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ABSTRACT

Bayesian methods for full-waveform inversion allow quanti-
fication of uncertainty in the solution, including determination
of interval estimates and posterior distributions of the model un-
knowns. Markov chain Monte Carlo (MCMC) methods produce
posterior distributions subject to fewer assumptions, such as
normality, than deterministic Bayesian methods. However,
MCMC is computationally a very expensive process that re-
quires repeated solution of the wave equation for different
velocity samples. Ultimately, a large proportion of these sam-
ples (often 40%–90%) is rejected. We have evaluated a two-
stage MCMC algorithm that uses a coarse-grid filter to quickly
reject unacceptable velocity proposals, thereby reducing the
computational expense of solving the velocity inversion prob-
lem and quantifying uncertainty. Our filter stage uses operator
upscaling, which provides near-perfect speedup in parallel with

essentially no communication between processes and produces
data that are highly correlated with those obtained from the full
fine-grid solution. Four numerical experiments demonstrate the
efficiency and accuracy of the method. The two-stage MCMC
algorithm produce the same results (i.e., posterior distributions
and uncertainty information, such as medians and highest pos-
terior density intervals) as the Metropolis-Hastings MCMC.
Thus, no information needed for uncertainty quantification is
compromised when replacing the one-stage MCMC with the
more computationally efficient two-stage MCMC. In four rep-
resentative experiments, the two-stage method reduces the time
spent on rejected models by one-third to one-half, which is im-
portant because most of models tried during the course of the
MCMC algorithm are rejected. Furthermore, the two-stage
MCMC algorithm substantially reduced the overall time-per-
trial by as much as 40%, while increasing the acceptance rate
from 9% to 90%.

INTRODUCTION

Full-waveform inversion (FWI) is useful in determining events in
the earth’s subsurface. However, the seismic inverse problem is ill-
posed with uncertainty arising from the data and the model. Uncer-
tainty quantification helps us to elucidate the sources of uncertainty
and to quantify their effect on the resulting models (Smith, 2013).
One of our primary goals is to produce interval estimates for our
models that provide a measure of the reliability of the solution.
FWI, a class of techniques based on using the entire waveform as

the data for inversion, has been extensively used in seismic model-
ing. For example, Minkoff and Symes (1997) use FWI to invert for
velocities, reflectivities, and the seismic source. Virieux and Operto
(2009) provide a thorough review of FWI for the acoustic and elas-

tic cases. Mulder and Plessix (2008) and Symes (2008) discuss the
shortcomings of the traditional least-squares techniques for FWI
(including the presence of many local minima in the misfit function)
and ideas to overcome these shortcomings.
In this work, we apply Bayesian techniques to FWI. A Bayesian,

probabilistic approach allows us to quantify and reduce uncertainty.
Data and model uncertainties, incorporated in the likelihood func-
tion and prior distribution, inform the uncertainty in the posterior
distribution (Mosegaard and Tarantola, 2002; Tarantola, 2005).
However, Bayesian methods require the use of a prior distribution
that may not be obvious or easy to construct (Scales and Snieder,
1997). Scales and Tenorio (2001) show that the commonly used
uniform distribution is, in fact, informative and that in higher di-
mensions incorporating a hard constraint (e.g., the norm of the
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model is less than 1) into the construction of the prior can lead to
unintended consequences (e.g., the only likely models have norm of
1). Deterministic algorithms to construct posterior distributions for
probabilistic inverse problems are relatively inexpensive computa-
tionally but require strict assumptions about the shape of the pos-
terior distributions (Mosegaard and Tarantola, 2002). Gouveia and
Scales (1998) apply deterministic Bayesian techniques to the seis-
mic inversion problem, but they assume the posterior distribution is
Gaussian to perform uncertainty quantification. This assumption on
the shape of the posterior fails to accurately describe the uncertainty
if the posterior is, for example, skewed or multimodal.
To avoid assumptions on the posterior distribution, Markov chain

Monte Carlo (MCMC) techniques are often used (Robert and Case-
lla, 1999; Gamerman and Lopes, 2006). Koren et al. (1991) apply
MCMC techniques to the velocity inversion problem using traveltime
data, rather than FWI. Sambridge and Mosegaard (2002) provide an
overview of Monte Carlo and MCMC techniques in geophysical in-
verse problems. MCMC provides better information for uncertainty
quantification by not assuming the shape of the posterior distribution,
but the need to solve the forward problem many times and the large
proportion of rejected models make the technique very computation-
ally expensive. In particular, random-walk MCMC algorithms that
rely on partial differential equations or have many parameters often
have exceptionally low acceptance rates (Ginting et al., 2011). For
example, Efendiev et al. (2006) find acceptance rates as low as
0.001 when inverting for a permeability field characterized by 20 un-
knowns; thus, 99.9% of all tested models are rejected and not used to
characterize the posterior distribution.
Frangos et al. (2011) classify methods for reducing computa-

tional cost in the MCMC process into three categories:

1) reducing the computational cost of the forward simulation nec-
essary for a posterior evaluation

2) reducing the number of parameters that define models
3) more efficient sampling of the posterior distribution, thereby

requiring fewer forward model simulations to estimate the pos-
terior distribution parameters.

The geophysics literature on MCMC often incorporates one or
more of these strategies to reduce computational cost. Ray et al.
(2016) use wavenumber integration (strategy 1) to produce acoustic
wave data in the frequency domain as the forward simulation for a
transdimensional algorithm in which the number of unknowns that
define the model is itself an unknown. Further, they reduce the num-
ber of parameters that define the models (strategy 2) by assuming
that the velocity field is a laterally homogeneous 3D field with ap-
proximately 38 layers described by 200 unknowns. Sen and Biswas
(2017) apply a reversible jump Hamiltonian Monte Carlo, which
uses Hamiltonian dynamics and gradient information to produce
samples that are less correlated than in random-walk MCMC for
seismic inversion (strategy 3). They use strategies 1 and 2 for
the forward problem by using the convolutional model and a
flat-layered medium to produce prestack and poststack data. In a
subsequent paper, Biswas and Sen (2017) extend their reversible
jump Hamiltonian Monte Carlo technique to a 2D velocity field
parameterized with Voronoi cells, where the nuclei of the cells
are the velocity field unknowns. Ely et al. (2018) simulate recorded
wavefields using the fast field expansion method for 2D velocity
inversion (strategy 1), and following Datta and Sen (2016), they
represent their velocity fields with a limited number of interfaces

described by two to seven unknowns with a gradient between
the layers (strategy 2). Hong and Sen (2009) develop a multiscale
genetic algorithm MCMC method for seismic waveform inversion,
which uses multiple Markov chains at various coarse scales. The
fast-converging, but less accurate, coarse chains inform intelligent
proposals for the slower converging and more expensive fine-grid
chains (strategy 3).
Another way to reduce the number of fine-grid simulations re-

quired is to use a multistage algorithm that uses a filter to quickly
reject unacceptable model proposals. Christen and Fox (2005) lay
the statistical groundwork for the multistage MCMC method. Efen-
diev et al. (2005, 2006) develop a two-stage MCMC framework for
flow in porous media problems (see also Ginting et al., 2011, 2015).
Laloy et al. (2013) apply the two-stage MCMC technique combined
with DiffeRential Evolution Adaptive Metropolis, DREAM(ZS) to
groundwater modeling. Kalligiannaki et al. (2012) apply a form of
multistage MCMC to stochastic lattice problems for use in simulat-
ing physical systems in micromagnetics. However, Akbarabadi et al.
(2015) find that the two-stage MCMC algorithm may not be effec-
tive when the correlation between the residuals using the filter and
the full fine grid is weak. In Stuart et al. (2016), the precursor to this
paper, we apply two-stage MCMC to the velocity inversion prob-
lem. In that work, we draw inspiration from the reservoir simulation
community and reduce the number of unknowns that describe a
velocity model with a truncated Karhunen-Loéve expansion (KLE)
(see, for example, Efendiev et al., 2005; Ginting et al., 2011, 2015;
Akbarabadi et al., 2015). Unfortunately, the Gaussian KLE pertur-
bations provide “blobby” inclusions that are not particularly real-
istic on the seismic scale.
In this work, we combine all three strategies to produce an efficient

