APPROXIMATION OF SEMICLASSICAL EXPECTATION VALUES
BY SYMPLECTIC GAUSSIAN WAVE PACKET DYNAMICS

TOMOKI OHSAWA

ABSTRACT. This paper concerns an approximation of the expectation values of the position and
momentum of the solution to the semiclassical Schrodinger equation with a Gaussian as the initial
condition. Of particular interest is the approximation obtained by our symplectic/Hamiltonian
formulation of the Gaussian wave packet dynamics that introduces a correction term to the conven-
tional formulation using the classical Hamiltonian system by Hagedorn and others. The main result
is a proof that our formulation gives a higher-order approximation than the classical formulation
does to the expectation value dynamics under certain conditions on the potential function. Specifi-
cally, as the semiclassical parameter ¢ approaches 0, our dynamics gives an 0(53/ %) approximation

of the expectation value dynamics whereas the classical one gives an O(e) approximation.

1. INTRODUCTION

1.1. Semiclassical Schriodinger Equation and Gaussian Wave Packet. Consider the follow-
ing initial value problem of the semiclassical Schrodinger equation on R%:

o R R n2
e u(ta) = Hoto),  H= % +V(z), (1a)
¥(0,2) = ¢0(q(0), p(0), Q(0), P(0),5(0); ), (1b)
where £ > 0 is the semiclassical parameter, p := —ied/0x is the momentum operator, and ¢ is the

Gaussian wave function
d -1/2 :
6009, Q. P, S;) = %exp {E<;(m TP (e — ) 4 (5 — ) + s) } @)

The parameters (g, p) live in the cotangent bundle T*R? = R? x R¢, whereas Q, P € My(C) (the
set of d x d complex matrices) satisfy

QTP-—PT'Q=0 and Q*P— P*Q = 2il,

and S € R is a phase factor. It is worth noting that the imaginary part of PQ~! is given by
(QQ*)~1; see, e.g., Lubich [I7, Lemma V.1.1].

The seminal works by Hagedorn [6, 9] (see also Heller [12| 13|, [14], Robert [3I], Combescure
and Robert [2]) showed that one may approximate the solution (¢, z) of the above initial value
problem in the semiclassical limit € — 0 by the time-dependent Gaussian wave packet

¢o(t, z) := ¢o(q(t), p(t), Q(t), P(t), S(t); x) (3)
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whose parameters evolve in time according to the ordinary differential equations
g=p, p=-DV(), Q=P  P=-DV(Q
2 (4)
p
— =V
2 (q)’
where DV and D?V stand for the gradient and Hessian of the potential V. Note that the equations

for (q,p) are the classical Hamiltonian system. Specifically, Hagedorn [0, [9] proved, under certain

S =

conditions on the potential V, that the error in terms of the L?norm || - || in L?*(R%) is O(¢'/?) in
the sense that there exists a function ¢'(¢) such that
[, 2) — do(t,2)|| < (1) '/ (5)

1.2. Symplectic Gaussian Wave Packet Dynamics. In a series of works [23], 25| 26], we pro-
posed the following symplectic/Hamiltonian alternative to the evolution equation (4)):

i=p,  p=-0(V+eVW@Q), Q=P P=-DV(@Q  (6a)
5= Vi) (6b)

where d, is a shorthand for 8/dq and
V4, Q) = | tr (QQ DV (). (7

The only difference from (4)) of Hagedorn is the O(g) correction term in the potential. The correction
term renders the coupled system for (¢, p, Q, P) a Hamiltonian system on T*R%x My(C) x Mg4(C)
with a natural symplectic structure and the following Hamiltonian [23]:

2

He (¢, Q. P) == - + V(q) +  ((P*P) + 1 (QQ" D*V(q))- (8)
Note also that is decoupled and ¢ — S(t) is obtained by a quadrature using the solution to
(6a). In what follows, the time dependent functions t — (¢(t),p(t), Q(t), P(t), S(t)) refer to the
solution to () with the initial condition (g(0),p(0),Q(0), P(0),S(0)) at ¢ = 0, unless otherwise
stated.

This is in contrast to , which is Hamiltonian in the decoupled classical dynamics of (¢, p) in
the classical phase space T*R? but not as a system for (¢,p,Q, P). We also note in passing that
Watson et al. [33] obtained @ from a different perspective, and also that a correction term of the
above form was proposed earlier by Pattanayak and Schieve [27] for the one-dimensional case, and
also by Prezhdo and Pereverzev [29, 30] and Prezhdo [2§] in a different manner. Our formulation
gave a symplectic-geometric account of the variational formulation of Faou and Lubich [4] (see also
Lubich [I7, Section II.4]), and yielded the correction term as a result of an asymptotic expansion
of the resulting potential term [23] [25].

1.3. Main Result. The main question we would like to address is how the O(e) correction term in
@ contributes to the accuracy of the approximation by the Gaussian wave packet dynamics. We
are particularly interested in approximating the dynamics of the expectation values of the position

z:=(&,p) = (3%, —is(i:),

and momentum operators



that is, the dynamics defined as

t (2)(t) = (o(t, ), 29(t, ), (9)

where (-, -) is the standard (right-linear) inner product on L?(R%), and t + (¢, -) is the solution
of the initial value problem .

Numerical experiments [26] suggest that our dynamics @ gives a better approximation than the
classical dynamics does to the exact expectation value dynamics. We note that the comparisons
were made with respect to the expectation value dynamics obtained by Egorov’s method [2] [15] [16]
or the Initial Value Representation (IVR) method [19-21) 32], which is known to give an O(e?)
approximation to the exact dynamics @D; see, e.g., Egorov [3], Bouzouina and Robert [I], and
Zworski [34, Chapter 11].

