Chem 3322 homework #1 solutions

Problem 1, 16 marks — classical wave equation

a) Show that u(z,t) = sin(kx — wt) satisfies the classical wave equation by directly using
the function sin(kz — wt) in the wave equation.
Solution:

For this problem we need the chain rule, which states, in general, that

2 o) = Fo())g @) (1)
On the left hand side of Eq. (6) we have
0? . 0 Okr —wt), 0
Eye) sin(kx — wt) = %[cos(kx - wt)T] = %Uf cos(kx — wt)] (2)

Taking one more partial gives
= —k?sin(kz — wt) = —Kk*u(x,t) (3)

On the right hand side of Eq.

—~

6) we have

1 0% . 10 O(kx — wt) 10
Y sin(kz — wt) = EE[COSUH — wt)T] = ﬁ&[—w cos(kx — wt)] (4)
Taking one more partial gives
1 5. I,
= 5w sin(kxr — wt) = — 3w u(z,t) (5)

Then, using that v = w/k, we can see that the left hand side and the right hand side are
equal, and thus we have shown that this u(x,t) satisfies the wave equation.

b) Show that u(z,t) = sin(kx — wt) satisfies the classical wave equation by using the
trigonometric identity sin(A — B) = sin A cos B — cos A sin B.

Solution:

The wave equation is

0% 1 0%u
2 2o (6)

On the left hand side, for the given u(z,t), we have

9%u  0*[sin(kx) cos(wt) — cos(kx)sin(wt)] 8 , .
ke o = 8_x[k cos(kx) cos(wt) + ksin(kz) sin(wt)] (7)




= —k?sin(kz) cos(wt) + k* cos(kx) sin(wt) = —k*u(x,t) (8)

On the right hand side, we have

1 9°[sin(kx) cos(wt) — cos(kz)sin(wt)] 1 0 . ,
3 5 = ﬁa[—w sin(kz) sin(wt) — w cos(kx) cos(wt)] (9)

= %[—wQ sin(kx) cos(wt) + w? cos(kz) sin(wt)] = _%WQU(I’ t) (10)

Then, using that v = w/k, we can see that the left hand side and the right hand side are
equal, and thus we have shown that this u(z,t) satisfies the wave equation.
c) Show that u(z,t) = ¢'**= satisfies the classical wave equation by using the Euler

identity e = cos @ + isin 6.

Solution:
On the left hand side we have
2 2
% = % [cos(kx — wt) + isin(kr — wt)] (11)
x x
= aﬁ [—ksin(kx — wt) + ik cos(kx — wt)] = —k* cos(kx — wt) — ik? sin(kx — wt)
x

On the right hand side we have, taking one time derivative already,

1 1
ﬁ% lwsin(kx — wt) — iw cos(kx — wt)] = ] [—w? cos(kz — wt) — iw” sin(kz — wt)] (12)

Then, using that v = w/k, we can see that the left hand side and the right hand side are
equal, and thus we have shown that this u(z,t) satisfies the wave equation.

d) Show that u(z,t) = e'**~%" gsatisfies the classical wave equation by directly differen-
tiating the function e’(b*=«t),

Solution:

Here again we need the chain rule. On the left hand side of Eq. (6) we have
a_zei(ka:fwt) _ g[ei(kxfwt)a(dkx —Wt))] _ Q[

Oz? oz Oox oz

On the right hand side of Eq. (6) we have

ikei(kxfwt)} — _kZei(kmfwt) (13)

10, 10 , 1.
i(kr—wt) __ ik —wt)] 2 i(kz—wt)
2 9° e _at[ iwe | = awe (14)
Then, using that v = w/k, we can see that the left hand side and the right hand side are

equal, and thus we have shown that this u(x,t) satisfies the wave equation.