and accurate method for quantifying uncertainty in velocity field in-
version. To reduce the number of full fine-grid simulations required,
we apply the two-stage MCMC algorithm to seismic inversion. We
reduce the cost of a forward simulation by using operator upscaling
applied to the acoustic wave equation (Vdovina et al., 2005) as the
inexpensive coarse-grid MCMC filter. Operator upscaling is a good
choice for the filter because it is fast, displaying near-perfect speedup
and minimal communication between processes. Other available fil-
ters for the acoustic wave equation include a multiscale finite-element
method that incorporates fine-scale information by precomputing ba-
sis functions (Gibson et al., 2014) and a homogenization technique
that avoids the usual homogenization assumption of two scales via a
change of coordinates (Owhadi and Zhang, 2008). For operator up-
scaling, we show that data obtained from the coarse-grid solution are
well-correlated with the data obtained from the full fine-grid solution
(see Stuart et al., 2016). Finally, we reduce the number of parameters
that define our model by constructing 2D velocity fields from later-
ally varying interfaces with a total of 17–40 unknowns. We choose
this number of unknowns to see convergence in 50,000 models or
fewer per chain for six chains (300,000 models in total) after
burn-in (Ely et al., 2018).
In the remainder of this paper, we begin by discussing the Baye-

sian inversion framework. We then present the algorithms for a tradi-
tional Metropolis-Hastings MCMC algorithm and the two-stage
MCMC algorithm. We also briefly describe the operator upscaling
algorithm for the constant-density acoustic wave equation. We dem-
onstrate that the upscaled solver is an accurate surrogate for the full
fine-grid solution by examining the correlation between residuals
using the fine-grid and upscaled solver. In this paper, new velocity

R1016 Stuart et al.
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proposals are generated using a random walk sampler. Unfortunately,
random walk samplers produce velocity models that are highly cor-
related, thus limiting our ability to efficiently investigate the posterior
space (Neal, 2011). The Hamiltonian Monte Carlo method (HMC)
uses gradient information to propose states that are less correlated
with the current state but have a high probability of acceptance (Neal,
2011). Sen and Biswas (2017) and Biswas and Sen (2017) demon-
strate that HMC is effective for 1D and 2D seismic inversion. How-
ever, generating and testing a sample is significantly more expensive
in HMC due to the computation of the gradient. To run problems with
more unknowns, wewill need to combine our two-stageMCMCwith
a different sampling strategy such as HMC. However, nothing about
our method precludes trying other methods of sampling.
We compare results from a traditional MCMC simulation with

the two-stage MCMC simulation and show that the two-stage
MCMC, with our velocity field parameterization, converges using
six chains with fewer than 50,000 samples per chain. We demon-
strate the use of two-stage MCMC on models in which we vary the
interface positions and velocity values of the materials. These
numerical experiments demonstrate the efficacy of our two-stage
MCMC algorithm for constructing the posterior distributions of
our model parameters. In fact, the two-stage MCMC algorithm
gives inversion results (posterior distributions and interval estimates
of the unknowns), which are nearly identical to the one-stage
MCMC, indicating that the two-stage MCMC can be used in place
of the traditional Metropolis-Hastings one-stage MCMC without
compromising the information needed for uncertainty quantifica-
tion. Because most of the proposed models in MCMC will be re-
jected, reducing the computational cost per rejected model will
greatly speed up the algorithm. We demonstrate a reduction in time
per rejected model of up to 50%. Furthermore, the two-stage
MCMC exhibits a significant increase in the acceptance ratio of
samples over the one-stage MCMC algorithm (from 9% to approx-
imately 90% for one experiment) with the required time per sample
tried reduced by approximately 40% for the same experiment.

BAYESIAN INVERSION

It is well-known that the seismic inverse problem for velocity is
ill-posed with different Earth models fitting the same receiver data
equally well (Symes and Carazzone, 1991; Symes, 2008). There-
fore, we consider the inverse problem from the point of view of
uncertainty quantification. In uncertainty quantification, Bayes’ rule
provides a mechanism for combining independent prior information
about unknowns with information gained from receiver data and
direct, predictive numerical simulations.

Bayes’ Rule

Bayes’ rule states

PðθjdÞ ∝ PðdjθÞPðθÞ; (1)

where PðθjdÞ is the posterior distribution of the model θ given the
data d, PðdjθÞ is the likelihood function, and PðθÞ is the prior dis-
tribution of the model (Gelman et al., 2013). Essentially, the pos-
terior distribution is proportional to the product of the likelihood
function, a measure of how well data predicted by our current model
fit the observed data, and the prior distribution, what we believe
about the model before incorporating the data.

MARKOV CHAIN MONTE CARLO FOR
BAYESIAN INVERSION

In inverse problems in which the forward problem is nonlinear, as
is the case in the velocity inversion problem, it is necessary to use
Monte Carlo methods to investigate the often-complicated posterior
distribution (Mosegaard and Tarantola, 1995). MCMC is a refine-
ment of the general Monte Carlo method in which a Markov chain is
constructed with the posterior distribution as the limiting distri-
bution.

The Metropolis-Hastings MCMC algorithm (Hastings,
1970)

1) Generate a new proposal for the parameter θ from a transitional
probability distribution qðθjθnÞ, where θn is the previous step in
the Markov chain. Here, we take the transitional probability dis-
tribution — the probability of selecting a next step given a
previous step — to be a random walk sampler through θ space
(Gamerman and Lopes, 2006), which will be discussed in the
“Numerical experiments” section.

2) Solve the forward problem and compute the ratio

rðθn; θÞ ¼
qðθnjθÞPðθjdÞ
qðθjθnÞPðθnjdÞ

; (2)

where PðθjdÞ and PðθnjdÞ are the posterior values for θ and θn,
respectively. In this work, we take q to be a symmetric random
walk sampler; thus, equation 2 simplifies to

rðθn; θÞ ¼
PðθjdÞ
PðθnjdÞ

: (3)

3) Update the next step in the chain (θnþ1) by the rule

θnþ1 ¼
�
θ with probability ρðθn; θÞ
θn with probability 1 − ρðθn; θÞ ; (4)

where

ρðθn; θÞ ¼ minf1; rðθn; θÞg: (5)

The two-stage Markov Chain Monte Carlo algorithm

Unfortunately, the likelihood calculation in Metropolis-Hastings
MCMC methods requires solving the full forward problem for
every new proposed velocity model. Often, 40%–90% of these
models are rejected in an MCMC algorithm with efficient chain
mixing (Rosenthal, 2011). These rejected proposals are not used
to characterize the posterior distribution. Most of the computation
time is, therefore, spent on velocity models that will ultimately be
rejected (Akbarabadi et al., 2015). One method to reduce this ex-
pense is the multistage MCMC method (Christen and Fox, 2005;
Efendiev et al., 2006). In the multistage, or preconditioned, MCMC,
proposed samples are first evaluated using an inexpensive filter,
thus eliminating unacceptable proposals quickly and efficiently.
Only samples that pass the filter test are then evaluated via a full
fine-grid forward solve.

Two-stage MCMC for seismic inversion R1017
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The two-stage MCMC algorithm (Christen and Fox,
2005; Efendiev et al., 2006)

1) Generation step:Generate a model proposal θ 0 from the transi-
tional probability distribution qðθ 0jθnÞ.

2) Filter step: The proposal θ is

θ ¼
�
θ 0 with probability gðθn; θ 0Þ
θn with probability 1 − gðθn; θ 0Þ ; (6)

where

gðθn; θ 0Þ ¼ min

�
1;
P⋆ðθ 0jdÞ
P⋆ðθnjdÞ

�
: (7)

Here, P⋆ðθjdÞ is the posterior distribution of the model θ:

P⋆ðθjdÞ ¼ P⋆ðdjθÞPðθÞ; (8)

where P⋆ðdjθÞ is the likelihood function that measures the dif-
ference between observed and coarse grid simulation data. We
again eliminate the transitional probability distribution from
equation 7 by selecting a symmetric random walk sampler.

