546 Chapter Eight Numerical Solution of Ordinary Differential Equations

compute e [Equation (13)]
t<t+h
outputk,t, x, e
if 1flag = 0 then stop
if |e| > & then
<
h < h/2
X <y
k<~k—1
else
if |e] < 38/128 then h < 2h
end if
end do

Embedded Runge-Kutta procedures are composed of a pair of formulas of
orders p and g (usually ¢ = p + 1) that share the same function evaluation points,
Generally they provide an efficient technique for solving nonstiff initial-value
problems. Many higher-order embedded Runge-Kutta formulas have been derived in
recent years. Examples of some of these are given in the problems. Although higher-
order Runge-Kutta methods with complicated coefficients have been derived, the
classic fourth-order formula remains the most popular except for adaptive schemes.
Additional information on Runge-Kutta methods can be found in numerous sources—
for example, Butcher [1987], Fehlberg [1969], Gear [1971], Jackson, Enright, and
Hull [1978], Prince and Dormand [1981], Shampine and Gordon [1975], Thomas
[1986], and Verner [1978]. /

.

PROBLEMS 8.3

. Write out the second-order Runge-Kutta formulas when o = 2/3.

. If an initial-value problem involving the differential equation x + 2¢x’ + xx’ = 3istobe
solved using a Runge-Kutta method, what function must be programmed?

. Prove that the Runge-Kutta formula (8) is of order 4 in the special case that f(z, x)
independent of x. Show that in this case the Runge-Kutta formula is equivalent to Sim
son’s rule. (See Equation (6) in Section 7.2, p. 483.)

. Derive the modified Euler’s method,
x(t+h) =x() +hf(t+ Sh,x(@®) + Lhf (2, x(1)))

by performing Richardson’s extrapolation on Euler’s method using step sizes / and /2
Hint: Assume the error term is Ch?.

. Derive the third-order Runge-Kutta formula

x(t+h) =x@) + 5Q2F, + 3F, + 4F;)

Fy = hf@t x)
F, = hf(t + 3h,x + 3 F1)
Fs = hf(t+3h,x +3F)
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[td + 1 (gp+20) + U (gpr +2) — U7+ Dx = +1x
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