Our main result gives a rigorous account of this observation:

Theorem 1.1. Suppose that V € C*(R?) is bounded from below, i.e., C1 < V(z) for some C; € R
for any x € R, and also that x D%V(m), i.e., the (i, j)-component of the Hessian D*V (z), is
bounded for any i,j € {1,...,d}. Let t — (2(t),Q(t), P(t)) with z(t) := (q(t),p(t)) be the solution
to (6a), t — 2°(t) = (¢°(t),p°(t)) be that to the classical Hamiltonian system in with the initial
condition z°(0) = z(0), and let t — (2)(t) be the ezact expectation value dynamics (9). Then, for
any i € {1,...,2d}, zi(t) — (2)(t) = O(3/2) in the sense that there exists a function €;(t) such
that

[z:(t) = (Z) (D] < Gi(t) €2,

whereas 29 (t) — (2;)(t) = O(e) in the same sense.

Several remarks are in order. This paper is not about improving the accuracy of an ansatz for
the wave function itself. In fact, replacing by @ does not improve the estimate in terms of
e, as we shall show in Corollary (with n = 0). The focus of the paper is rather on improving
the approximation of the expectation value dynamics without having any additional time evolution
equations other than nor assuming any ansatz other than the Gaussian : We achieve it by
simply introducing a correction term to (4)).

We also would like to stress that, as shown in [23, 25], the derivation of @ also involves only
the Gaussian . In other words, the O(e) correction term does not come from any higher-order
ansatz as one might expect. This is in contrast to assuming a higher-order ansatz than just the
Gaussian as is done in [7HIT] and [2, Theorem 24 on p. 109]. One can certainly improve the
accuracy of the ansatz that way, but needs additional evolution equations in addition to those for
(¢,p,Q,P,S).

Note also that our approximation involves only a single initial value problem of @ as opposed to
averaging solutions over numerous initial conditions like the Egorov/IVR method mentioned above.

Throughout the paper, we will carry out asymptotic analysis as € — 0 of time-dependent func-
tions, and will employ the same notation used in the statement of the above theorem for brevity.
Specifically, when we write f(t,e) = O(¢") for some time-dependent function f with some r € R,
it means that there exists a function %(t) such that |f(t,e)| < €(t)e" as e — 0.



4 TOMOKI OHSAWA

1.4. Approximation of Other Observables. One also naturally wonders whether Theorem [I.1
extends to the expectation values of general observables as well. We defer this question to fu-
ture work. However, it is easy to see that the result holds for the Hamiltonian with an even better
approximation: As we mentioned above, our dynamics @ is a Hamiltonian system with the Hamil-
tonian H® given in . But then this Hamiltonian is an O(g?) approximation to the expectation
value of the Hamiltonian operator H from with respect to the Gaussian:

(60(a,p, @, P, S), Hoo(a,p, @, P.S) ) = H¥(4,p,Q, P) + O(?).
This follows from Laplace’s method (see, e.g., Miller [I8 Section 3.7]) applied to the integral
on the left. Now, note that ¢t — <I:I>(t) = <¢(t),ﬁw(t)> along the exact solution to and

t — He(q(t),p(t),Q(t), P(t)) along (6) are both constant. So their difference is constant at the
initial value—where (0) is the initial Gaussian ((Lb):

(H)(t) = H* (q(t), p(t), Q(), P(£)) = (H)(0) — H*(q(0), p(0), Q(0), P(0)) = O(e?).
On the other hand, with the classical system and the classical Hamiltonian H%(q,p) := p?/2 +
V(q),
(H)(t) = H(¢°(1),p°(t)) = (H)(0) — H(4(0),p(0)) = O(e),
because H¢(q,p,Q,P) = H%(q,p) + O(e).

A similar argument works for, e.g., the angular momentum J(q, p) := ¢ © p—where g ¢ p denotes
the d x d skew-symmetric matrix defined by (¢op)i; := ¢jpi —gip;—when the potential V" has SO(d)-
symmetry by approximating the expectation value <j > by the semiclassical angular momentum [22]
23):

J(q.p,Q.P) = gop+ 5 Re(PQ" = QP"),

because both <j > and J¢ are invariants.

1.5. Outline. We prove Theorem in the rest of the paper. The main part of the proof is
in Section [d] whereas Sections [2] and [3] are devoted to some lemmas and propositions needed in
Section 4} Therefore, the reader might want to first skim through Section |4/ to have an overview of
the proof.

Much of what we do is a detailed analysis of the error Zy(t;z) = ¥(t,z) — ¢o(t,x), i.e., the
difference between the exact solution to and the Gaussian wave packet . In fact, the difference
between the exact expectation value (Z)(¢) of the position and the position variable ¢(t) in is,
dropping the spatial variables x for brevity,

(@)(t) — q(t) = (P(1), (& — q(£))¥ (1))
= {(¢o(t), (& — q(t))po(t)
+(20(t), (2 — q(t)) 20
=2Re(Z(t), (2 — g
Therefore, our analysis boils down to estimates of the above two terms involving the error Z.

Those lemmas and propositions in Sections [2| and [3| mainly concern those key properties of Zj that
are pertinent to our analysis.



2. HAGEDORN WAVE PACKETS

2.1. Overview. We first give a brief review of the Hagedorn wave packets [6H9] (see also [2] and
[24]), and then derive the evolution equation satisfied by the Gaussian wave packet where the
parameters evolve in time according to our equations (@ The evolution equation resembles the
Schrodinger equation but differs by a residual term. We then prove several key properties of
the residual term. Later, in Section [3] we will find an expression for the error Zy(¢, x) in terms of
the residual term analyzed here.