3) Fine-grid step: The next step of the chain (θnþ1) is updated

θnþ1 ¼
�
θ with probability ρðθn; θÞ
θn with probability 1 − ρðθn; θÞ ; (9)

where

ρðθn; θÞ ¼ min

�
1;
PðθjdÞP⋆ðθnjdÞ
PðθnjdÞP⋆ðθjdÞ

�
: (10)

Notice that if θ ¼ θn in step 2, then we know θnþ1 ¼ θn, elimi-
nating the need to evaluate θ on the full fine grid. In other
words, a rejection in the filter stage means that we need not
continue to step 3 of the algorithm for that model. This step
results in a significant reduction in computational cost.

OPERATOR UPSCALING FOR THE ACOUSTIC
WAVE EQUATION

The two-stage MCMC algorithm uses a filter to quickly reject
unacceptable proposals. This filter must be significantly less com-
putationally expensive than solving the full fine-grid problem, while
still generating coarse grid data whose residual is well-correlated
with the fine-grid residual (Akbarabadi et al., 2015). In this work,
we use operator upscaling (Vdovina et al., 2005, 2009; Korosty-
shevskaya and Minkoff, 2006; Vdovina and Minkoff, 2008) for
the filter stage. This method exhibits near-perfect speedup during
parallelization and can detect fine-scale heterogeneities (features
below the size of a coarse grid block). Figure 1 shows that the up-
scaling algorithm produces perfect speedup for a representative test
using a grid of size 1344 × 1344 run for 10,000 time steps. Below,
we briefly describe the upscaling method. Further details about con-
vergence, accuracy, and implementation of the method can be found
in the references given above.
We model wave propagation using the 2D constant-density

acoustic wave equation:

1

c2ðx; zÞ
∂2p
∂t2

− Δp ¼ f; (11)

where c is the wave speed, f is the source of seismic energy, and p
is the acoustic pressure. By introducing acceleration, v ¼ −∇p, we
can rewrite the acoustic wave equation as a first-order system in
space:

v ¼ −∇p;
1
c2

∂2p
∂t2 ¼ −∇ · vþ f:

(12)

Rather than using the strong form of the wave equation, we consider
the mixed finite element variational form. Let H0ðdiv;ΩÞ be the
space of vector functions V, where

fV ∈ ðL2ðΩÞÞ2∶∇ · v ∈ L2ðΩÞ; v · ν ¼ 0 on ∂Ωg; (13)

where ν is the unit normal to the boundary (∂Ω) andΩ is the interior
of the 2D domain (Vdovina et al., 2005). The system in equation 12
can be written in weak form: find v ∈ H0ðdiv;ΩÞ and p ∈ L2ðΩÞ
such that

hv; ui ¼ hp;∇ · ui;�
1

c2
∂2p
∂t2

; w

�
¼ −h∇ · u; wi þ hf; wi; (14)

for all u ∈ H0ðdiv;ΩÞ and w ∈ L2ðΩÞ. Here, h·; ·i is defined by

hu; vi ¼
Z
Ω
u · vdx: (15)

For the upscaling, we decompose acceleration v into coarse com-
ponents vc ∈ VC, which live on the edges of the coarse blocks and
fine or subgrid components δv ∈ δV, which live on the edges of the
fine cells. Thus,

v ¼ vc þ δv: (16)

Whereas the pressure could also be decomposed in this manner (see
Arbogast et al., 1998), in this work we assume pressure lives only
on the fine grid. Figure 2 shows the locations of the coarse-grid
acceleration, fine-grid acceleration, and pressure unknowns.
The upscaling algorithm, therefore, consists of two steps:

1) Solve the subgrid problem for internal unknowns, pressure and
fine-grid acceleration, on each coarse cell.

2) Solve for acceleration on the coarse grid using the subgrid sol-
utions found in step 1.

In step 1 above, we solve the subgrid problems on each coarse
block to determine δv and p by restricting to test functions δu and
w, which live on the fine grid. In other words, we solve the system

hvc þ δv; δui ¼ hp;∇ · δui;�
1

c2
∂2p
∂t2

; w

�
¼ −h∇ · ðvc þ δvÞ; wi þ hf; wi: (17)

These subgrid problems completely determine pressure p. In this
implementation, we assume piecewise constant basis functions

R1018 Stuart et al.
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for pressure and piecewise linear functions for acceleration. Other
choices of interpolating polynomials are also possible. In a tradi-
tional domain decomposition approach, one needs to pass the pres-
sure from each cell living on the edge of the subdomain to adjacent
subdomains. However, we decouple the subgrid problems by apply-
ing homogeneous Neumann boundary conditions on the edge of
each coarse block Ec (our primary simplifying assumption for
the upscaling algorithm). In other words, we assume that

δu · ν ¼ 0 on ∂Ec: (18)

This condition allows us to solve for the subgrid unknowns on each
coarse block in parallel, achieving near-perfect speedup with min-
imal communication between processes (Vdovina et al., 2005).
Whereas operator upscaling was developed in the context of

mixed finite elements (Oden and Reddy, 1976), due to the equiv-
alence between the lowest-order Raviart-Thomas mixed finite ele-
ments and the cell-centered finite difference (Russell and Wheeler,
1983), our implementation at step 1 of the algorithm (the expensive
step) is in practice an explicit finite difference scheme in space and
time. Furthermore, other discretization schemes are also possible.

For example, Vdovina et al. (2009) apply operator upscaling to
the 3D elastic wave equation using mass lumping and the spectral
finite-element method.
In step 2, we solve for the coarse acceleration vc using the results

from the subgrid problems,

�
vc þ δv; uc

�
¼

�
p;∇ · uc

�
; for all uc ∈ Vc; (19)

where uc are the coarse-grid test functions. We note that because the
coarse operator incorporates the fine-scale solution, we can capture
the fine-scale heterogeneities in the solution (see Vdovina et al.
[2005] for several examples in which features much smaller than
a coarse block are recovered in the upscaled solution).

UNCERTAINTY QUANTIFICATION

We choose to use the MCMC algorithm for uncertainty quanti-
fication. Specifically, we examine the uncertainty of our inverted
parameters by constructing kernel density estimates (KDEs) of
the posterior distribution (Scott, 1992) and calculating credible in-
tervals using highest posterior density (HPD) intervals (Gelman
et al., 2013). KDE produces a probability density function of a ran-
dom variable from a collection of samples. In this case, the collec-
tion of samples corresponds to the entries of our Markov chain. We
combine multiple chains to form a sample ðθ1; θ2; : : : ; θm·nÞ, where
m is the number of chains and n is the number of entries per chain.
To compute the KDE, we sum over a series of nonnegative kernels
constructed about each data point in the sample (Scott, 1992):

f̂ðθÞ ¼ 1

n · m

Xn·m
i¼1

Khðθ − θiÞ: (20)

For the kernels Kh, we use Gaussians with standard deviation set by
the bandwidth h. The bandwidth is computed following the normal
reference rule from Scott (1992):

h ≈ 1.06σ̂ðn · mÞ−1∕5; (21)

where σ̂ is the standard deviation of the sample.
For interval estimation of our inverted parameters, we construct

credible intervals using HPD intervals. Although HPD regions are
not necessarily a single contiguous interval, we make the simplify-
ing assumption that our posterior distributions are unimodal to com-
pute contiguous HPD intervals. We find that this is a good
assumption because most of the KDEs we observe are unimodal.
Although there are infinitely many intervals that cover
ð1 − αÞ × 100% of the distribution, we define the ð1 − αÞ × 100%

HPD interval as the narrowest interval that covers ð1 − αÞ × 100%

of the posterior distribution (Gelman et al., 2013).

CONVERGENCE

Because uncertainty quantification relies on estimates of the pos-
terior distributions by the samples in the chain, to have confidence
in the results we require that the estimated probability distributions
converge to a stable distribution. We show convergence numerically
in two ways: with a visual demonstration showing the stability of
the KDE for a parameter at different points in the Markov chain and

Figure 1. Timing plot for solution of the acoustic wave equation
using operator upscaling with one velocity sample run for 10,000
time steps versus number of MPI processes (the solid blue line) and
theoretical perfect speedup (the dashed orange line).

