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approach g(x1). The condition (6) is weaker than having a bounded derivative. In-
deed, if g'(x) exists everywhere and does not exceed L in modulus, then by the

Mean-Value Theorem,

lg(x1) — glx2)l = g (©)] |x1 — x2| < Llxy — x|

~ 2WPLE2  Show that the function g(x) = Yl ailx — wil satisfies a Lipschitz condition with

the constant L = Y i, lail-
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1. Find two solutions of the initial-value problem
x=x"
x(O) =0
Hint: Try x = ct*, or observe that the equation is separable.

2. a. Use Theorem 1, on initial-value problem existence, to predict in what interval a solu-
tion of the initial-value problem (3) exists. Find the largest interval.

b. Repeat Part a for the initial-value problem (2).
3. Show that x = —f2/4 and x = 1 — t are solutions of the initi

\h’:\/!z-l-‘tx—f

x(2)=-1

al-value problem

tradict Theorem 2, on initial-value problem uniqueness?

Why does this not con
= 0 in these special cases:

4. Solve the initial-value problem x'= f(t,x), x(0)
a. f(t! x) = fs
b. f(t,x)=(1~- 2)~112
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e f(t,x)=(1+>)"
d fa,x)=@¢+D™"

5. Solve the initial-value problem x' = f(z, x), x(0) = 0 in the following cases. U
fact that dt/dx = (dx/dt)™" when dx/dt # 0.

a ft,x)=x"2

b. f(t,x) =1+ x>

¢ f(t,x) = (sinx +cosx)™!
6. Use Theorem 1, on initial-value problem existence, to show that the initial-value p:

e

x(0)=0

has a solution on the entire real line.
7§

Show by using Theorem 1, on initial-value problem existence, that the initial-value
lem
{ x' =tanx

x(0)=0
has a solution in the interval |r| < /4.

8. Let f be a continuous function of one variable, defined on all of R. Let M(r) de
maximum of | f (x)] for |x| < r. If M(r) = o(r) as r — 00, then the initial-value

x=flx)
x(0)=0

has a solution on all of R. Prove this assertion.
9, Prove that the initial-value problem

X=t+é
x(0)=0

has a unique solution in the interval || < 0.351.

10. Prove thatif f(7, x) is continuous and bounded in the domaina <t <b, —00 <
then the initial-value problem

x'= f(t.x)
x(@)=«

has a solution in the intervala <t < b.

11. Let R denote the rectangle in the tx-plane defined by |t — fg] < @, |x — x| < £
be a continuous function defined on this rectangle and satisfying § > | f(z, x) .
that the initial-value problem x' = f(1,x), x(fg) = xo has a solution on the i=
[t —1to] <a.

12. Establish that the initial-value problem

x' =1+x+x>cost
x()=0

has a solution in the interval —1/3 < < 1/3.




