

= fθ(yi1|bi1)fθ(yi2, bi2|bi1)fθ(bi1).

Integrating out bi2 from this density gives the expression in (A.1). Now it just remains to

identify the distributions in (A.2). The normal distributions of Yi1|bi1 and bi1 follow directly

from the hierarchical representation (6). Also from this representation,

Yi2|(bi1, bi2) ∼ Nni2

(
(β2 + bi2)1ni2

,Σi2(vi)
)
, bi2|bi1 ∼ N1

(
ρ(ψ2/ψ1)bi1, ψ

2
2(1− ρ2)

)
.

Since bi2 appears linearly in the mean of Yi2|(bi1, bi2) and its variance is free of bi2, we can

marginalize over bi2 to see that Yi2|bi1 has a normal distribution with

E(Yi2|bi1) = E(E(Yi2|bi1, bi2)) = (β2 + ρ(ψ2/ψ1)bi1)1ni2

var(Yi2|bi1) = E(var(Yi2|bi1, bi2)) + var(E(Yi2|bi1, bi2)) = Σi2(vi) + ψ2
2(1− ρ2) Jni2

.

This establishes the result.
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setting

parameter 1 2 3

(β1, β2) (185, 200) (185, 190) (185, 185)

(logψ2
1, logψ2

2, ρ) (8, 9, 0.975) (8, 8.25, 0.975) (8, 8, 0.975)

(log σ2
1, log σ2

2) homoscedastic model, δ = 0

(1, 2) (1, 1.25) (1,1)

heteroscedastic model, δ ∈ {0.9, 1, 1.1}
(-9, -8) (-9, -8.75) (-9, -9)

Table 1: Parameter settings for the simulation study.
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bias MSE

set1 par1 LA-L LA-Q MA-M MA-B LA-L LA-Q MA-M MA-B

1 β1 -0.39 -0.29 -0.28 -0.28 51.74 49.72 55.20 55.20

β2 -0.54 -0.35 -0.35 -0.35 143.19 138.86 152.84 152.84

log σ2
1 -1.10 -1.07 -1.11 -1.11 10.56 10.11 11.27 11.28

log σ2
2 -0.31 -0.39 -0.35 -0.35 12.82 12.70 13.46 13.48

logψ2
1 -0.03 -0.03 -0.03 -0.03 0.04 0.04 0.04 0.04

logψ2
2 -0.03 -0.03 -0.03 -0.03 0.04 0.04 0.05 0.05

z(ρ) 0.03 0.03 0.03 0.03 0.02 0.02 0.02 0.02

δ1 0.10 0.10 0.11 0.11 0.10 0.09 0.10 0.10

δ2 0.03 0.03 0.03 0.03 0.12 0.12 0.13 0.13

2 β1 0.18 0.24 0.08 0.08 57.13 54.98 59.18 59.18

β2 0.08 0.14 -0.04 -0.04 73.32 70.12 76.01 76.01

log σ2
1 -1.11 -1.14 -1.17 -1.17 11.98 12.24 12.79 12.81

log σ2
2 -0.17 -0.17 -0.21 -0.21 12.55 12.32 13.26 13.28

logψ2
1 -0.05 -0.05 -0.05 -0.05 0.05 0.05 0.05 0.05

logψ2
2 -0.05 -0.05 -0.05 -0.05 0.04 0.04 0.04 0.04

z(ρ) 0.01 0.01 0.01 0.01 0.02 0.02 0.02 0.02

δ1 0.11 0.11 0.11 0.11 0.11 0.11 0.12 0.12

δ2 0.01 0.01 0.02 0.02 0.12 0.11 0.12 0.12

3 β1 0.21 0.24 0.27 0.27 62.83 58.48 64.87 64.87

β2 0.25 0.25 0.29 0.29 62.76 58.70 64.24 64.24

log σ2
1 -0.99 -0.92 -0.99 -0.99 12.22 11.88 12.58 12.60

log σ2
2 -0.19 -0.19 -0.20 -0.20 11.24 10.92 11.43 11.45

logψ2
1 -0.04 -0.04 -0.04 -0.04 0.05 0.05 0.05 0.05

logψ2
2 -0.04 -0.04 -0.04 -0.04 0.05 0.05 0.05 0.05

z(ρ) 0.01 0.01 0.01 0.01 0.02 0.02 0.02 0.02

δ1 0.09 0.09 0.09 0.09 0.11 0.11 0.11 0.11

δ2 0.02 0.02 0.02 0.02 0.10 0.10 0.11 0.11
1 set = setting, par=parameter.