Figure 2. The coarse grid (red) and subgrid (black) unknowns and
decomposition for a domain with four coarse blocks. Acceleration,
denoted by crosses, lives on the boundaries of the coarse and subgrid
cells. Pressure, denoted by dots, lives at the center of each fine cell.

Two-stage MCMC for seismic inversion R1019
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by using the multivariate potential scale reduction factor (MPSRF)
and max PSRF from Brooks and Gelman (1998). In this section, we
will discuss the derivation of the MPSRF, which we then apply to
experiment 1 in the “Numerical experiments” section.
The MPSRF approach to demonstrate convergence relies on the

pooled covariance matrix V and the within-chain covariance matrix
W, which are calculated from multiple chains (Brooks and Gelman,
1998). The pooled covariance matrix is estimated from

V ¼ n − 1

n
Wþ

�
1þ 1

m

�
B∕n; (22)

where B∕n is the between-chain covariance matrix, n is the number
of samples per chain, and m is the number of chains. The within-
chain covariance matrix is

W ¼ 1

mðn − 1Þ
Xm
j¼1

Xn
i¼1

ðθji − θ̄jÞðθji − θ̄jÞT; (23)

where θji is the ith entry of the jth chain and θ̄j is the mean of the
jth chain. The between-chain covariance matrix is

B∕n ¼ 1

m − 1

Xm
j¼1

ðθ̄j − Θ̄Þðθ̄j − Θ̄ÞT; (24)

where Θ̄ is the mean of all the chains combined.
As the chains evolve, V and W should converge. The MPSRF

gives a scalar measure of the difference between V and W. As
V and W converge, we expect the MPSRF to approach 1. The
MPSRF (Brooks and Gelman, 1998) R̂p is computed by

R̂p ¼ max
a

aTVa
aTWa

; (25)

¼ n − 1

n
þ mþ 1

m
λ1; (26)

where λ1 is the largest eigenvalue of W−1B∕n. In addition, we look
at the maximum of the individual potential scale reduction factor
(PSRF). The PSRF is computed in the same manner as the MPSRF,
but here we only consider one parameter at a time. Again, we expect
each PSRF, and thus the maximum of all PSRFs, to approach 1.

NUMERICAL EXPERIMENTS

We will now describe four synthetic numerical experiments to
illustrate the performance, cost savings, and convergence of the
two-stage MCMC method. Each experiment is intended to deter-
mine characteristics of the velocity field, specifically, either inter-
face positions, velocity values within features, or both. Crosswell
tomography can provide well-resolved velocity values, but more
uncertainty exists about the topography of material interfaces de-
pending on the acquisition geometry or nature of the interfaces
to be imaged (e.g., faults). Thus, in numerical experiment 1, we
assume that the velocity values are known and only invert for inter-
face depths that are allowed to vary laterally for each material (i.e.,
the interfaces are not flat). Numerical experiment 2 is an extension

of the first experiment. In this case, we assume that the velocity
values and interface depths are unknown which allows us to quan-
tify the uncertainty on the interface depth when the velocity values
are also incorrect initially. In contrast, mature fields such as parts of
the Midland Basin in West Texas often have dense well coverage
with sufficient log data (e.g., gamma ray and resistivity) to allow us
to build a robust structural/stratigraphic model of the interfaces.
However, many of the wells do not measure acoustic impedance.
Hence, for numerical experiment 3, we assume that we know
the layer interfaces but must estimate the velocity values. In the
fourth experiment, we invert for the interface position and velocity
for a flat-layered model. The velocity fields in the third and fourth
experiments are constructed from a blocked well log.
For all four experiments, we demonstrate the efficacy of the in-

version by comparing the velocity field constructed from the
median of the posterior distribution to the initial velocity field
and the true velocity field. However, we emphasize that our goal
in this work is not the inversion results themselves, but the estima-
tion of uncertainty in our results. We examine the uncertainty in our
solution using HPD intervals and KDEs of the posterior distribu-
tions. For experiment 1, we show that the two-stage MCMC algo-
rithm and the traditional one-stage MCMC algorithm result in
nearly identical posterior distributions, which indicates that the
two-stage MCMC process is an appropriate replacement for the
more expensive one-stage MCMC process. We examine the corre-
lation between the full fine-grid data and the upscaled data and
show an example of the upscaled receiver data compared with
receiver data on the full fine grid. Finally, we analyze the conver-
gence of the two-stage MCMC algorithm by showing the stability
of the posterior distributions as the chain evolves and by demon-
strating the convergence of the MPSRF and max PSRF values to
1. After describing the individual experimental results, we discuss
timings for each experiment, namely, the reduction in time needed
to reject a model and the time reduction overall per trial.

Construction of the velocity field

The velocity field is determined by the position of material in-
terfaces and the magnitude of the velocity between interfaces. Each
interface is parameterized by one or more unknowns. An interface
defined by only one unknown is a flat layer. The interfaces are
piecewise linear between the unknowns if more than one unknown
defines the interface position. Between the interfaces, the velocity is
constant within each material (here, one unknown suffices).
In the MCMC process, the velocity field is completely determined

by a dimensionless vector θ with each component of the vector cor-
responding to one unknown (either interface position or velocity
value). We transform θ to physical units by adding the initial position
or velocity to a rescaled θ using an average step length σstep,

v¼ v0þσvelocitystep · θ for velocity;v;with initial velocity v0
(27)

d¼d0þσinterfacestep ·θ for interfacedepth;d;with initial depthd0:

(28)

The specific values of σvelocitystep , σinterfacestep , and the initial values will be
discussed in the individual experiments.
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Each experimental region contains 1344 fine-grid blocks in the x
direction and 1344 fine-grid blocks in the z direction with a nearly
perfectly matched layer absorbing region (Berenger, 1994) of 160
fine-grid blocks on each edge of the computational domain. Hence,
the computational region contains 1024 × 1024 fine-grid blocks with
1 m grid spacing in x and z. For the upscaled wave solver, each coarse
block contains 16 fine-grid blocks in x and 16 fine-grid blocks in z.
The computational domain then contains 64 × 64 coarse-grid blocks
in total. We solve the wave equation for 0.5 s total with each time step
Δt ¼ 5 × 10−5 s. This time step was chosen to satisfy the 2D
Courant-Friedrichs-Lewy conditions for velocities up to 10 km∕s.
The source and receiver geometry for the four experiments in-

cludes 20 equally spaced sources at the top edge of the computa-
tional domain (z ¼ 0 m), with each source being a 30 Hz Ricker
wavelet in time and a point source in space. We note that the Ricker
wavelet contains low frequencies that may not be present in real
data. We record pressure data along horizontal or vertical receiver
lines with receivers spaced 2 m apart. Finally, each experiment was
performed using six independent Markov chains containing
between 34,000 and 50,000 samples each (204,000 to 300,000
samples total). For numerical experiments 1, 2, and 4, the starting
velocity model for each chain is a perturbation of the velocity model
produced by the mean of the prior distribution. For numerical
experiment 3, the starting velocity model is constant.