2.2. The Hagedorn Wave Packets. Following Hagedorn [9], let us define the lowering operator

A (4,p, Q. P) = —&(PT(@ ) -Q" (- p)

as well as its adjoint or the raising operator
i
"(Z{*(q’p)Qv-P) ==

V2¢e

We refer to the lowering and raising operators collectively as the ladder operators. Note that both

(P*(2—q) —Q*(»—p))- (10)

are operators on the Schwartz space .(R?). It is straightforward to see that they satisfy the
following relationship for any j, k € {1,...,d}:

[ (q,p,Q, P), % (q,p, Q, P)] = G- (11)

It also turns out to be convenient to write the position and momentum operators in terms of the
ladder operators as follows:

p—p= \/g(P%(q,p,Q,P)+P~<2f*(q7p,Q,P))- (13)

Let Ny be the set of integers greater than or equal to zero. Then one can generate a set of
functions {én(q,p, Q, P, S)}neNg by recursively defining, for any multi-index n = (n1,...,ny) € N3
and j € {1,...,d},

¢n+ej(Q7p7Q7P7 Sa .T) = ’Q{j*(Q7p7Q7P)¢n(Q7p7Q7P7 S7 $), (14)

1
\/ Mg+ 1
where e; is the unit vector in R? whose j-th entry is 1; then they also satisfy

1
¢n—ej (Q7p7 Q7 P7 Sa Zl',') = \/77 %(qvpv Qa P)¢n<Q7p7 Qv P7 Sa .%')

Hagedorn [6, [7, [8, O] showed that the set {¢n(q,p, Q, P, S )}neNg then forms an orthonormal basis
for L?(R%), where ¢q is the “ground state” here in the sense that

%(%panP)(bO(%panP, Sv 1:) =0. (15)

In fact, one may think of them as a generalization of the Hermite functions, and also can find a
unitary operator on L?(R?) that relates each element of the Hagedorn wave packet with the Hermite
function of the same index [24]. Because of this correspondence, we refer to ¢y as an |n|-th excited
state with |n| := 25:1 n; for any multi-index n € NZ.
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We note in passing that Hagedorn [9] actually constructed an orthonormal basis {Wn}neNg with-
out the phase factor starting with the Gaussian

e —1/2 i
ooa.0.Q.Pia) = D e { (a0 PQ e -0 40 0= 0) |

instead of ¢g from . It is just a matter of convenience that we use the basis {‘bn}neNg with the
phase factor instead of {‘Pn}neNg'

2.3. Evolution Equation of the Gaussian Wave Packet. Hagedorn [0 7, 8, ] and Hagedorn
and Joye [10), 11I] have proved error estimates of various approximations to the solution to the
Schrédinger equation constructed by taking linear combinations of the Hagedorn wave packets.
In their works, each wave packet evolves in time according to , and one of the key ideas of these
estimates is to find the Schrodinger-type equation satisfied by those wave packets and identify the
residual term that accounts for the difference from the Schrédinger equation (|Lal).

Following their approach, we would like to first find the Schrédinger-type equation satisfied by
the time-dependent Gaussian wave packet . The resulting residual term slightly differs from
Hagedorn’s because of the O(g) correction term:

Lemma 2.1. Consider the Gaussian ¢o(t,x) from (3|) whose time-dependent parameters satisfy
@. Then it satisfies the Schrodinger-type equation

.0 A
o do(t,x) = Hoolt, ) + £/ 2Golt, ), (16)
where we defined the residual term

C()(t,iﬂ) = a(Q(t)aQ(t);x) (bO(tvx) (17)

with
2
a(q,Qiz) =20,V (q,Q) - (z — q) (Z ki (z—q)f V(fb‘))- (18)

Furthermore, we may split o as

a(q,Q;z) = al9(q, Qs 2) + £2aW (g x) (19a)
with
0) —1/24 1/(1) e 4 3
(q,Q;) == /70,VV(q,Q) - (v — q) — 30 D*V(q) - (x —q)
=0,V W(0.Q) £~ DV(e) €, (19D)

a(l) : (Z k'Dk (x —q)F V(m))

c -2
= DV (o(2,0) - (e o)

= ID V(ow(z,q)) - £ (19¢)
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Note that we set £ := E‘l/z(i—q) and DV :=V, and that o1(x,q) is a point in the segment joining
z and q; we also used the shorthand §™ with m € Ng for the m-tensor defined as &' ; =&, &,

as well as
D™V (q)-&™ =D ; V(Q)& ..

1.0 0m

with Finstein’s summation convention on repeated indices.

Remark 2.2. Those terms with D3V in o(® and a(¥) cancel with each other in «, but as we shall see

below, splitting the terms in « in this manner is crucial for us as we shall see in the next subsection.

Proof of Lemma 2.1 Tt follows from tedious but straightforward calculations: Dropping the time

variable t for brevity in the calculations, we have, using @,
£ ala(0), Q) 0) = (12 on(t0) — Honlt.2)) [t
= (G—p)"PQ  (x—q) - %(w - q)T<PQ’1 - PQ'QQ + (PQ’1)2> (z—q)
—p-(e—q@+p-(@—p)—V(x)+ V()
9 .
+ (792 ~ V(o) - S’) 5= (6@ Q) — (P ™)
=20,V V(q,Q) (z —q)
+V(g)+DV(q)  (x—q)+ %DQV(q) (z—q)* = V(z),

which gives . We may then split « as follows:

(g, Q;2) = V20,V D (q,Q) - (z—q) — =

3
e (Z SDMV() (2 q)f - vm)
k=0

= a%(q,Q;2) + "0 (g; 2).
The second expression for a(!) follows from Taylor’s Theorem because V is of class C'*. O

2.4. Properties of the Residual Term. Let us prove some key properties of the residual term
(o as lemmas. These lemmas show why we split a into &(?) and a*) as shown in .

