ternative and Generalized Green’s Functions

holm Al

RCISES 9.4

Consider p J
: L(u) = f(z) with L= e (pa—a;> +q

boundary conditions. All homogeneous solu-
) = 0 and the same two homogeneous
s formula to prove that there are no

subject to two homogeneous
tions ¢n (if they exist) satisfy L{dn
boundary conditions. Apply Green’
solutions u if f(z) is not orthogonal (weight 1) to all ¢p(x)-

Modify Exercise 9.4.1 if

u(0)=a and w(L) =0

*(a) Determine the condition for a solution to exist.

(b) If this condition is satisfied, show that there is an infinite nu
solutions using the method of eigenfunction expansion.

mber of

9.4.3. Without determining u(z), how many solutions are there of

@ 4+ yu =sinz
dx? =
(a) Ify=1and u(0) = u(r) =07
*(b) If v =1 and §2(0) = du (1) = 07
(c) Ify=—1and u(0) = u(w) =07
(d) If v =2 and u(0) = u(r) = 07
obtain the general solution of the differential

undetermined coefficients. Attempt to solve

9.4.4. TFor the following examples,
show that the result is consistent with the

equation using the method of
the boundary conditions, and
Fredholm alternative:

(a) EquatiSn (9.4.7)

(b) Equation (9.4.11)

(c) Example after (9.4.11)

(d) Second example after (9.4.11)

9.4.5. Are there any values of 3 for which there are solutions of

A

du du
u(—m) = u(m) and &;(—ﬂ) = a—ﬂ;(ﬂ)?
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*9.4.6. Consider

f_u_ +u=1

dxz? -

(a) Find the general solution of this differential equation. Determine all
solutions with u(0) = u(mw) = 0. Is the Fredholm alternative consistent
with your result? ‘

(b) Redo part (a) if 2£(0) = du(7) = 0.

(c) Redo part (a) if & (g) = 4 (r) and u(—m) = u(m)-
9.4.7. Consider
d*u
-5 4y = COST
g du du
du(g) = Z(n)=0.
(a) Determine all solutions using the hint that a particular solution of the
differential equation is in the form, up = ACOST.
(b) Determine all solutions using the eigenfunction expansion method.
(c) Apply the Fredholm alternative. Is it consistent with parts (a) and
(b)?
0.4.8. Consider
d_2_u 4+ u = CosT
dz? B ’

which has a particular solution of the form, up = Axsinz.

) = u(r) = 0. Explicitly attempt to obtain all solu-

consistent with the Fredholm alternative?
du =

art (a) if u(—m) = u(r) and 2% ()

*(a) Suppose that u(0
tions. Is your result

(b) Answer the same questions as in p
du
& (m)-
9.4.9. (a) Since (9.4.15) (with homog
there is an infinite number of

such solution that is not orthogonal
od Green’s function Gm

eneous boundary conditions) is solvable,

solutions. Suppose that gm(x, T0) is one
to ¢n(x). Show that there is a.
(xz,x0) that is orthogonal to

unique generaliz
on(z)-

(b) Assume that G (, o) is the generalized Green’s functi
thogonal to Pr(2)- Prove that Gm(z,%o) is symmetric.
Green’s formula with G (2, z1) and Gn(2; 72).]

on that is or
[Hint: Appk

*9.4.10. Determine the generalized Green’s function that is needed to solve

d*u
T te= f(x)
u(0)=c and ulm) = B.

lvability condition (see Exercise 9-

Assume that f(z) satisfies the so
lution u(z) in terms of the genera

Obtain a representation of the so
Green’s function.