The likelihood function, prior distribution, random
walk sampler, and acceptance ratios

Likelihood function and prior distribution

We follow Efendiev et al. (2006) (see also Lee, 2005) and assume
that the error associated with measurement, modeling, and numeri-
cal approximation satisfies a Gaussian distribution. Consequently,
the likelihood function is given by

PðdjθÞ ∝ exp

�
−
kuðθÞ − dk2
2kdk2σ2

�
; (29)

where uðθÞ is the data simulated assuming the model θ, d is the
observed data, k · k is the L2 norm, and σ2 is the precision param-
eter that quantifies the noise in the data (Lee, 2005; Akbarabadi
et al., 2015). The likelihood function of the coarse-grid solution
is constructed similarly:

P⋆ðdjθÞ ∝ exp

�
−
kuCðθÞ − dk2
2kdk2σ2C

�
; (30)

where uCðθÞ is the data simulated using operator upscaling and σC
is the coarse-grid precision parameter. For the numerical experi-
ments, we choose the precision parameters σ and σC, to allow good
chain mixing after burn-in. If the precision parameters are too small,
we find that the range of relative residuals that the algorithm will
accept is too small and the chains will not mix well.
Choosing a prior distribution for Bayesian inversion is not always

straightforward (Scales and Snieder, 1997; Scales and Tenorio,
2001). A prior is meant to represent what we know about the param-
eters of interest before the data are taken into consideration. It can
be used to represent what we think we know from experience about
the parameters, or it can be estimated by observations independent
from the data (Scales and Tenorio, 2001). For three of our experi-

ments, experiments 1, 2, and 4, the prior distributions are chosen to
be Gaussian. For experiment 3, the prior distribution is uniform; i.e.,
we assume that each velocity model is equally likely in the prior. An
appropriate prior distribution for layer interfaces can be estimated
from the geologic depositional environment of the area. Another
appropriate choice for the prior distribution is the log-normal dis-
tribution. However, Gaussian priors are suitable for our numerical
experiments, and we find that they do not restrict the posterior to be
Gaussian. Here, we will discuss the construction of the Gaussian
priors. Because we assume that the unknowns that characterize
our velocity fields are independent in the prior, the prior distribution
is a product of independent Gaussians (one for each unknown in our
problem):

πðθÞ ¼
Ynd
i¼1

exp

�
−
ðμinti − θinti σintstepÞ2

2ðσintpriorÞ2
	

×
Ynv
i¼1

exp

�
−
ðμveli − θveli σvelstepÞ2

2ðσvelpriorÞ2
	
; (31)

where σstep is as discussed previously in equations 27 and 28, σprior
is the desired standard deviation of the prior, nd and nv are the num-
ber of unknowns that describe the interface position and velocities,
respectively, and μi are the means of each independent Gaussian.
The superscript labels “vel” and “int” correspond to whether the
variable describes a velocity unknown or an interface unknown.
The means of the Gaussians μi can be estimated from well-log data
(see Stuart et al., 2016). Intuitively, each independent Gaussian in
the product represents a distribution around a single unknown that
indicates our uncertainty about the value of the unknown before we
begin the MCMC algorithm. We choose σvelprior ¼ 250 m∕s for veloc-
ity and σintprior ¼ 50 m for interface depth.

Random walk sampler

The progression of the θ vector gives the Markov chain. We con-
struct the next step in the chain θnþ1, by adding a θstep vector to the
previous θ vector:

θnþ1 ¼ θn þ θnþ1
step : (32)

The entries of the vector θnþ1
step are assumed independent and iden-

tically distributed N ð0; 1Þ and are influenced by the previous step
direction:

θnþ1
step ¼ βθnstep þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

q
θ̂; (33)

where β ∈ ½0; 1� is the tuning parameter that determines how much
influence the previous step direction has on the new step direction
and θ̂ ∼N ð0; 1Þ is a random vector. For all of our experiments, we
find that β ¼ 0.3 gives the best acceptance rate while still enabling
good exploration of the posterior distribution.

Numerical experiment 1: Determination of the variable
interface depth

In the first numerical experiment, we invert for the laterally varying
depth of interfaces assuming known material velocities. We will
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compare the two-stage MCMC results to the results from the tradi-
tional one-stage MCMC and demonstrate experimentally that the
posterior distribution converges for the two-stage MCMC algorithm.
Our velocity field consists of four interfaces with nine equally

spaced unknowns per interface for a total of 36 unknowns (see Fig-
ure 3, true velocity). The unknowns are allowed to move independ-
ently in the z-direction. The initial velocity field, shown in Figure 3
(left), is flat-layered. The velocities between the interfaces range
from 2500 to 7000 m/s. We record acoustic pressure on two vertical
arrays and one horizontal array of 512 receivers each, placed at the
left, right, and top of the computational domain (the green triangles
in Figure 3, true velocity). Because the two-stage MCMC algorithm
uses residuals from the upscaled forward problem to reject unac-
ceptable samples, we must show that these filter residuals are cor-
related with the fine-grid residuals. In other words, if a certain
velocity field results in a larger fine-grid residual than another
velocity field, this relationship should also be reflected in the filter
residuals. We demonstrate the correlation between the filter resid-
uals and the fine-grid residuals by first selecting a reference field
(the true field in numerical experiment 1) and generating 125
perturbations of that reference field. Then, we compute the filter
data and the fine-grid data and plot the relative residuals,
kdref − dfinek∕kdrefk versus kdref − dfilterk∕kdrefk, for each per-
turbed field. Figure 4 demonstrates that the relative residuals for
the fine-grid data and the filter data are well-correlated for this ac-
quisition geometry and velocity field. In Figure 5, we show one
example of the agreement between receiver data generated by the
full fine-grid wave solver and the upscaled wave solver for the line
of vertical receivers on the left side of the domain at x ¼ 0 m.
In this experiment, we set the fine-grid and coarse-grid likelihood

precision parameters to σ ¼ σC ¼ 0.05 and the average step length
to σinterfacestep ¼ 6 m (see equation 28). For each of the six independent
Markov chains in this study, we test 34,000 samples for a total of
204,000 samples. The relative residual plots for each chain, shown
in Figure 6, indicate that the relative residuals stabilize at approx-
imately 0.3, and we remove the first 3000 samples (the burn-in
period) from our posterior analysis to reduce the influence of the
initial velocity field (Gelman et al., 2013).
In Figure 3, we compare the velocity field generated by the

median of the two-stage MCMC posterior distribution to the median
field from the one-stage MCMC, the true velocity, and the initial

Figure 3. A comparison of the velocity fields con-
structed from the median of the posterior distribu-
tions for the one-stage and two-stage MCMC for
numerical experiment 1. Also shown are the initial
and true velocity fields. In the true velocity plot,
the black dots indicate the locations of the inter-
face unknowns. The green triangles delineate the
three arrays of receivers (two vertical and one hori-
zontal array). Each array contains 512 receivers.
The red Xs indicate the location of the line of
20 sources at the top of the domain.

Figure 4. Comparison of fine-grid relative residuals,
kdref − dfinek∕kdrefk, versus the upscaled relative residuals,
kdref − dfilterk∕kdrefk, for 125 proposed velocity models from
numerical experiment 1.

Figure 5. Receiver data on the full fine grid (left), the upscaled
receiver data (center), and the difference (right) using the true veloc-
ity field from numerical experiment 1 (see Figure 3).

R1022 Stuart et al.

D
ow

nl
oa

de
d 

11
/0

8/
19

 to
 7

2.
18

0.
10

3.
24

7.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SE
G

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 T
er

m
s 

of
 U

se
 a

t h
ttp

://
lib

ra
ry

.s
eg

.o
rg

/



velocity. We see that the median of the two-stage MCMC posterior
distribution produces a velocity field that is very close to the true
one and to the field generated from the one-stage MCMC posterior
distribution. Furthermore, Figure 7 shows that the data simulated on
the full fine grid using the median velocity field from the two-stage
MCMC matches the observed data very well.
One of our main interests in multistage MCMC is analyzing its

usefulness for uncertainty quantification. In Figure 8, we plot the
posterior distributions of the depth deviation from the initial posi-
tion generated by KDE for three unknowns at x ¼ 128, 512, and
896 m in each layer. We choose not to show all 36 posteriors as
these 12 are representative. The blue and orange shaded distribu-
tions correspond to the one-stage MCMC and the two-stage MCMC
posterior distributions, respectively. Because the two-stage MCMC
successfully constructs posterior distributions nearly identical to the
one-stage MCMC, the two curves often overlap. The green curve
represents the prior distribution, and the red line marks the true
unknown deviation from the initial position. In rows 1 and 2 of
Figure 8, which correspond to the top two interfaces, we see the
tendency of the posterior distributions to move toward the true un-
known deviation, with a narrower distribution (less variance) com-
pared to the prior distribution. This indicates we have improved our
uncertainty about the positions of the unknowns. For the bottom
two interfaces, however, the posterior distribution remains broad,
indicating that the uncertainty about these two deeper interfaces
is large. For five of the six posterior distributions shown in the bot-
tom two interfaces, the prior distribution begins centered at the cor-
rect location and remains centered at the correct location after
MCMC. For all interfaces, the posterior distributions for the
one-stage MCMC and the two-stage MCMC are very similar, which
indicates that the two-stage MCMC produces the same uncertainty
information as the one-stage MCMC.
From the posterior distributions, we construct 90% HPD inter-

vals. Figure 9 shows the 90% HPD interval and median position
for the one-stage MCMC and the two-stage MCMC (the blue
shaded region and solid line, respectively), along with the initial
position (dotted green line) and true interface position (dashed red
line). For every layer, we capture the true interface position within
our 90% HPD intervals. For the top two layers, the 90% HPD in-
terval is quite narrow, which corresponds to the much narrower pos-
terior distributions we see in Figure 8.
We will analyze convergence in two ways for the two-stage