Lemma 2.3. Under the assumptions on the potential V' from Theorem[I1.1], we have the following
estimates for the residual term (o defined in :

(i) |a®(q(t), Q(t); - )oo(t, -)|| = O(1);
(i) ||« (q(t); - )eo(t, )| = O(1);
(iii) [|Co(t, )|l = O(1).
() &) ot )H — O(1) for anyi € {1,....d} with £1t) == = 2(& — q(t)).

(v) 17:(t) Go(t, )| = O(1) for any i € {1,...,d} with §(t) := e~"/2(p — p(t)).
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Proof. To prove ({il), notice that it is the square root of the integral with respect to = of

oott. )2 = 2O exp (~ 2 - )" (QOQE") e~ at))

multiplied by a polynomial of e~1/2(z — ¢(t)). It is straightforward to see that, by performing the
integral using the change of variables from z to & := e~ '/2(x — ¢(t)), the integral does not depend
on €. More specifically, for any m = (my,...,mq) € N4,

e e gott, ]| = 01
and hence it follows that Ha(o) (q(t), Q(t); - )o(t, - )|| = O(1); see, e.g., Hagedorn [J, Eq. (3.30)] for

an equivalent statement.
For (fii), we mimic the proof of Theorem 2.9 of Hagedorn [9]. Take an arbitrarily small » > 0 and
let B,(¢(t)) € R be the closed ball with radius r centered at ¢(t). Then,

aW(q(t);z) = 15, (g0t () aW(q(t);z) + 15, (4(1))c (2) a(q(t); ),
where 14 stands for the characteristic function for a subset A € R%. Since V is of class C*, there
exists a 4-tensor-valued time-dependent function Fj(t) such that, for any = € B, (q(t)),

[0 @(a(t)s2)| =
On the other hand, there exist Cy(t) > 0 and a polynomial P(x) such that, for any = € B,(q(t))C,
aW(g(t); )| < e 2Cat)P(2)

LD st €1 < 1o)€'

because the boundedness assumption on the Hessian D2V implies that the potential V is dominated
by a quadratic function on B, (g(t))¢, and also the rest of ") (g(t); ) is cubic in z. Therefore,

[a® (g0 2)0(t, )| = 15, 0 (@ \am a(t): 2)60(t,2) | + L, e () [0 g0 D)0 t, )|
< 15, (g (@) [Fe(t) - €0 (t, )| + 2 Ca(t)1 ]Er(q(t))c( z) P(x) |po(t, )|

However, the norm of the first term is O(1) following the same argument as in (), whereas the
norm of the second term is o(¢”) for any real r effectively canceling =2 in the coefficient. Hence
la®(g(0); )ot. -)|| = O)

The estimate in follows easily from ({i) and :

102, I < et (a(®), Q(1); - )eo(t, -)|| + "2l P(g(t); - )eo(t, -)|| = O(1).
The estimate in holds similarly because the above estimates do not change upon multiplying
¢o(t, ) by &i(t) == e2(2 — q(t))i-
The estimate in holds because straightforward calculations (see Appendix show that
7i(t)o(t, ) = Bi(q(t), Q(t); x)do(t, x) + (P)Q(E) ™ )ii&; (t)Co(t, ), (20)
where B;(q, Q) == 8" (¢, Qs 2) + /28 (g; 2) with
600, Qi) == -i(0,V(0,Q) - 3DV W€ ).
1 (21)
B (qrx) = —ie ™/ <DiV(Q) + DiV(0) (@ = a); + 5 Dip V(o) (@ — @)y — Div(x)>-
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For the first term on the right-hand side of , notice the similarity between (3; and «; so we can
obtain the estimate of the first term essentially the same way we did for (p, i.e., its norm is O(1).
We also know from that the norm of the second term in is O(1) as well. O

Furthermore, the first part a(% ¢y of the residual term ¢, satisfies the following orthogonality
property that later turns out to be crucial:

Lemma 2.4. For any multi-index k € Ng with 0 < |k| <2, we have
(a®(q,Q; ) do(a.p, Q. P.S; ), 0x(a,p, Q. PS5 +) ) = 0.
More specifically, o9 (q, Q; -) ¢o(q,p, Q, P, S; -) is a linear combination of the third excited states
{0n(0,,Q. PS5 -) | m € N{ with |n| = 3}.

Proof. Substituting into the expression ((19b) for a9 we have, suppressing the variables in a©®
and ¢q for brevity,

a©gy = <E_

1/2

L 5 5—3/2 5 3
4 leleDiij@)(J? - Q)i - 7DijkV(Q)(x - Q)z‘jk ®o-

Using and noting , the first term becomes

e~z 1 — N
TleleD?ij(Q)(x —q)igo = mD?ij(Q)leleQmﬂn bo
1 _
= mﬁijuQﬂan%n, (22)
where we used the shorthand 7, := D?jkV(q) and its symmetry with respect to permutations of

the indices as well as . On the other hand, after similar but more tedious calculations (see
Appendix [A.2)), the second term becomes

g=3/2 1 1 _
- TD%kV(Q)(x — @) = —mﬁijuQ]‘kan%ﬁemen - mﬁjk@ﬂ@ﬂ@kn%n- (23)
As a result,
1
agy = =15 Tk QuQimQenderten e
which is a linear combination of the third excited states. O

Notice the role played by the first term in a(® in canceling the term with the first excited
states, and recall that this term came from the O(g) correction term in the potential in our
dynamics ([6al).

