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Exact Inference as Optimization

Assume we have a factorized distribution of the form

Po(¥) = [] 6(U,)

pe®
Your task is to find a tree decomposition such that

the set of beliefs in 7 defines a distribution Q) by the formula

[Ty, Bi
Q(X) = — -
H(i—j)E(‘:T Hi,j
such that
Gila] = Qe)

i, 5 [Sz’,j] = Q(Si,j)-



Exact Inference as
Optimization

CTree-Optimize-KL:

Find Q=A{fi:ie€VryU{m,;: (i-j) € &1}
maximizing —D(Q|Ps)
subject to

Mi,j[si,j] — Z ﬁz(cz) V(Z—j) = ((:T,\V/SiJ = VCLZ(SZ',]')
C.—S. .

Z@;(Ci)

C;

1 Vi € V.



Energy Functional

D(Q|Ps) =InZ — F[Ps, Q)]

~

where F'| Py, Q)] is the energy functional

F@@Q}:&ﬂmﬁﬁw}+ﬂjX%:E:Eﬂm@+lbﬁw.

ped
PROOF
D(Q|Py) = Eg[In Q(X)] — Eg[In Pg(X)]. recall that Ho (X) = —Eg[In Q(X)]
Using the product form of Py, we have that
0 Po() = 3" I () — InZ D(QIPs) = —Ho(X)~ Eg {%mmm + Eglln 7]

pED = —F[Ps, Q|+ InZ.



Exact Inference as Optimization
(using Energy Functional)

CTree-Optimize:
Find ={0i:ieVr}u{p,:(i-j)€&r} Given a cluster tree T with a set of beliefs Q

maximizing F [P(D , Q)

clusters in T, we define the factored energy functional:
subject to

pislsis) = Y. Gile) FlPy,Ql= > Ecisllnvil+ 3 Hs(Ci)—

CiiSi’j ZEV’T ZEV’T (7’_.7)687
V(i-j) € E7,Vs;; € Val(S; ;)
i(c;) = 1 ' ' J '
Z Bi(e;) Vie Vr If Q is a set of calibrated beliefs for T,

C;

Bi(e;) > 0 Vi € Vr,¢; € Val(Cy). F[Ps,Q] = F[Ps, Q.



Fixed Points

A set of beliefs Q is a stationary point of CTree-Optimize if and only if there exists a set of factors
{5i—>j [Sz’,j] X (Z—]) c g’]’} such that

C;,—S;,;

k€ENDb; —{j}

and moreover, we have that

71 X % ( H 53—>z>
jE€NDb;

Mij = Oj—i- Oij-



|IJGP as Optimization:
Variational Analysis
CGraph-Optimize:

Our optimization problem contains two )
approximations: Find Q
F

« We are using an approximation, rather than an maximizing
t, energy functional; an .
exact, energy functional; and subject to

~

Ps, Q)

«  We are optimizing it over the space of pseudo-
marginals, which is a relaxation (a superspace) of Q < LOC&ZZ[Z/{]
the space of all coherent probability distributions
that factorize over the cluster graph.

Locallld] = (1L16)
{5 i Vu}U Wi [Sz’,j] = Zci_si,j 61(61) V(Z—j) c Eu,Vsi,j < VCLZ(SiJ)
(i« (i) € Eu} = e i) Vi € Vi
’ Bi(ci) > 0 Vi € Vy, ¢ € Val(C;).




Other Approximations

* Propagation using Approximate Messages

e Structured Variational Approximations