MCMC only. First, in Figure 10, we show the posterior distribution

for a single unknown at different points in the chain, from
25,000 samples per chain to 50,000 samples per chain. These plots
show only small differences in the posterior distribution as the chain
evolves, indicating that we have converged to a stable posterior dis-
tribution. The posterior distributions for all the other unknowns
demonstrate similar behavior. Gelman and Shirley (2011) note that
it is practical to consider that the parameters have converged when
the PSRF values fall below 1.1. In fact, the parameters considered
individually can converge and be well-estimated before the MPSRF
value has converged. In Figure 11, we observe that the maximum
PSRF value falls below the 1.1 threshold at approximately 50,000
iterations. Furthermore, the MPSRF value R̂p appears to be trending
to 1, which indicates that we do have convergence of the chains.

Numerical experiment 2: Determination of variable
interface depths and velocity values

Numerical experiment 2 is the same as numerical experiment 1
except that we now demonstrate the impact on the inversion if the

Figure 6. The relative residual plots for each of the six chains of the
two-stage MCMC (shown in orange) and the one-stage MCMC
(shown in blue) for numerical experiment 1. The red dashed line
marks the end of the burn-in period.

Figure 7. The observed receiver data (left), the si-
mulated receiver data on the full fine grid using the
median velocity field from the two-stage MCMC
(center), and the difference (right) from the vertical
array on the left side of the field at x ¼ 0 m from
experiment 1.
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velocity values are also unknown. Figure 12 shows the initial model
with flat interfaces and perturbed velocity (left), the true model
(center), and the median posterior model for depth and velocity.
We recover the interface positions and the velocity values to within
reasonable accuracy. Figure 13 shows the HPD intervals for velocity
(left) and interface position (right). The true values fall within the
90% HPD values for velocity and interface position. However, the
uncertainty in the velocity impacts the confidence we have in our
interface positions. We see that the HPD intervals for interface
depth (see Figure 13b) are wider than the equivalent HPD intervals
in Figure 9.

Numerical experiment 3: Variable velocity within an
angular unconformity model

In our third numerical experiment, we invert for the velocity
within interfaces while assuming that we know the interface boun-
daries. As shown in Figure 14, true velocity, the model contains
an angular unconformity and 24 different material regions. To
create the model, we used a blocked well log and applied a logistic
transformation to the lower 19 interfaces. The blocked well log
(Figure 14a) was provided by Pioneer Natural Resources and ac-
quired from a well in the Midland Basin in West Texas with a log-
ging interval that covers portions of the Spraberry, Wolfcamp, and

Figure 9. A comparison of the one-stage MCMC
and two-stage MCMC HPD intervals for numeri-
cal experiment 1. The solid blue lines represent the
median depth position. The blue-shaded region
represents the HPD interval. The dotted green
lines represent the initial depth position. The
dashed red lines indicate the true interface posi-
tion.

Figure 8. Kernel density estimation of the pos-
terior distributions for 12 unknowns (three in each
of the four interfaces) for numerical experiment 1.
The blue KDE is the one-stage MCMC posterior
distribution. The orange KDE is the two-stage
MCMC posterior distribution. The green curve
represents the prior distribution for that unknown,
and the red line represents the true position. The
columns correspond to an x position of 128 m (a),
512 m (b), and 896 m (c). Each row corresponds to
one of the four interfaces.
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Strawn Formations. The velocity values in the true field range from
3559 to 5909 m∕s. The model contains materials that vary down to
a width of 1 m. We collect pressure data at one vertical array of 512
receivers, located on the left edge of the domain (at x ¼ 0 m;
see Figure 14, true velocity). We assume a constant velocity of
4447 m∕s for our initial velocity model for inversion. In addition,
we assume the interface positions are known, as illustrated by the
black dotted lines in Figure 14, initial velocity. We have omitted the
plot of the correlation between the fine-grid relative residuals and
the filter relative residuals because it is very similar to Figure 4 from
numerical experiment 1.
The precision parameters for this experiment were chosen to be

σ ¼ 0.04 and σC ¼ 0.04 for fine-grid and coarse-grid precision,
respectively. The average step length σvelocitystep was chosen to be
50 m∕s. The prior distribution for this experiment is uniform. Each
of the six chains contains 35,000 samples for a total of 210,000 sam-
ples tried. Again, we remove the first 3000 samples from each chain
to reduce the impact of the initial velocity field after the relative
residuals stabilize at 0.2 (the burn-in; figure is omitted because it
is similar to Figure 6 in numerical experiment 1).
The median velocity of the posterior distribution, as shown

in Figure 14, recovers the true velocity field for this experiment.
In Figure 15, we illustrate the uncertainty of the velocities corre-
sponding to the well location by taking a 1D vertical slice of the
velocity field on the left edge of the domain (x ¼ 0 m). The green-
shaded region represents the 90% HPD interval for the velocity
values. For all velocities, we capture the true velocity value, the
orange line in Figure 15, within the 90% HPD interval. However,
for the thin regions at approximately 400, 550, and 810 m depth,
the 90% HPD intervals are quite large. These thin regions are
between 1 and 11 m wide, which are hard to capture given the
resolution of our 30 Hz source (Yilmaz, 2001). As such, the un-
certainty about the velocity values of these thin regions is high. In
Figure 16, we show three KDE posterior distributions, which cor-
respond to the velocity regions marked 1 through 3 in Figure 15.
Velocity regions 1 and 3 demonstrate relatively narrow posterior
distributions around the true velocity value (marked with a red
line). Velocity region 2, however, has an extremely broad KDE
posterior distribution. This region is only 11 m wide, demonstrat-
ing again that we have large uncertainty for the thin regions below
resolution.

Figure 10. The posterior distributions for one un-
known from numerical experiment 1. Each distribu-
tion is constructed at a different point in the chains,
from 25,000 samples per chain to 50,000 samples
per chain. The total number of samples from the
combined chains used in the KDE is given in paren-
theses.

Figure 11. MPSRF (blue) and maximum PSRF (orange) curves for
numerical experiment 1. The threshold indicating convergence (1.1)
is denoted by the dashed red line.

Figure 12. The initial model (a), true model (b), and median model
(c) for numerical experiment 2. In this experiment, the velocity val-
ues and interfaces are determined via inversion.
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Numerical experiment 4: A flat-layered velocity field
with unknown interface depth and velocity

In our fourth and final experiment, we construct a flat-layered
velocity field and invert for the depth of the layer interfaces and
the velocity values within each layer (similar to experiment 2). This
model has a total of 17 dimensions: eight interface depths and nine
velocities. The velocity field was created by further blocking the
well log (see Figure 14a) into nine layers and extending the log

horizontally to create a 2D field, as shown in Figure 17b. As in
experiment 3, the velocity values range from 3559 to 5909 m∕s.
The initial velocity field, shown in Figure 17a, was created by per-
turbing interface depths by 100 m and velocity values by 500 m∕s.
The 20 sources are equally spaced along the top of the computa-
tional domain, and the pressure wave is recorded at 512 receivers
placed 2 m apart on the left side of the computational domain, as
indicated in Figure 17b. We again omit the correlation picture be-
cause the relationship between the fine-grid relative residuals and

Figure 15. A 1D vertical slice of the velocity field
for numerical experiment 3 at the left side of the
domain (x ¼ 0 m). The dashed green line repre-
sents the velocity generated by the median of
the posterior distribution. The green-shaded region
represents the 90% HPD interval of the velocity
values. The orange line represents the true velocity
value, and the blue line marks the initial velocity
value.