Remark 2.5. What if one uses the classical Hamiltonian system for ¢ — (q(t),p(t)) as in of
Hagedorn? Then the function « in the residual term {p becomes

2
alg, @) ==/ (Z LDV (- ) - v<x>>
k=0

= (G0 -0+ DV -a') (e
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where o1 (z, ¢) is defined in Lemma The absence of the term coming from the correction term
indicates that there is no cancellation of those terms involving the first excited states. Indeed, as
we shall see in Remark of Section this residual term does not enjoy the same property as

ours does; it turns out to be detrimental in the error estimate.

3. TIME EVOLUTION OF THE HAGEDORN WAVE PACKETS

3.1. Overview. While the main focus of the paper is the Gaussian and its associated equa-
tions @ for the parameters, it turns out that the proof of the main result requires some analysis
on the time evolution of some other Hagedorn wave packets as well. Therefore, in this section, we
derive the Schrodinger-type evolution equation for the Hagedorn wave packets as opposed to just
the Gaussian.

3.2. Evolution Equation of the Hagedorn Wave Packets. Lemma [2.1] applies only to the
Gaussian wave packet ¢g. However, it turns out that Lemma [2.1| generalizes to ¢, with any
ne Ng:

Proposition 3.1. Let us define, for n € Ng,

Pu(t, x) 1= dn(q(t), p(t), Q(1), P(1), S(1); ),

where t — (q(t),p(t), Q(t), P(t),S(t)) satisfies (6). Then ¢n(t,z) satisfies the Schridinger-type
equation

iegt¢n(t, z) = Hon(t, z) + %Ca(t, x), (25)
where
Ca(t, @) i= alq(t), Q(t); 2)Pn(t, ) (26)
with the same « defined in (|18)).

This result follows easily from the following lemma regarding the time evolution of the raising
operator:

Lemma 3.2. Suppose that t — (q(t), p(t), Q(t), P(t), S(t)) satisfies (6]) and let us write

A (t) == " (q(t),p(t), Q(t), P(t)).
Then its time evolution is governed by

A 62
ig%mw + [0, H] = 5 @ (00ka(a0), Q1))

as operators with domain . (R%).

Proof. 1t is straightforward to see, in view of @ and , that

e (1) = \/; (=P ()@ = a®) + P + Q" ()6~ p(t) — Q" (1)(1))

- \@ (@ WDV ()@ — a®) + P*(1)p + Q") DV (a(t) + =8,V (a(), Q) ) ).
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whereas, for j € {1,...,d},

597 0.0 Q. P), 8] = (3P, 7] - Q. V(o))

= \/><Pkﬁk+Q]kaVk( )>

[*(t), B] = —\/§<P*<t>ﬁ+Q*<t>Dv<m>>.

and so

Therefore,
wiaf* (t) + [&*(t), H]
= /5@ O(DV @0)w - ) + DV + <0,V a0, Q) - DV @)
= 5O (v a®.Qw) - (a - att)

+V(q(t)) + DV (q(t) - (x —q(t)) + %DQV(CI@) (o —q(t))? — V(Jf))

g2

- @A) Q) .

Proof of Proposition[3.1 By induction on n € Ng. Lemma shows that the assertion holds for
n = 0. Let us suppose that the assertion holds for n € Ng and show that it holds for n+ e; for any
je{l,...,d}. Using and the above lemma,

.0 A
nj + 1 (1€m¢n+ej (t7 J}) - H¢n+e]- (ta .TI))

— 162 (et} (1) bult,2)) — HAy'(2) du(t,2)

ot
= <wjtd*( ) + [%*(t),ﬁ])¢n(t, x) + o (t) (isgt¢n(t,x) - ﬁ(z)n(t,x))

2
= f@@?k(t)aika(q(t), Q(t); 2)én(t,) + %27 (1) (o(a(t), Q(t): 2)dm(t, 3))-

However, since every term in .&/* (see ) except the one with p is a multiplication operator,

A" (q,p,Q, P)(alq, Q; x)pn(q,p, Q, P, S; 1))
= a(q,Q;2) 7" (q,p,Q, P)pn(q,p,Q, P, S; )

P | |
~ 5@ Pole @52))én(a:p. Q. P, 55 x)

= \% n] + 1a(Qa Q;x)¢n+e]’ (q,p,Q,P, Sa iU) - \/gQ*axa(qu;$)¢n(qapanP7 Sﬂ :U)

Therefore, we obtain

wgtcbmej (t,2) — Honpe, (t,7) = £/20(¢(t), Q(); ) bnte, (1, 7). 0
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3.3. Errors in Wave Functions. Let us first note that, in what follows, we will suppress the
spatial variables x for brevity. We also note that the assumption that the potential V' is bounded
from below guarantees that there exists a self-adjoint extension of the Schrédinger operator H so
that the unitary operators of the form e~/ with t € R would make sense.

Now we would like to compare the exact solution ¢ — e iH(t=s)/e ®n(s) of the Schrodinger equa-
tion and the wave packet ¢t — ¢n(t), both with the initial wave function being ¢y (s) with any
n € N¢ at time s € R. To that end, let us define the difference between them (i.e., error in wave

functions): For any n € N¢, and any s,¢ € R (for which both ¢y (s) and ¢y (t) are defined),
Za(t.s) = eV G0 (s) — balt).  Zalt) = Zalt.0) = ¢ T o0n(0) —0n(t).  (27)
The following lemma is critical in finding an estimate of these errors:
Lemma 3.3. For any n € N&, ||Gu(8)] = O(1).