Table 2: Estimated biases and MSE’s of estimators computed using four model fitting meth-

ods when δ = 0.
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bias MSE

set1 par1 LA-L LA-Q MA-M MA-B LA-L LA-Q MA-M MA-B

1 β1 0.16 0.10 -0.07 -0.07 54.02 54.17 62.19 62.20

β2 0.29 0.23 0.05 0.05 144.71 146.97 168.41 168.40

log σ2
1 0.62 0.58 0.46 0.45 10.55 10.19 11.89 11.91

log σ2
2 0.37 0.25 0.37 0.35 9.07 8.34 9.42 9.43

logψ2
1 -0.05 -0.05 -0.06 -0.06 0.04 0.04 0.04 0.04

logψ2
2 -0.05 -0.05 -0.05 -0.05 0.04 0.04 0.04 0.04

z(ρ) 0.01 0.01 0.01 0.01 0.02 0.02 0.02 0.02

δ1 -0.06 -0.06 -0.05 -0.05 0.10 0.10 0.11 0.11

δ2 -0.04 -0.03 -0.04 -0.04 0.08 0.08 0.09 0.09

2 β1 0.39 0.40 0.27 0.28 51.36 46.01 56.70 56.70

β2 0.58 0.55 0.51 0.50 65.66 59.09 72.77 72.76

log σ2
1 0.43 0.33 0.29 0.27 9.41 9.11 10.95 10.99

log σ2
2 -0.02 -0.04 -0.03 -0.05 8.86 8.62 9.35 9.40

logψ2
1 -0.07 -0.06 -0.07 -0.07 0.04 0.04 0.04 0.04

logψ2
2 -0.07 -0.07 -0.07 -0.07 0.04 0.04 0.04 0.04

z(ρ) 0.01 0.01 0.01 0.01 0.02 0.03 0.02 0.02

δ1 -0.04 -0.03 -0.03 -0.03 0.09 0.09 0.10 0.10

δ2 -0.003 -0.001 -0.002 0.000 0.08 0.08 0.09 0.09

3 β1 0.65 0.53 0.34 0.34 49.96 49.58 54.30 54.31

β2 0.63 0.51 0.39 0.39 49.68 50.12 54.69 54.69

log σ2
1 0.54 0.39 0.40 0.38 7.88 7.70 9.07 9.09

log σ2
2 0.24 0.30 0.26 0.24 8.86 8.74 9.39 9.41

logψ2
1 -0.05 -0.05 -0.05 -0.05 0.04 0.04 0.04 0.04

logψ2
2 -0.05 -0.05 -0.05 -0.05 0.04 0.04 0.04 0.04

z(ρ) 0.01 0.01 0.01 0.01 0.02 0.02 0.02 0.02

δ1 -0.05 -0.04 -0.04 -0.04 0.08 0.07 0.08 0.08

δ2 -0.03 -0.03 -0.03 -0.03 0.08 0.08 0.09 0.09
1 set = setting, par = parameter.

Table 3: Estimated biases and MSE’s of estimators computed using four model fitting meth-

ods when δ = 1.1.
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δ = 0 δ = 1.1