Figure 14. The velocity field constructed from the
median of the two-stage posterior distribution for
numerical experiment 3 (d), compared with the
true velocity field (c), the initial velocity field
(b) with known interfaces marked with black
dashed lines, and the median blocked well log
(a), courtesy of Pioneer Natural Resources. On
the true velocity plot, the green triangles show
the vertical array of 512 receivers. We mark the
line of 20 sources at the top with red Xs.

Figure 13. (a) A 1D slice of the median velocity
field at x ¼ 0 m (the dashed blue lines), true
velocity field (the dashed red lines), and initial
velocity field (the dashed green lines) with 90%
HPD intervals on the velocity values only (blue-
shaded region) for numerical experiment 2. (b)
The initial interfaces (green dotted lines), true in-
terfaces (the dashed red lines), median posterior
interfaces (blue lines), and 90% HPD intervals
for the interfaces (blue-shaded regions).
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the filter relative residuals is similar to that of Figure 4 from numeri-
cal experiment 1.
For this experiment, the precision parameters are σ ¼ σC ¼ 0.04

for fine-grid and coarse-grid precision. We define the two step
lengths as σvelocitystep ¼ 50 m∕s and σdepthstep ¼ 6 m. The six chains
tested 50,000 samples each for a total of 300,000 samples tried.
For this experiment, we remove a burn-in period containing the first
11,000 samples from each chain because many of the chains appear
to take longer to stabilize than in numerical experiments 1, 2, and 3.
Figure 17 compares the velocity field constructed from the

median of the posterior distribution with the initial velocity and true
velocity. We can view the true velocity field as three large velocity
regions containing several smaller layers. The three regions are
from approximately 0 to 400 m depth, 400 to 800 m depth, and
800 to 1024 m depth, respectively. We see in Figure 17 that we
can recover the large velocity regions, but we have larger uncer-
tainty when determining the smaller layers within each region. Fig-
ure 18 shows that data simulated using the median velocity field is a
good match for the observed data. In particular, we recover the di-
rect wave and the larger reflections including those that cross
x ¼ 0 m at approximately 0.2, 0.275, and 0.41 s. Figure 19a dis-
plays 1D vertical slices of the initial, true, and median velocity
fields. The median velocity field slice is constructed from the
median of the depth and velocity posterior distributions. The shaded
region in Figure 19a illustrates the 90% HPD interval for velocity
only (the depth uncertainty is shown in Figure 19b). The true veloc-
ity for each layer is captured by the 90% HPD interval. In
Figure 19b, we see that for the interfaces that mark divisions with
large velocity contrasts (interfaces 4 and 7 in Figure 19a), the 90%
HPD intervals for the interface depth are narrow. For interfaces with
small velocity contrasts (e.g., interfaces 2, 3, and 5 in Figure 19),

we see wider 90% HPD intervals for the interface depth, which
indicates a greater uncertainty about the position of the layer inter-
face. The selected posterior distributions in Figure 20 correspond to
the numbered interfaces 4 and 6 in Figure 19 and the velocities of
the materials directly above them. Interface 4, which lies between
materials with a large velocity difference, has a narrow posterior
distribution, whereas interface 6, which is between two similar
velocity materials, has a much broader posterior distribution.

Timing analysis

To determine how much more computationally efficient the two-
stage MCMC algorithm is than the one-stage MCMC algorithm for
seismic inversion, we look at three metrics:

1) The acceptance rate, defined as the proportion of velocity fields
accepted on the fine grid to the number of velocity fields tested
on the fine grid (Efendiev et al., 2006). In the two-stage MCMC
algorithm, the number of fine-grid simulations is the same as the
number of velocity fields accepted on the filter.

2) Reduction in time per sample tried, defined as

Reduction per sample tried

¼ time per sampleðone stageÞ− time per sampleðtwo stageÞ
time per sampleðone stageÞ ;

(34)

where

Time per sample¼ total elapsed time

total number of samples tried
:

(35)

Figure 16. A selection of three KDE posterior distributions for
numerical experiment 3 from the velocity regions labeled 1 through
3 in Figure 15. The red line marks the true velocity.

Figure 17. The initial velocity field (a), true velocity field (b), and
velocity field constructed from the median of the posterior distribu-
tion (c) for numerical experiment 4. On the true velocity plot, the
vertical array of 512 receivers is marked with green triangles. The
line of 20 sources is marked with red Xs.
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Figure 20. (a) Two posterior distributions (blue-
shaded curves) for interfaces 4 and 6 marked in
Figure 19. (b) The posterior distributions of the
velocities of materials directly above the selected
interfaces for numerical experiment 4. The red line
marks the true value, and the orange curve indi-
cates the prior distribution.

Figure 19. (a) One-dimensional vertical slices of
the initial velocity field (blue), true velocity field
(orange), and median velocity field (green) for
numerical experiment 4. The green shaded region
is the 90% HPD interval for velocity only. (b) The
median (green X), initial (blue X), and true (or-
ange X) interface depths for numerical experiment
4. The interface number corresponds to the inter-
faces marked in (a). The green bar shows the 90%
HPD interval of the interface depth for each inter-
face.

Figure 18. The observed receiver data from a ver-
tical array at x ¼ 0 m (a), simulated receiver data
on the full fine grid using the median velocity field
(b) from the two-stage MCMC algorithm, and the
difference (c) for numerical experiment 4.
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3) Reduction in time per sample rejected, defined as above with

Time per rejected model

¼ time spent on filter rejectionsþ time spent on fine−grid rejections

total number of rejections
:

(36)

This metric is particularly important because most of the time
spent in the MCMC algorithm is on rejected models.

The following timings were obtained using 144 message passing
interface (MPI) processes on 144 cores per chain on the Ganymede
cluster at UT Dallas. Changing the precision parameters, tuning
parameter, and step length can impact the acceptance rate and re-
duction in time per trial. We find that a single solution using the
upscaling algorithm — i.e., the time needed to produce data
for a single model — requires one-third to one-half as long as
a single solution using the full fine-grid wave solver for the given
configuration.
In Table 1, we see an increase in the acceptance rate from 9% to

almost 90% for experiment 4, from 17% to 32% for experiment 3,
from 10% to 40% for experiment 1, and from 8% to 33% for experi-
ment 2. We see decreases in the time per rejected model ranging
from 33% for experiment 1 to 47% for experiment 4. Experiment
4 achieves a near-perfect reduction in time per rejection (47%) due
to its two-stage acceptance rate of approximately 90%. We
see that the reduction in time per trial is 39% for experiment 4 and
approximately 22% for experiments 1, 2, and 3.