Proof. The proof is almost identical to that of Lemma [2.3] In fact, one can show that, for any
m,n € N¢,

& &0 o (®)]] = O(1)
because ¢y, is ¢o multiplied by an |n|-th order polynomial of £ = e~1/2(x — ¢(t)); see also Hagedorn
[9, Eq. (3.30)]. It implies that those arguments with ¢ from Lemma[2.3]still apply upon replacing ¢
by ¢n. Hence it follows that Ha(o)(q(t), Q(t))¢n(t)H = O(1) as well as that Hoz(l)(q(t))gbn(t)H =0(1)
as well. g

As a result, we have an expression and an estimate for Z, as follows:

Proposition 3.4. The errors defined in can be written in terms of the residual term Cn from
as follows: For any n € N& and any s,t € R for which ¢n(s) and ¢n(t) are defined,

Za(t,s) 1= e HE=9/eg (5) — g () = i/ / i (t=n)/e¢, (7) dr, (28)

S
and hence || Zn(t, 5)|| = O(£'/2) in the sense that there exists some function € such that || Zn(t, s)|| <
€(t,s)e'/2.

Proof. This is essentially the same as the proof of Hagedorn [9, Lemma 2.8], but we briefly reproduce
it here for completeness. Using the Schrodinger-type equation satisfied by 7 +— ¢n(7), we have

Q —iH(t—7)/e _ . 1/2 —iH(t—T)/e
57 (e ¢n(7)) = —ie/%e Cn(T).

Integrating both sides with respect to 7 over the time interval between s and ¢ yields

R t
nlt) = Do (5) = il [N (1)

The left hand side is —Zy(t, s), and so follows. The estimate in norm follows by taking the
norm of both sides of :

t
|Za(t,s)] < £V / [Ga(r)l] dr = O(E2).

due to the unitarity of e~ (t=5)/2 a5 well as Lemma O
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Particularly, setting s = 0, we have the following:

Corollary 3.5. Let t — 1(t) be the solution to the Schridinger equation with the initial
condition ¥(0) = ¢n(0) with n € Nd. Then

Za(t) = 00) — a(t) =122 [ G (5) s (20)

0
and hence ||[9(t) — én(t)|| = O(e'/?).

The above result reproduces those estimates obtained by Hagedorn [6l, 9] using our equations @,
and also indicates that using (@ in place of Hagedorn’s does not improve the errors in wave
function in terms of L?-norm—at least not with the above method of estimation. The reason why
there is still a difference in the error estimates of the observables as stated in Theorem [I.1]is that
our estimates involve a more detailed analysis of the residual term (y as opposed to just having an

L2-norm estimate of it.

4. PROOF OF MAIN RESULT

4.1. Error Terms in Observables. Let t — 1 (t) be the exact solution of the initial value prob-
lem of the Schrodinger equation. From the definition of Zy in (27) with n = 0, we have
P(t) = ¢o(t) + Zo(t), and so, as we have shown in Section

(@)(t) = q(t) = 2Re (Zo(1), (& — q(t)) o (t)) + (Z0(D), (£ — q(t)) Z0(t)),
and similarly,
(D) (t) = p(t) = 2Re (Z0(1), (p — p(t)) 0 (1)) + (Z0(1), (P — p(t)) Z0(1))-

In the remaining subsections, we finish the proof of Theorem by showing that the two terms
on the right-hand side of each of the above equations are both O(£%/2).

4.2. Estimates for First Error Term. First we see that, using the expression for Zy and
Fubini’s Theorem,

(20(0, @~ a()6o(0) = 172 [ (THVGio) (2 aO)on(®)) s (30)

0

However, we can rewrite the inner product inside the integral as follows using the relationship (12)

between the operator & — ¢ and the ladder operators: For any i € {1,...,d},
(e HH=/G(s), (& — a())i do(2) ) = \@ (701G (s), (@ (D) (8) + Qus ()75 () 0 (1))
N \/ng’j(t)<6_iH(t_S)/ECO(S)’ Pe; (t)>
_ \/g Ql-j(t)<co(s), e HED g (t)>

_ \/ng@)(@o(s), te;(8)) + (Co(5), Ze,(5,1)))
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where @7*(t) is defined in Lemma and similarly for <7 (t); we used for the second equal-
ity, and (s and t swapped) with n = e; for the last equality, i.e., for any j € {1,...,d},

eTHD/2 g, (1) = o, (5) + Ze, (5,1).
Let us evaluate the above two terms: First, recalling the formulas and for (o and
exploiting the orthogonality in Lemma we have, for any j € {1,...,d},

(Gols), 06, (5)) = (2@ (a(5),Q())90(5), 6, (s) ) + /2 (M (a(5))d0(5), e, (5) )
= £2(alV(q(s))0(s), be, (5)),

and thus by the Cauchy—Schwarz inequality and Lemma ,

[(Gos), b, (9))] < /[|at(a(s)do ()| 0o, ()] = O(e').

On the other hand, again by the Cauchy—Schwarz inequality, Lemma , and Proposition
we have, for any j € {1,...,d},

[(6o(s)s Zey (5,)] < [160() [ Z6, (5. 8)]| = O(1/2).
Hence we see that
(792G (s), (& = ()0 (1) )| = OCe).
and therefore yields, for any i € {1,...,d},

A ] 1/2 ! —iH (t—s)/e A _ 3/2
[(20(1). (@ — a(t))ido(t))] < e /O (e Go(s). (& = q(t)d0(t) )| ds = O(*2).