set1 par1 LA-L LA-Q MA-M MA-B LA-L LA-Q MA-M MA-B

1 β1 94.2 95.2 95.2 95.2 91.4 92.0 94.0 94.0

β2 94.6 94.6 95.2 95.2 91.8 92.0 93.6 93.6

log σ2
1 89.4 91.2 95.2 95.4 91.4 91.8 95.0 95.0

log σ2
2 93.6 93.6 94.6 94.6 91.6 94.0 96.0 96.0

logψ2
1 92.8 92.8 93.6 93.6 90.2 90.0 93.0 93.0

logψ2
2 92.6 92.8 93.8 93.8 90.8 90.6 93.8 93.8

z(ρ) 91.2 91.8 92.6 92.6 92.8 92.6 95.8 95.8

δ1 90.4 91.6 95.4 95.4 91.0 91.0 94.0 94.0

δ2 93.2 93.2 94.2 94.2 92.0 94.0 96.0 96.0

2 β1 93.8 93.6 94.4 94.4 91.6 92.8 95.2 95.2

β2 93.4 93.8 94.0 94.0 92.6 92.6 95.2 95.2

log σ2
1 88.0 88.6 94.6 94.4 90.4 91.2 96.6 96.2

log σ2
2 93.2 92.6 93.8 93.8 92.0 93.4 97.6 97.6

logψ2
1 92.2 91.8 93.0 93.0 89.6 89.8 93.6 93.6

logψ2
2 92.4 92.2 93.4 93.4 89.6 89.4 93.8 93.8

z(ρ) 94.6 94.4 95.8 95.8 90.0 90.0 94.0 93.8

δ1 87.4 88.6 94.6 94.6 90.4 91.2 96.0 96.0

δ2 93.6 93.0 94.2 94.2 91.8 93.8 97.8 97.8

3 β1 92.6 93.6 93.2 93.2 91.2 91.4 93.6 93.6

β2 92.6 93.8 93.6 93.6 90.8 91.0 93.4 93.4

log σ2
1 88.0 89.2 94.0 94.0 92.0 93.2 97.4 97.4

log σ2
2 96.4 97.0 97.0 97.0 93.4 94.8 97.6 97.6

logψ2
1 92.2 92.6 93.0 93.0 91.2 90.8 94.4 94.4

logψ2
2 92.6 92.4 93.4 93.4 90.6 90.6 93.6 93.4

z(ρ) 93.4 93.6 94.4 94.4 89.0 88.6 92.4 92.4

δ1 87.8 89.2 94.0 94.0 92.0 93.4 97.8 97.8

δ2 95.8 96.4 96.8 96.6 92.8 93.6 96.8 96.8
1 set = setting, par = parameter.

Table 4: Estimated coverage probabilities (in %) of 95% confidence intervals computed using

four model fitting methods.
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likelihood ratio test score test

setting LA-L LA-Q MA-M MA-B LA-L LA-Q MA-M MA-B

1 3.6 3.6 4.0 4.0 0.4 5.4 6.0 6.0

2 4.6 4.8 5.4 5.2 0.4 6.0 6.2 6.2

3 3.4 2.8 3.2 3.2 0.6 4.0 4.6 4.6

Table 5: Estimated type I error probabilities (in %) for 5% level likelihood ratio test and

score test of homoscedasticity performed using four model fitting methods.

estimation method

LA-L/LA-Q MA-M/MA-B

parameter estimate (SE) estimate (SE)

β1 184.38 (6.53) 184.38 (6.54)

β2 189.98 (6.66) 189.98 (6.66)

log σ2
1 -9.34 (0.57) -9.43 (0.57)

log σ2
2 -8.34 (0.58) -8.57 (0.59)

logψ2
1 8.36 (0.14) 8.36 (0.14)

logψ2
2 8.40 (0.14) 8.40 (0.14)

z(ρ) 2.91 (0.10) 2.91 (0.10)

δ1 1.00 (0.05) 1.02 (0.06)

δ2 0.96 (0.06) 0.99 (0.06)

Table 6: Estimates and their standard errors (SE’s) for cholesterol data computed using

four estimation methods. The two likelihood approximation methods and the two model

approximation methods produce identical estimates when rounded to two decimal places.
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Figure 1: A trellis plot of cholesterol measurements using two assays — Cobas Bio (cobasb)

and Ekatachem 700 (echem).
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Figure 2: Separate residual plot for each assay when the homoscedastic model is fit to the

cholesterol data.
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Figure 3: Separate residual plot for each assay when a heteroscedastic model is fit to the

cholesterol data
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Figure 4: Estimates (solid line) and 95% pointwise one-sided confidence bands (broken line)

for two agreement measures and their transformations for cholesterol data. A lower band is

presented for CCC and its Fisher’s z-transformation and an upper band is presented for TDI

(with p = 0.90) and its log transformation. The shaded region in a plot represents estimate

± standard error.
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