Problem 2, 10 marks — different wavelength components

a) Show that wu(z,t) = sin(kix)cos(wit) — cos(kax)sin(wat) is not a classical wave if
k?g = 2]{?1 and W1 = Woy.
Solution:

On the left hand side of Eq. (6) we have

%[sin(lﬁaz) cos(wyt) — cos(kox) sin(wot)] (15)
= —k? sin(k12) cos(wit) + k3 cos(kox) sin(wat) (16)

Using ko = 2k and w; = wy gives
= k%[— sin(kyx) cos(wit) + 4 cos(kex) sin(wat)] (17)

On the right hand side of Eq. (6) we have

1 0% . .
ﬁﬁ[sm(klx) cos(wit) — cos(kox) sin(wat)] (18)
— %[—Wf sin(kyz) cos(wit) 4 w3 cos(kyx) sin(wat)] (19)

Using ke = 2k, and w; = wy gives
2
1

= %[— sin(kyz) cos(wqt) + cos(kqx) sin(wst)] (20)

By comparing the expressions in Equations (17) and (20) you should see that the extra
factor of 4 in Eq. (17) prevents us from making them the same, and we have to conclude
that this function does not represent a wave.

b) Show that u(z,t) = sin(kiz) cos(wit) — cos(kax) sin(wst) is a classical wave if ky = 2k
and wy = 2w;. What is the propagation speed of this wave?

Solution:

Now the change is that Equation (20) becomes

2

% [— sin(k1x) cos(wit) 4 4 cos(kax) sin(wat)] (21)

so that the left hand side and right hand side are equal provided that we take the propagation
speed to be v = wy /k;.



Problem 3, 10 marks — Taylor series

For (a), (b), and (c¢) you can look up the answers using any resource.
a) Write down, up to (and including) 7th powers of x, the Taylor series for sin .
Solution:

x> 2

sin$:x—§+a—ﬁ+--- (22)

b) Write down, up to 7th powers of z, the Taylor series for cosx.
Solution:

[

cosx:1—§+ﬂ—a+--- (23)

c) Write down, up to 7th powers of x, the Taylor series for e”.
Solution:
2 3 g4 g5 g6 T

v _ ror,r  r T T,
e R TR TR - (24)

d) Write down, up to 7th powers of x, the Taylor series for ¢ by using your answer (c).

Solution:
, ?x? B3 gt Pad %28 (T
e’ =1+ix+ TR TR TR = T S (25)
Now, we have the relations i = —1, i3 = —i,i* =1, 4> =4, % = —1, and i" = —i, giving
. ' o I N T R
e :1+zx—§—za+z+za—a—zﬁ+~~ (26)
or, rearranging,
i 2 xt af . 3 2b Al
e —<1—§+Z—a>+l(x—§+§—ﬁ> (27)

e) By comparing your answer (d) to the Euler formula ¢ = cos 6 + i sin @ show how you
could identify the sinx and cosx Taylor series (assuming you didn’t know them).
Solution: By looking at Equation (27) and using the Euler formula e? = cos + isin 6,

we can immediately identify the Taylor series for sinz and cos x in Equations (22) and (23).



Problem 4, 10 marks — operators

a) We usually denote an operator by a capital letter with a carat over it, e.g., A. Thus,

we write

Af(x) = g(x) (28)

to indicate that the operator A operates on f (x) to give a new function g(z).

Evaluate (sce page 75) Af(x) where f(z) = 222 and where

d? d

A= —+2—+3 29
dx? * dz * (29)
Solution:
Following pages 75 and 76, we have
Af(z) = 4+ 8z + 627 (30)

b) Consider the operator (see page 79)
C=AB - BA (31)

Specifically, take A = z and B = d/dx. What does this operator C do to a function f (x)?
Based on your answer, express this operator in a simpler form.
Solution:

Following page 79, we have

Cf(@) = A(Bf(@) - B (Af(@)) (32)
~ df(x) d
i (zf(z)) (33)
_df(z)  df(x)
=T8T ) (34)
from the product rule
— /(@) (35)

Therefore the operator is just multiplication by minus one.