DISCUSSION

Our experiments demonstrate that the two-stage MCMC algo-
rithm is an effective and computationally efficient algorithm for pro-
ducing posterior distributions of the velocity field unknowns. In all
experiments, we see narrow posterior distributions and HPD inter-
vals where we expect to have greater certainty about the values of
the velocity field unknowns — e.g., shallower regions or interfa-
ces, broader regions, or interfaces that separate materials with large

contrasts in velocity values. Similarly, we see wide posterior distri-
butions and HPD intervals for unknowns that are typically more
difficult to recover and have greater uncertainty — e.g., deeper
regions and interfaces, regions too thin for the resolution limits
of our data, and interfaces that separate materials with similar veloc-
ity values. This indicates that the two-stage MCMC algorithm is
effective at providing uncertainty information and is consistent with
the findings of those who have used two-stage MCMC for flow
problems (Efendiev et al., 2005, 2006; Mondal et al., 2010; Ginting
et al., 2011; Laloy et al., 2013). This assertion is further supported
by the comparison of the two-stage MCMC and the traditional
Metropolis-Hastings MCMC for experiment 1. We see that the
two-stage MCMC method effectively recreates the solution of
the traditional single-stage MCMC.
In terms of computational efficiency, all four experiments lead to

substantial improvements in acceptance rate (up to a ninefold in-
crease), reduction in time per rejection (up to 47%), and reduction
in time per trial (up to 39%). Therefore, the two-stage MCMC sig-
nificantly reduces the computational cost of probabilistic velocity
inversion without impacting the solution. This demonstration pro-
vides a path for future research in reducing the computational cost
for seismic inversion via multistage MCMC methods, including in-
vestigating other filtering methods to use in combination with op-
erator upscaling in a multiple filter algorithm.
We believe that the significant decrease in computation time

makes the two-stage algorithm suitable for 3D data sets and for elas-
tic FWI. In fact, Vdovina et al. (2009) describe operator upscaling
for forward modeling of the 3D elastic wave equation. However, our
limitation in terms of solving inverse problems with more un-
knowns lies with the random walk sampler, not the multilevel
MCMC method. The random walk sampler is inefficient at sam-
pling from the full posterior space in higher dimensions (Neal,
2011). In future work, we will attempt to remove this restriction
by combining the computationally efficient two-stage MCMC
method with Hamiltonian Monte Carlo methods that use gradient
information to propose samples that are less correlated with the pre-
vious sample and are also more likely to be accepted (Neal, 2011).

Table 1. The acceptance rates and reductions in time per sample or rejection for each numerical experiment.

Stage Acceptance rate
Total CPU time for
50,000 models (days)

Time per
rejection (s)

Percent reduction in
time per rejection

Time per
sample (s)

Percent reduction in
time per sample

Experiment 1: Variable interface

Two stage 0.401 6.90 10.2 33.3 11.9 21.7

One stage 0.104 8.83 15.2 N/A 15.2 N/A

Experiment 2: Variable interface with uncertain velocity

Two stage 0.336 6.75 10.3 32.4 11.7 23.5

One stage 0.082 8.83 15.2 N/A 15.2 N/A

Experiment 3: Angular unconformity

Two stage 0.322 7.42 10.2 38.4 12.8 22.3

One stage 0.168 9.56 16.5 N/A 16.5 N/A

Experiment 4: Flat layer

Two stage 0.894 6.32 9.5 46.6 10.9 38.7

One stage 0.091 10.31 17.8 N/A 17.8 N/A
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We believe that the two-stageMCMCmethod could be extended to
address the cycle-skipping problem in gradient-based FWI using
methods such as the source-receiver extension (Huang et al., 2017)
and optimal transport (Métivier et al., 2018). Because the two-stage
MCMC algorithm is computationally efficient and produces the
same uncertainty information as the traditional Metropolis-Hastings
MCMC, it is an ideal framework to study the impact of changes to the
misfit function on uncertainty quantification for seismic inversion.
However, we note a well-known shortcoming of the Metropolis-

Hastings MCMC algorithm in general. This shortcoming is true of
traditional MCMC as well as multistage MCMC. The MCMC al-
gorithm relies on user-specified parameters: the tuning parameter in
the random walk sampler β and the precision parameters in the like-
lihood and upscaled likelihood functions σ and σC. Finding appro-
priate values for these parameters often requires trial and error,
which adds to the setup time for a problem and can be difficult
to determine in the absence of a known solution. One proposed sol-
ution to this problem is the class of adaptive Metropolis algorithms
that tune the parameters of the proposal distribution adaptively as
the chain progresses (Haario et al., 2001).

CONCLUSION

In this work, we demonstrate the effectiveness of a new method
for solving seismic inverse problems and quantifying uncertainty
— a two-stage MCMC method. A filter stage is used to quickly
reject unacceptable velocity field proposals before the proposals are
tested using a full fine-grid wave solver. We use operator upscaling
for the acoustic wave equation to create a computationally in-
expensive filter because it produces data that are well-correlated
with the full fine-grid data. We have found that two-stage MCMC
provides the same information needed for uncertainty quantification
as traditional MCMC, but at a greatly reduced computational cost.
We presented four synthetic numerical experiments. For the first

experiment, we inverted for unknowns that characterize interfaces
between materials and assumed that the material velocities were
known. A comparison of the results from the two-stage MCMC al-
gorithm and the results from the traditional MCMC algorithm
shows that the two-stage algorithm has a significantly higher accep-
tance ratio while obtaining near-identical results to the one-stage
algorithm (i.e., the posterior distributions constructed by the one-
stage and two-stage algorithms are equivalent). Furthermore, we
demonstrated convergence using two metrics: a visual assessment
of the evolution of the posterior distributions over the course of the
algorithm and a numerical assessment using the maximum PSRF
value. In the second experiment, we extended numerical experiment
1 to include unknown velocity values to demonstrate the impact of
uncertain velocities on the layer uncertainty information. In the third
and fourth experiments, we inverted for material velocities while
assuming known interface positions in a model with an angular
unconformity and for velocity and layer depth in a flat-layered
model. For all four experiments, we recover uncertainty information
consistent with what is expected from the acquisition geometry and
velocity field structure and capture the true value of the velocity or
interface position within 90% HPD intervals for most unknowns.
We demonstrated that this algorithm achieves a reduction in time
per rejected model of up to 47%, which results in a large overall
cost savings because most models (approximately 90%) are re-
jected. Furthermore, the two-stage MCMC algorithm results in a
substantial reduction in time per velocity field tried, up to 40%,

as well as a significant increase in acceptance rate, from 10% to
a maximum of 90%.
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APPENDIX A

DETAILED BALANCE EQUATION IN
TWO-STAGE MCMC

The two-stage MCMC process satisfies the detailed balance
equation (Efendiev et al., 2006). For a one-stage Metropolis-Has-
tings MCMC algorithm, the transition kernel of the Markov chain is

Kðθn; θÞ ¼ ρðθn; θÞqðθnjθÞ

þ
�
1 −

Z
ρðθn; θÞqðθnjθÞdθn

�
δθnðθÞ; (A-1)

where ρðθn; θÞ, as in equation 5, qðθnjθÞ is the transitional proba-
bility of the random walk sampler and δθnðθÞ is the Dirac mass in x
(Robert and Casella, 1999). In two-stage MCMC, this transition
kernel is the effective proposal distribution for the fine-grid stage

QðθjθnÞ ¼ gðθn; θÞqðθnjθÞ

þ
�
1 −

Z
gðθn; θÞqðθnjθÞdθn

�
δθnðθÞ; (A-2)

where gðθn; θÞ is as in equation 7 (Efendiev et al., 2006). The tran-
sition kernel for the fine-grid stage of two-stage MCMC is then

Kðθn;θÞ¼
�
ρðθn;θÞQðθjθnÞ θ≠ θn
1−

R
θ≠θn ρðθn;θÞQðθjθnÞdθ θ¼ θn

; (A-3)

where ρðθn; θÞ is from equation 10 (Efendiev et al., 2006).
The detailed balance equation is

PðθnÞKðθn; θÞ ¼ PðθÞKðθ; θnÞ; (A-4)

where PðθÞ is the prior distribution (Robert and Casella, 1999). For
θ ¼ θn, clearly the detailed balance equation is satisfied. For
θ ≠ θn, we have
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PðθnÞKðθn; θÞ ¼ PðθnÞρðθn; θÞQðθjθnÞ (A-5)

¼ PðθnÞQðθjθnÞmin

�
1;

PðθjdÞQðθnjθÞ
PðθnjdÞQðθjθnÞ

�
(A-6)

¼ minfPðθnÞQðθjθnÞ; PðθÞQðθnjθÞg (A-7)

¼ min

�
PðθnÞQðθjθnÞ
PðθÞQðθnjθÞ; 1

�
PðθÞQðθnjθÞ (A-8)

¼ ρðθ; θnÞPðθÞQðθnjθÞ (A-9)

¼ PðθÞKðθ; θnÞ: (A-10)

Thus, the two-stage transition kernel satisfies the detailed balance
equation.
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