Using the relationship between the operator p — p and the ladder operators, we can proceed
in the same way to obtain

[(Z0(1), (6 — p(t))ido(t))| = O(*/?)

for any i € {1,...,d} as well.

Remark 4.1. What if one uses the classical Hamiltonian system for (g, p) as in (4 of Hagedorn? As
discussed in Remark we have a as shown in . Then, as shown in Appendix we have

<CO(S)7 ¢ej (S)> = 0(1)

in this case as opposed to O(e!/?). Indeed the leading O(1) term (see in Appendix is
exactly the term canceled due to the first term in coming from the correction term in our case.
This underscores the importance of the correction term alluded in Remark As a result, the
above estimates become

[{(Z0(t), (& = q(£))igo(t))| = O(e),  [{Z0(t), (P — p(1))ido(1))| = O(e).

as opposed to O(g%/2).
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4.3. Estimates for Second Error Term. It now remains to show that, for any i € {1,...,d},
[(Z0(t), (& — q(t)iZo(1))| = O(*?),  [(Z0(t), (b — p(t))iZ0(t))] = O(*/?).
From and , we see that
: . . i .
Zo(t) =9¥(t) — dolt) = —gHzo(t) +ie'2G(t).

Therefore,

%((50 — (1) 20(t)) = —q(t) Zo(t) + (& — q(t)) Z0(t)

(& — q(0) HZo(t) + 1'% = q(£)Go(t)

o |

= —p(t) Zo(t) -

i

= —p(t) Z0(t) — * ([# 1] + A(@ — a(1)) ) Z0(t) +i"2(@ — q(t)) Golt)

3

= (5~ () Zo(t) — (2 ~ alt) Zo(0) + i) (1),

where the last equality follows from
-2
[xH} — [mg] —iep,

and also setting £(t) := e~ /2(2 — q(t)). Applying eHt/e to both sides, we have

(0~ q(0) Zo(0) + LA — a(0) Zo(t) = V(5 (1) (1) + i E(0)Go(1)

or

d

- (611:115/5(& _ q(t))Zo(t)) _ eiﬁt/s(ﬁ _ p(t))ZO(t) + iEeiI:It/Eé(t)Co(t).

Integrating both sides on the interval [0,¢] and using Zp(0) = 0, we have

eif]t/a(jj_q(t))zo(t):/ eiHS/E(ﬁ_p(s))ZO(s)dS—I—iE/ eiﬁs/aé(s)co(s)ds.

0 0

Taking the L2-norm of the i-th component of both sides with i € {1,...,d},

I — a(6))i Zo(0)]] < /0 1 - p(s))iZo(s)l| ds + ¢ /0

&i()Go(s) | ds
= [ 16— peDzo(e)ds + O (31)

éi(S)Co(S)H = O(1) from Lemma .

where we used the estimate
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Similarly,

L — p(£) Z0(t)) = —p(t) Zo(t) + (5 — plt) Zo(t)

dt

= (DV(a(t) + 20, V(a(), (1)) Zo(t)
+iel2(p — p(t))Colt)

= (DV(a(t) + 0, a(0), Q) Z0(t) — = ([p, 7] + Hp — p(0)) Z0(1)
+ie2(p — p(6))Co(1)

= (DV(a(t) = DV () + £,V D(a(t), Q1)) Zo(t) — L H (D — p($) Zo(1)
g2~ p(6))Co(1)

= (~DV (oa(w, q()(@ — a(t)) + £ 0,V D (a(1), Q1)) Zo(¢)
~ LA~ (1) Z0(1) + i i(0)G0(0),

where the second last equality follows from

— 25— P AZ(0)

6.1 | = 15,V (@)] = ~ie DV (),
and oy (z, ¢(t)) is a point in the segment joining z and ¢(t) in R%; we also set 71(t) := e~ /2(p—p(t)).
Applying ¥/ to both sides,
d iHt/e s
= (15— () Z0(1)
= Ve D2V (o2, 4(0))) (& — a()) + =8,V D (a0), Q1)) Zo() + i M (1)co 1)

Integrating both sides on [0, ¢], we have

1% — p(t)) Zo(t) = /0 eI/ (—D2V (02(, () (& — q(s) + 2 9,V Dq(s), Q(s)) ) Zo(s) d

t
+ ie/ eH3/55(5)Co(s) ds.
0
Taking the L?-norm of the i-th component of both sides for any i € {1,..., d},

t

d
Y D}V(oa(x,q(s)))(& — als));Z0(s) || ds

=1

o [ (v tats). Q)| 120(6) ]+ l()a()]) ds

1G5 — p(£)): Zo(1)]] < /0

. d
< /0 S D2V (02, q() (@ — a(s)); 20(s) | ds + O(e)
j=1

t d
< [ 3l - ats))iZs) ] ds + (o) (32)
055
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where we used the following bound of the second derivative of V'

C3:= max sup ‘D V(z)|

1<4,j<d ,
as well as the following: [|Zo(s)|| = O(e'/?) from Corollary and ||7:(s)Co(s)|| = O(1) from
Lemma .
Now, let us set
d
F) =Y (@ —a)iZo®)ll + 1 — p(1))iZo(D)]).
i=1

Then, using and (| @, we have
< / Z 165 — p(s))iZo(s)]| ds + A Cy / Z 1 = a(s)); Z0(s)] ds + O(e)
=1

< / Z (116 — p()):Z0(s) | + 11(E — a(s)):Zo(s) ) ds + Oe)

— 04/ f(s)ds + O(e),
0
where we defined Cy := max{1,d Cs}. Therefore, by Gronwall’s inequality [5], we obtain

f(t) < O(e) exp(Ciat),
that is, f(t) = O(e), and so we have, for any i € {1,...,d},

1(& —q@)iZo@)]| = Oe), [ —p(t)iZo(B)]| = Oe)-

As a result, by the Cauchy—Schwarz inequality, we obtain

[(Z0(1), (2 — a(8))iZ0(8)] < |1 Z0@)II 1(2 — a())iZo(t)]| = O(*?),
and similarly
[(Z0(0), (b — p(£))iZ0(1))| = O(*/?)
as well.
Therefore, we conclude that, for any ¢ € {1,...,d},

(@)(t) = ai(t) = O(>?),  (Bi)(t) = pi(t) = O(*/?).

Remark 4.2. If one uses the classical Hamiltonian system for (g, p) as in of Hagedorn, then the
estimate of the second error term proceeds similarly and hence it is still O(e3/?)—the difference
is the expression of the residual term (y as well as the absence of the term with V(). These
do not affect the estimate of the second error term—it is still O(e%/?). However, as discussed in

Remark the estimate of the first error term now becomes O(g) and hence the total error is

O(e).
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APPENDIX A. ADDITIONAL DETAILS

A.1. Details of Proof of Lemma . We suppress the time dependence of (y, ¢g, and
(¢,p, @, P) for brevity here. First we have

(Di — pi)Co(z) = (Pic(q, @;2))do(x) + (g, Q; ) (Pigo(x)) — pio(x).
However,
5100, Qi) = —ie-2alg, Qi)
piaqg, 3 = Eaxi q, 5
=c'28i(q, Q; )
=¢l/? (ﬁfo) (¢,Q;2) + 280 (¢; x))7
where we defined
Bi(g, Q; ) == B (q, Qs ) + /28 (¢; ),
80(q, @50) = —i1e2-La0(q,@i2), P (giw) = —ie42-LalV(g; )
i ) gy 8[1’)1 ) 3 4 3 81’1 ) )
which yield the expressions in . On the other hand, using the expression for ¢y,

poo(z) = (PQ™"(z — q) + p) do ().

Therefore,
(Di — pi)Co(z) = (51/251'(% Q;z) + o(q, Q; ) (PQ ) ij(x — Q)j)cbo(x),
and thus
7io(2) = (Bi(g, Qs z) + a(q, Q; ) (PQ™1)i5&5) po(),
which gives .

A.2. Details of Proof of Lemma Let us show the detailed derivation of . We first have,
using ,

c—3/2

TD%kV(Q)(ﬂf*Q)g}'k% =

1 — o~ o\ %
mﬁjk(@uﬂflﬂLQilﬁ{l )(QijerQjme/m)(anWnJernﬁ{n )o.-
Notice that, applying lowering operator(s) twice and a raising operator once—regardless of the

order—to ¢y results in zero, and the same goes with lowering operator(s) thrice as well. Therefore,

we have

(Qu + Qu")(Qjnin + Qim ) (Qpnn + Qun ) o
= QuQjmQrn " A, A,y do
+ (QuQimQun Aty + QitQ jm Qi | Aty + Qi Qi Q) Ay, ) o
= QuQjmQun " Aty o + (QuQjmQun Ay + QitQ jm Qien | ) o,

where we used .
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However, we may use and to simplify the second and last terms as follows:
Ay, ) b0 = (Oim + A ), b0

= Oy, G0 + A, (Sin + A ) o
= (Oimyy + Oinyy, )0,

and

B Aty 0 = A Omn + Gy Tim) b0
= Omn ] Po.
Therefore,
(Qut + Q") (Qjim i + Qim P (Qpn + Qrnyy ) b0
= QuQjmQun " Aty o + (QuQjQuny + QuQimQu1 iy, + Qi1 Q1 Qrm ") 0,

and so
873/2 3 1 * sk g%
TD%V(Q)(% @)ijkPo = mﬁijing‘kan% A ) Do
1 a) * a) * a) *
+ ——=Tijk(QuQj1Qkn ey + QuQimQripy, + Qi1 Q jin Qrm") b0
12v/2
1 1 _
= mﬁjk@il@jrn@kn‘ﬁel—&—em—i-en + mﬁjk@ﬂ@jl@knéem

where we used to rewrite @)* o7 ) o as V6 bej+em+e, s well as the permutation symmetry
of T in its indices. Hence we obtain .

A.3. Details on Remark We drop the time and spatial dependence for brevity here. Just as
we have done in the above subsection, rewriting the cubic term in for a0 using , we obtain

1 1 _
CO = O‘(Qa Q) ¢0 = _m%chalQmecnqbeﬁeeren - mnchalleanQSen

1
—el/? @D4V(01(ﬂ?7 q)) - £ o,
where Tape := D3, V(q) and & := e~1/2(z — q). Therefore,

1 _
<<0a ¢ej> = _m%chalQmecn<¢el+em+en: ¢ej> -

1
— 2 DV (e(w.q)) - €0, e, )
1

- _mﬁchal@bl@q’ + 0(51/2)

B 1
V2
because we can obtain the estimate

1DV (@1(,0) - €60,6,) = O1)

just as we did in the proof of Lemma . We also used the expression for V(1) in the last
equality. As a result, we have <C0, ¢ej> =0(1).

1

4ﬂ7;chal@bl@cn<¢en’ ¢ej>

Q590 V D (q,Q) + O(1?), (33)
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